APM346, Summer 2019 Nathan Carruth
APM 346, final exam review practice problems, solutions and sketches.
1. Solve on [0, 1] x [0, 1]:
Viu=0, ulgeo=1ulpe1 =0, ulymo=2, uly—1=1-—2.
The general solution to Laplace’s equation on the unit square satisfying the first two boundary conditions
is

u(z,y) = Z sin nma(a,cosh nmy + bysinh nwy).

n=1

Substituting this into the second set of boundary conditions gives

o0
u(z,0) = Zsinmm:an =z,
n=1

whence

! T 1 |

an:2/ xsinnm’xdsz(—cosmm:‘ +/ cosmrdm)
0 nm 0 0 nmw
-1 n+1 1 1 -1 n+1
=2 (=1) + sinnmwx = 27( ) ,
nmw n2m2 0 nm
and -
u(z,1) = Z sin nwz(an,coshnmr + bysinhnr) =1 — z,
n=1

whence

1
1
apcoshnm + b,sinh nr = 2/ (1 —z)sinnra de = 2 (—(1 —x)— cosnwzx
0 nm

1 1
1
— — cosnwx dx
0 0 nm

1 1. ! 2
=2 —— sinnwx = —,
nw  n2m? 0 nmw
S0 5
b, = — ((—1)" cothnrm 4 cschnm),
nmw
and finally

- 2
u(x,y) = Z sin nrx (mr) ((=1)"'coshnmy + ((—1)" coth nm + cschnr) sinh nry) .
n=1

2. Solve on [0,2] x [0, 3]:
Viu=0, ulzeo=1-|y—1], ulse2=0, wuly—o=1uly—3=0.

This is quite similar to the previous problem, in principle. Here the general solution satisfying the last
two boundary conditions® is

u(z,y) = Z sin %y(ancosh %x + bp,sinh %y),
n=1

n both cases, the key is that the solution has to satisfy the homogeneous boundary conditions
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and the boundary conditions are used to determine a,, and b,, as before.
3. Solve on [0, 1] x [0,1]:

VZU = 17 u|ﬂc:0 = u|x:1 = u|y:0 = U‘y:l =0.

While not explicitly derived in class, it should be evident from our treatment of the corresponding prob-
lem on the unit cube that the eigenfunctions and eigenvalues of the Laplacian satisfying Dirichlet boundary
conditions on the unit square (the set given here) are

e = sinlrzsinmmy, Ay = —7° (82 —|—m2) , dmeZd, {,m>1.

Expanding v in this basis, we have

oo oo

u(z,y) = Z Z apmsin frzsin mmy;

/=1 m=1

substituting this into the equation V?u = 1 and using the fact that the functions sin /wasin mmy are eigen-

functions of V? gives
o0

oo
Z —712(02 + m?)agmsin frazsinmry = 1.
{=1m=1

Now since .
1
infrade = —(1—(—1)*
/0 sin{nx dx Kﬂ( (=1)),
we see that

4 . '
agm——m/o /0 sin {rzsin mny dx dy

s - (D)= ™)

4 m
- _7r4€m(€2 + m?) (1= (_1)€)(1 — D™,
and thus

u(z,y) = — Z Z ms&n&msm mmy.
¢=1,£0dd m=1,m odd

4. Solve on [0,1] x [0, 1]:
Viu=1, ulpeo=1ulp=1 =0, ulymo==, uly=1=1-um.
Do this twice: once by splitting up into two separate problems, and once by using a Green’s function

(expressed as a series in the eigenfunctions of the Laplacian on [0, 1] x [0, 1]).
The first method gives simply the sum of the solution to 1 and the solution to 3.

5. Solve on the ball {(r,0, ¢)|r < 1}:

9 [ 1—cos®, 0 <0, 7]
Viu=0, ur_l{l—i—cos@, CRSEE NI
6. Solve on the ball {(r,0, ¢)|r < 2}:
Ou cos? 6 6el0,%]
2, el _ 5 HD)
Viu=0, or T_Q_{—cos?ﬂ, belz,7]’ ulr=0 =0
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The main idea here is to use the identity (£ +1)Pp41 — (2 + 1)x Py + £Pp—1 = 0 twice in order to reduce
22P, to a linear combination of Py, o, P, and P,_5, which may be integrated as usual using the identity
(20+1)P, =P, —P_;.

7. Solve on the shell {(r,0,¢)|1 <r < 2}:

cos 0, 6<0,7] ]
—cos b, 0clg,m]’ ]

[Hint: Use Legendre’s equation!] This problem requires heavy use of Legendre polynomial identities. It is
nevertheless good preparation for the exam.

