APM 346 (Summer 2019), Homework 5 solutions.

APM 346, Homework 5. Due Monday, June 10, at 6.00 AM EDT. To be marked completed/not completed.

1. Solve the following boundary-value problem on the region {(r, 6, ¢)|1 < r < 2}:

[Hint: use Legendre polynomial identities to calculate fol Py(z) dx and f Py(x)dz.]
Since the boundary conditions are azimuthally symmetric (and since we are solvmg on a spherical shell,
which is an azimuthally symmetric region) we may write the general solution to Laplace’s equation as

U= Z Py(cos0) ((LgTZ + bzr_é_l) .
=0

Now at » = 2 we have

oo by 1, 0<6<Z
Ulp=2 = ZPg(cos 0) (aﬂf + 2@11) = { R <27r :
=0 ’ a

If we write this in terms of x = cos 6 ,it comes

b -1, —-1<z<0
f ‘ _ ) = .
U’l’r Q_ZPZ (0062 2(4,1)_{ 1 0<$§1 )

)

thus the orthogonality and normalisation properties of the Legendre polynomials give

e 2% - %TH [/01 _Py(w) da + /Olpg(x) dm] - %TH [/Ol[Pg(m) — P—a)]de|;

if £ is even this will vanish, since P, will be an even function, while if ¢ is odd we have

1
=(20+1) | Pyx)dz.
0

Z
e 2 2£+1

Now we have the identity (from the lecture notes)
20+ 1) Po(x) = Pryy(x) — Py (2);

thus for ¢ odd, say £ = 2k + 1,
b
a2’ + 26% = [Pes1(1) = Pr—1(1) = (Pr41(0) = Pr—1(0))] = — (Pr41(0) — Pe—1(0)) 5

we shall show how to calculate this last expression shortly.
The second boundary condition (again working in terms of x = cos ) gives

Uply_y =Y Pe(cosf) (fay — (£ + 1)bg) =
=0

2 1
Cag — (¢ 4+ 1)be “ /Pg

1

1, -1<z<0
0, O0<z<1"’

SO
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If £ = 0 this is just 3, while if £ > 0 is even it is 255 ffl Py(x)dz = 0. If £ is odd, say again £ = 2k + 1, we
obtain

fae — (E+ )by = 3 [Pesa (0) = Pra(0) = (Pesa(=1) = Pea(~1))] = 5 (Pesa (0) ~ P (0),

since Ppyq(—1) = (=1)*! = (=1)*~! = P,_1(—1). Thus for £ = 2k + 1 we have the system

b
a2t + %% = — (Pe41(0) — P—1(0))

1
lag— (L4 1)be = 2 (Pr4+1(0) — Pp—1(0)) .
This is a system of two linear equations in two unknowns and may be solved by a number of methods;

perhaps the most systematic is to find the inverse of the coefficient matrix. We have the general formula
(when the determinant ad — bc is nonzero)

a b\ 1 d —b
c d Cad—bc\—c a )’
which in the present case gives

(24 . )1: 1 <£+1 2;+>
¢t —(t+1) ((+120+ 555\ ¢ =2 )

(5)- et (5 75) (D)oo

2t+1 —(+1) + 5
(] < (_g _)QZ_%H > (Pr41(0) — Pr-1(0)).

Now we have the general formula (this was discussed in lecture)

Thus

_1Yk(ok _
Py(0) = W,
thus
—1)*1 2k + 1) —1DkF@2E - 1) —DFY2kE - D! /2k+1
Psj42(0) — Py (0) = ( 21)<+1(l(<:+1)!) — 2('%! E - - 2k(k! : (2k+2 +1>
(—1)F1 2k — 1)

= g P

and since in the above formula we have £ = 2k + 1, we have finally the expression

agki1) _ 22k+2 —2k — 24 s | (=P (26— D! (4k +3)
bak+1 (2k 4+ 2)24k+4 4 2k +1 \ —2k—1—22%F 2k+1(k 4 1)! '

For ¢ even, £ > 0, we have the system
be
22-{-1

Lag — (L + 1)b; =0,

which implies that ay; = by = 0 in this case; while for £ = 0 we have instead the system

G,ZQE + =0
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which implies that ag = i, by = —%. Thus finally we obtain the solution
S R 2R+ (—1)F(2k — 1)!!(4k + 3)
=-—-— E P 0
EEERETAP EE [w«: TD2HH 2k + D] (k+ 1>J

1
. sz +2— 2%3) PRl (2K + 1 2%K) pmCRED)

2. Solve the following boundary-value problem on the region {(r,0, ¢)|r < 2}:
VZu =0, Ulp=2 = (1 +y).

(Here x = rsinf cos ¢ and y = rsin fsin ¢ are the standard Cartesian coordinates corresponding to the given
spherical coordinate system.)
This problem is much easier than problem 1. First of all, there is a straightforward way and a tricky
way. We show the trick first. Since
Viz(l4+y) =0

for all z,y,z € R3, we see that u = x(1 + y) satisfies Laplace’s equation on the given region; it also agrees
with the boundary data, and thus it must be the solution we seek.

The straightforward way is rather longer (though also very instructive in our general technique) and
goes as follows. Since we are solving on a region containing the origin, the general solution can be written as

[e's) 0
U= Z Z Py 1, (cos 6)rt (¢o,m cosme + dg msinme) .

£=0 m=0
Thus on the boundary r = 2 we have

S

Ulpen = Z Z Py (cos G)QE (ce,m cosme + dg msin me)
£=0 m=0
= 2(1 + y)|r—2 = 2sin 6 cos ¢ + 4sin 26 cos ¢sin ¢;
since (see the lecture notes)
Py 1(cos @) =siné, P, 5(cos #) = 3sin 2p,
we see that this last expression may be written as
2 .
2P 1(cosB) cos ¢ + §P272(cos 6)sin 2¢.
Orthogonality of the set { Py} U { Py, cosme, Prmsinme} then allows us to obtain
2
2'e1 1 =2, 2%dyp = =,
’ ’ 3
with all other ¢, and dy, vanishing. This gives ¢;1 =1, d1,1 = %7 and finally
1 .
u= P 1(cosf)rcos ¢+ EPQ’QT sin 2¢
= rsin 0 cos ¢ + r2sin 20sin ¢ cos ¢ = x + vy,

the same as we obtained by the previous method.



