
APM 346 (Summer 2019), Homework 9.

APM 346, Homework 9. Due Monday, July 22, at 8.00 AM EDT. To be marked completed/not completed.

1. Using the eigenfunctions and eigenvalues for the Laplacian on the cylinder C = {(ρ, φ, z)|ρ < 1, 0 ≤ z ≤ 1}
derived in class, solve the following problem on C:

∇2u = z

{
0, ρ < 1

2
ρ3 cos 3φ, 1

2 < ρ < 1
, u|∂C = 0.

Let us denote the right-hand side of Poisson’s equation above by f . Then expanding

f =

{
0, ρ < 1

2
ρ3 cos 3φ, 1

2 < ρ < 1
=

∞∑
n=1

∞∑
m=0

∞∑
i=1

Jm (λmiρ) sinnπz (anmi cosmφ+ bnmisinmφ) ,

we see as usual that bnmi = 0 for all n, m, and i, while anmi = 0 unless m = 3, and in that case (using the
standard normalisation integrals for J3 (λ3iρ) and sinnπz on [0, 1])

an3i =
4

J2
4 (λ3i)

∫ 1

1
2

∫ 1

0

ρ3zJ3 (λ3iρ) sinnπz dz ρdρ =
4

J2
4 (λ3i)

∫ 1

1
2

ρ4J3 (λ3iρ) dρ

∫ 1

0

zsinnπz dz

=
4(−1)n+1

λ3iJ2
4 (λ3i)nπ

[
J4 (λ3i)−

1

16
J4

(
1

2
λ3i

)]
,

whence

u =

∞∑
n=1

∞∑
i=1

4(−1)n

λ3iJ2
4 (λ3i)nπ (λ23i + n2π2)

(
J4 (λ3i)−

1

16
J4

(
1

2
λ3i

))
J3 (λ3iρ) sinnπz cos 3φ.

2. Using the eigenfunctions and eigenvalues for the Laplacian on the unit ball B = {(r, θ, φ)|r < 1} derived
in class, solve the following problem on B:

∇2u = 3sin 2θ cos 2φ

{
r2, r < 1

2
0, 1

2 < r < 1
, u|∂B = 0.

Again, we expand the right-hand side:{
r2, r < 1

2
0, 1

2 < r < 1
=

∞∑
`=0

∑̀
m=0

∞∑
i=1

j` (κ`ir)P`m (cos θ) (a`mi cosmφ+ b`misinmφ) ,

whence as before we have b`mi = 0 for all `, m, and i, while a`mi = 0 unless m = 2. Now P22 (cos θ) = 3sin 2θ,
so since {P`2 (cos θ)}∞`=2 is a complete orthogonal set on [0, π], we must also have a`2i = 0 unless ` = 2.
Finally, denoting the above right-hand side by f ,

a22i =
(f, j2 (κ2ir)P22(cos θ) cos 2φ)

(j2 (κ2ir)P22(cos θ) cos 2φ, j2 (κ2ir)P22(cos θ) cos 2φ)

=
2

j23 (κ2i)

∫ 1
2

0

r4j2 (κ2ir) dr =
2

j23 (κ2i)

∫ 1
2

0

r
7
2

√
π

2
J 5

2
(κ2ir) dr

=
2

κ2ij23 (κ2i)

√
π

2

(
1√
128

J 7
2

(
1

2
κ2i

))
=

1

8
√
κ2ij23 (κ2i)

j3

(
1

2
κ2i

)
,

so (since the eigenvalue corresponding to jm (κmir)P`m(cos θ) cosmφ is simply −κ2mi)

u =

∞∑
i=1

− 1

8j23 (κ2i)κ
5
2
2i

j3

(
1

2
κ2i

)
j2 (κ2iρ)P22(cos θ) cos 2φ.
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APM 346 (Summer 2019), Homework 9.

3. Solve the following problem on the unit cube Q:

∇2u = 0, u|x=0 = u|x=1 = u|y=0 = u|y=1 = 0, u|z=0 = sinπxsin 2πy, u|z=1 = 0.

One way of doing this (which is not really detailed enough to count as a full solution on a test!) is to
note that the solution will be a linear combination of sinπxsin 2πycoshπ

√
5z and sinπxsin 2πysinhπ

√
5z,

after which a little thought shows that the solution is exactly

sinπxsin 2πy
(

coshπ
√

5z − cothπ
√

5sinhπ
√

5z
)
.

More systematically, we note that the solution can be written in the form

u =

∞∑
`,m=1

sin `πxsinmπy
(
a`mcoshπ

√
`2 +m2z + b`msinhπ

√
`2 +m2z

)
;

then the boundary conditions give that for (`,m) 6= (1, 2)

a`m = 0, a`mcoshπ
√
`2 +m2 + b`msinhπ

√
`2 +m2 = 0,

whence it is easily seen that a`m = b`m = 0 for all (`,m) 6= (1, 2); further,

a12 = 1, a12coshπ
√

5 + b12sinhπ
√

5 = 0,

so b12 = − cothπ
√

5 and we obtain u = sinπxsin 2πy
(
coshπ

√
5z − cothπ

√
5sinhπ

√
5z
)
, as claimed.