We provide a rough sketch of the solution. We have the general expansion (using the most general,
unfactored version)

Viu=0, ul—= { Ulps = { cos 0sin 2¢, 0 € o,

0
— cos 0 cos 2¢, 0cl3,

SRS

0o 14
u(r,0,¢) = Z Z Py (cos 6) (ozgmre cosmeo + Bemrtsinme + 'ygmr_(“'l) cosmao + Somr~HDgin m¢) .
=0 m=0

The first boundary condition gives

3]

, 7]

oo L
Z Z P (cos ) ((aem + Yem) cosme + (Bem + dem )sinme) =
£=0 m=0

b

cos 0, 6 e
—cos ), 0e|

g

from which we see that g, + Yem = 0 for all m #£ 0, while B, + e = 0 for all m (both By, and gy, are
zero for m = 0 by convention). For m = 0, we have

20+1

ayo + 00 = 5 </2 cos 0 Py(cos 0)sin 6 df f/ cos O Py(cos Q)Sin9d9>
0 s

= %27+1 (/Olchg(x)dx—/_OlﬂCPE(m)dx) )

which we see is equal to 0 if ¢ is odd (i.e., if xP(x) is even). If ¢ is even, we may use Legendre function
identities to write

1
.TPZ(ZL') = m ((£ + 1)P£+1 + engl)
1 (+1 , ‘ ,
T 20+1 (2£+3(P”2 Fi)+ 2571(]3‘ Fi2)
+1 1 L
P P — p]
T 20+ 3)(20+1) 2 + (20+3)(20—-1)" ¢ (2-1)20+1) %
whence
1
41 1 ¢
Pyx)de = ———————(1—Ppy2(0 ———(1-P(0)) - ————(1—Py_5(0
/0 TR dr = Gy O Gy U O T e 2O
so that
+1 20+1 4
=—(1-P ——(1- P, —— (1= P .
g + 0o 2“_3( +2(0)) + 20+ 3)(20— 1)( 2(0)) 27— 1( 1—2(0))
Let us call this quantity Cy,. Now the second boundary condition gives similarly
oo /L
Z Z Py (cos 0) ((0457,12Z + wm2_(z+1)) cosme + (ﬁgm2€ + 5@m2_(€+1)> sin m¢)
£=0 m=0
[ cosfsin2¢, 0<l0,3] . (1)
" | —cosfcos2¢, 0ec(5,m’
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from this we see as before that aym2¢ 4+ vem2~ 1) = 0 and Bem2¢ + 8pm2~¢TD = 0 for all m # 2. Since the

matrix
1 1
9t 9—(t+1)

has nonzero determinant for £ € Z, ¢ > 0, this implies that ag, = Bem = Yem = dem = 0 unless m = 0 or
m = 2. Equation (1) above then gives

=220 +1 [Z _
Eé T 2;! 5 ; cos 0 Py (cos 0) sin 0 df
(e gt

+20 2 J,

a2’ + 72D =

x P () dx,

and similarly

0
¢ —(£+1) :_(5_2)!%/
Be22" + 422 i 2 ), 2Py () du.

Now
2

dz?

so by Legendre’s equation (1 — 2?)P) — 2zP) + {({ + 1)P, = 0 we have

Ppo(z) = (1 —2?) Py(x),

xPpy(z) = 202 P] — 0({ + 1)z P,
=2 (Pé — APy +LxPy) —L({ + D)z Py
= 2Pé — 2ng,1 — g(f — 1)$Pg, (2)

whence we have, from our work above,

1
| aPate) s =201 = Pi0) = 5757 (s (0) = Pois (0)
l+1 1 Y4

—L(—1) [(2€+3)(2€+1)(1 — Prio(0)) + m(l - Pi(0)) - m
= %(PZH(O) — Pr1(0))
L+ )00 —1) 302 +50—3 z-1)
[ 11O G 0 O~ G

(1- Pe2(0))]

(1= Pia(0)

This gives

228 + 2~ D = 12 j_ D=1 (Pe41(0) — Pr—1(0))
1 Y4

(201 4)(20 + 3) (1= Pei2(0)) - 0+ 4)(20—1)((+1)

(204 1)(3¢% +5¢ - 3)
(20 +4) (04 1)0(€ —1)(20 4 3)(20 — 1)

(1 - Pr—2(0))

(1= P(0))]-

Let us call this quantity on the right D,. Since relation (2) above implies that 2P is odd or even as £ is
even or odd, i.e., that its parity is the opposite of that of ¢, we see that we have also

B2t + 892~ Y = (=1)'D,.
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We thus have the systems

oo + Y0 = Cy a2 +ve2 =0 Bea + 62 =0
a2’ + 702 D =0 2 + 92 Y =Dy B2t 4 82D = (~1)*D,

Since the coefficient matrix has inverse

1 1\ 1 9-(t+1)
2€ 2—(Z+1) - 2,(£+1) —of _22 1 )

these systems have solutions, letting A = m,

Qpg = A2—(5+1)C€7 ap = —AD, Be2 = <_1)€+1AD5
oo = —A2Cy Ye2 = AD, 82 = (—1)*ADy

whence we have finally for u the most imposing expression

0o e +1
u(r, 0, ¢) = Z %AC@ ((;) - (i) ) Py(cosb)
=0
+ Z ADy(—1r" + 77D (cos 2¢ 4 (—1) sin 2¢) Pa(cos 0)
=2
= Z 59—t _12e+1 {266113(1 — Pp12(0)) + (26—&—%)?22—1)“ — P(0)) - %L_l(l — Pp2(0))

. <(;)f _ (i)lM) Py(cos 0)

. (Pes1(0) — Pr_y(0))

(L+2)f+1)(—-1)

0
QU+ 42— 1) +1)

> 1
+ Z 9—(ell+1) _ 9¢
2

o~
=

20+ 4)(20+3) (1= Pe2(0)) -

(204 1)(3¢2 +5¢ - 3)
(20 +4) (€4 1)0(0 —1)(20 4+ 3)(2¢ — 1)

(1 - Pr_2(0))

(1= P(0))

(77"[ + r*(fﬂ)) (cos 2¢ + (—1)sin 2¢) Pya(cos ).

8. Solve on the cylinder {(p, ¢, 2)|p < 1,0 < z < 2}:
Vu =0, ulp=1 =0, ul;—0=0, ul|,—o=1
This can just about be written down without any work; the answer is

sinh )\01‘2
sinh 2>\Oz ’

o0
2
u(p, ¢, 2) = ———Jo(Aos
(P, ®,2) ;Amh()\m) 0(Xoip)
(On the exam, of course, I need to see all of the work behind this!)
9. Solve on the cylinder {(p, ¢, 2)|p < 2,0 < z < 3}:

Viu=0, ulpma=0, ul,0=p’cos3p, ul.—3= p’sin2é.
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This one is similar; the answer should be something like (this is not guaranteed to be exactly correct! — in
particular I am not entirely sure I have the overall factor correct)

> 1 1 1 3 1
=3 s (S h =\3;2 — coth = Ag;sinh = \;
u(p, ¢, z) 2 /\31'J4(>\3¢)J3 (2)\3”)) (cos 2/\3lz cot 2)\31511& 2)\3,,2)
'] : 1
1 1 sinh s Ag; 2
+ — T | =Dap | —2 2
nz::l )\Qle()\QZ) 2 (2 2 P) sinh %)\21

(Again, of course, on the exam I need to see all of the work behind this!)
10. Solve on the cylinder {(p, ¢, z)|p < 4,0 < z < 1}:

Viu=0, ulseo=1ulm1 =0, uljmq=0021—¢)2(1—2).

11. Solve on the cylinder {(p, ¢, z)|p < 2,0 < z < 4}:

V2u=0, ul.—o=1, u|.—q=p’sin3e, U] p=2 = sin 2¢sin 167z.

12. Solve on the cube {(z,y,2)|0 < z,y,z < 1}:

V2u =0, ulpmg=1ulse1 = Uly—o = uly=1 =0, wul.—0 =0, u|,—; =sinasiny.

13. Solve on the cube {(z,y,2)|0 < z,y,2z < 1}:

Viu=0, ulgeo=uly=1 =0, ul|,—o=sinmasinTz, wu|,—; = sin3rwsin3rz,

u| =0 = sin 2wwsin 27y,  ul,=1 = (1 — x)y(1 —y).

14. The same as 13, except that the conditions on x = 0 and x = 1 are replaced by

@
ox

_ Ou

=0 z=1

15. Solve on the cube Q = {(z,y,2)|0 < z,y,z < 1}:

Viu=x2(1-2)y(1 —y)z(1—2), wulag =0.