4. Recall the function χ defined in problem 1 of assignment 8:

χ(x) =

{
0, 0 ≤ x < 1

2
1, 1

2 < x ≤ 1
.

Let u0 denote the solution to problem 3. Solve the following problem on the unit cube Q:

∂u

∂t
= ∇2u, u|∂Q = u0|∂Q, u|t=0 = χ(x)χ(y)χ(z).

[Optional: compute the coefficients in the series for u for two choices of `, m, and n, one small (say
` = m = n = 1) and another large (say `,m, n > 10). Compare the ratio of these coefficients for t = 0 and
t = 10.]

Does the function u have a limit as t→ +∞?
By what we did in class, this reduces to solving the two problems

∇2U1 = 0, U1|∂Q = u0|∂Q,
∂u2
∂t

= ∇2u2, u2|∂Q = 0, u2|t=0 = χ(x)χ(y)χ(z)− U1;

now since u0 satisfies ∇2u0 = 0, the first problem gives clearly U1 = u0, whence we need only to satisfy the
problem

∂u2
∂t

= ∇2u2, u2|∂Q = 0, u2|t=0 = χ(x)χ(y)χ(z)− u0.

From problem 1 of assignment 8, we have the expansion

χ(x)χ(y)χ(z) =

∞∑
`,m,n=1

8

π3`mn

(
(−1)`+1 + cos

1

2
`π

)(
(−1)m+1 + cos

1

2
mπ

)(
(−1)n+1 + cos

1

2
nπ

)
· sin `πxsinmπysinnπz.
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Now it is necessary to expand u0 in the basis {sin `πxsinmπysinnπz}; the only tricky part of this is the
expansion in the z direction. For this we note the following integral:

∫ 1

0

eazsinnπz dz = −cosnπz

nπ
eaz
∣∣∣1
0

+
a

nπ

∫ 1

0

cosnπzeaz dz

=
1

nπ
[1− (−1)nea] +

a

nπ

[
sinnπz

nπ
eaz
∣∣∣∣1
0

− a

nπ

∫ 1

0

sinnπzeaz dz

]

whence ∫ 1

0

eazsinnπz dz =
1
nπ [1− (−1)nea]

1 + a2

n2π2

=
nπ [1− (−1)nea]

n2π2 + a2
.

From this we see easily that (since coshx = 1
2 (ex + e−x) and sinhx = 1

2 (ex − e−x))

∫ 1

0

coshπ
√

5zsinnπz dz =
nπ
[
1− (−1)ncoshπ

√
5
]

5π2 + n2π2
,∫ 1

0

sinhπ
√

5zsinnπz dz = −nπ(−1)nsinhπ
√

5

5π2 + n2π2
,

and ∫ 1

0

(
coshπ

√
5z − cothπ

√
5sinhπ

√
5z
)

sinnπz dz

=
nπ

5π2 + n2π2

([
1− (−1)ncoshπ

√
5
]

+ cothπ
√

5(−1)nsinhπ
√

5
)

=
nπ

5π2 + n2π2
.

From this we see that

u0 =
2

π
sinπxsin 2πy

∞∑
n=1

n

5 + n2
sinnπz,

so that

χ(x)χ(y)χ(z)− u0 =

∞∑
`,m,n=1

(`,m)6=(1,2)

8

π3`mn

(
(−1)`+1 + cos

1

2
`π

)(
(−1)m+1 + cos

1

2
mπ

)(
(−1)n+1 + cos

1

2
nπ

)
· sin `πxsinmπysinnπz

+ sinπxsin 2πy

∞∑
n=1

[
8

π3n

(
(−1)n+1 + cos

1

2
nπ

)
− 2n

π (5 + n2)

]
sinnπz

and thus, by our usual method,

u2 =

∞∑
`,m,n=1

(`,m) 6=(1,2)

8

π3`mn

(
(−1)`+1 + cos

1

2
`π

)(
(−1)m+1 + cos

1

2
mπ

)(
(−1)n+1 + cos

1

2
nπ

)

· sin `πxsinmπysinnπze−π
2(`2+m2+n2)t

+ sinπxsin 2πy

∞∑
n=1

[
8

π3n

(
(−1)n+1 + cos

1

2
nπ

)
− 2n

π (5 + n2)

]
sinnπze−π

2(5+n2)t
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and the solution to our original problem is

u = sinπxsin 2πy
(

coshπ
√

5z − cothπ
√

5sinhπ
√

5z
)

+

∞∑
`,m,n=1

(`,m) 6=(1,2)

8

π3`mn

(
(−1)`+1 + cos

1

2
`π

)(
(−1)m+1 + cos

1

2
mπ

)(
(−1)n+1 + cos

1

2
nπ

)

· sin `πxsinmπysinnπze−π
2(`2+m2+n2)t

+ sinπxsin 2πy

∞∑
n=1

[
8

π3n

(
(−1)n+1 + cos

1

2
nπ

)
− 2n

π (5 + n2)

]
sinnπze−π

2(5+n2)t.

Clearly, u→ sinπxsin 2πy
(
coshπ

√
5z − cothπ

√
5sinhπ

√
5z
)

as t→ +∞. We leave the optional part of this
exercise to the reader.
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