16. Solve on the cube Q = {(z,y,2)|0 < z,y,z < 1}:

ou
2 JE— p— — —_— =
V=l -2, gl <o

where % denotes the outwards normal derivative at the boundary of 9Q).
17. Solve on the unit ball B = {(r, 0, ¢)|r < 1}:
V?u =rcosf, ul—1 =0.
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18. Solve on the unit ball B = {(r,0,¢)|r < 1}:

V2u = rsinf cosfsin ¢, ul,—; = 0.

19. Solve on the unit ball B = {(r, 0, ¢)|r < 1}:
V2u = rsinfcos ¢, ul.—; = cosé.

Try doing this problem two ways, one by splitting it up into the sum of two separate problems, and the other
by using an appropriate Green’s function.

20. Solve on the cylinder C = {(p, ¢, 2)|p < 1,0 < z < 1}:

V2u = p*sin3p(1 — 2), ulsc = 0.

21. Solve on the cylinder C = {(p, ¢, 2)|p < 1,0 < z < 1}:

3o 1
2 | p°sin 3¢, p €0, 3] _ _
vu_{p4cos4¢, pe[% 1 (1-2), wulac=0.

22. Solve on the cylinder C' = {(p, ¢, 2)|p < 1,0 < z < 1}:

VQ’LL — {p2 COs 2¢7 pE [07 %]

Again, try doing this two ways, one by directly writing out an orthogonal expansion and the other by using
an appropriate Green’s function.

23. Repeat the previous eight problems, but instead of solving Poisson’s equation V2u = f solve the problem
on (0,+00) x X (where X is either Q, B, or C as appropriate)

ou
5% Viu, uli—o = f,

with the boundary conditions on X unchanged. What is the behaviour of the solutions in the limit t — co?

24. Again repeat the same eight problems, but now instead of solving the heat equation as in 23, solve the
wave equation

0%u
— =V,
ot?
with f taken alternatively as the initial data for v and % at t = 0, with the other one set to zero there.

25. Repeat problems 20 — 22, dropping the z dependence, on the unit disk D = {(p, ¢)|p < 1}, and then
solve the corresponding heat and wave equation problems as in 23 and 24. For the wave equations, comment
on the lowest frequency appearing. Can you say anything about the which frequency will be the loudest
(i.e., have the largest coefficient in the orthogonal expansion)?

26. Solve on R!:
Viu= (422 —2) e, lim u=0.
|z|—o00
Try using Fourier transforms in space. (There is actually a much easier way of solving this problem which
doesn’t require anything more than elementary calculus; can you see it? FEven if you can, try doing this
using Fourier transforms anyway as it is good practice.)
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27. Solve on R3: )
Viu=e X", lim u=0.
|x|—00

You can do this either using Fourier transforms or the Green’s function on R? which we derived in class.

28. Solve on (0, +00) x R3:
Z—QZ =V, Ulp=0 = e~ sin .

(Here « is the first component of x = (z,y, z).) Hint: write sinx in terms of complex exponentials and use
properties of the Fourier transform.

29. Solve on (0, +oc0) x R3:

1; $>ya26 [_171]
0, otherwise

0
871; =V, Ulp—o = {

Express your answer in terms of the function (related to the error function)

E(x) :/ e du.
0

30. Repeat the previous two problems, but with the initial data taken as the inhomogeneous term f for the
equation

ou 9

and with the initial data u|;—p = 0. What is the behaviour of the solutions as t — co?

31. Do problems 7 and 8 from the week 12 practice problem sheet, if you have not already done so. Then
redo them, changing which of u|;—o and %“t‘ ’t:O is set to zero.
32. Solve on (0, +00) x R3:

u = V2t bu, uli_o = sin 2wsin 2mysin 27rz.
ot Tyz

1, zel[-1,1] )2
0, otherwise
What does this say about the Fourier transform of the inhomogeneous function above (assuming that it
exists)?] Consider both b > 0 and b < 0. What is the behaviour of the solution in the limit ¢ — +0c0? How
does it depend on b?

[Hint: what is the inverse Fourier transform of the function x(x)x(y)x(z) (where x(z) = {

33. [This problem is interesting but less relevant than the others for exam preparation.] Redo 32, but with
the initial data multiplied by sin 2007z. Consider the dependence of the behaviour as t — oo on b. Is there
a critical value for b at which the behaviour changes drastically?

34. Solve on (0, +00) x R3:
ou ix
EZVQu—i—n-Vu, uli—o =€ IxI*,

Here n is some fixed unit vector. How does this solution compare to the solution for the same problem
without the n - Vu term?



