APM 346 (Summer 2019), Homework 10.

APM 346, Homework 10. Due Monday, July 29, at 6.00 AM EDT. To be marked completed/not completed.

1. Starting from separation of variables, give the series expansion to the solution for the following problem in
terms of an appropriate set of eigenfunctions of the Laplacian on the unit cube @ = {(z,y,2)|0 < z,y,z < 1}:

VQ'LL: { 17 (1)
~1, i
9

where 0, denotes the outward normal derivative on the surface (e.g., on the surface 9Q N{z = 0}, it is —57).

We begin by finding the eigenfunctions of the Laplacian on @) appropriate to the given boundary con-
ditions. (The last condition u(%, %, %) = 0 is a condition on the solution, not the eigenfunctions, and will
be dealt with at the end.) We shall look as usual for separated eigenfunctions; thus we seek functions
u= X(2)Y(y)Z(z) and numbers X satisfying
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Viu=Au, 0Oyulag = 0;

now substituting u = X (z)Y (y)Z(z) into the first equation and dividing through by u (since we assume that
u, as an eigenfunction, is not identically zero), we have as usual the equation

T+ = (1)

Now we need to determine how the boundary conditions are to be implemented in terms of X, Y, and Z.
Now the boundary 9@ of @ has six parts, which lie in the planes z = 0, 2 =1, x =0, x = 1, y = 0,
y = 1; since 9, is the unit outward normal derivative on the boundary of @, we see that on the plane
z=0,0, = —%, while on z = 1 we have 0, = a%; thus the parts of the boundary condition d,u|sg = 0
corresponding to the top and bottom surfaces of the cube are

X(2)Y(y) (-=2'(0)) =0, X(2)Y(y)Z'(1) =0,
ie, X(2)Y(y)Z'(0) = X(2)Y(y)Z'(1) = 0 for all z and y. Since X and Y are not identically zero, we
conclude that Z’(0) = Z’(1) = 0. Analogously, the boundary conditions on the other sides of the cube give
X'(0)=X'(1)=0,Y'(0) =Y’(1) = 0, and we thus have in addition to (1) the boundary conditions
X'0)=X'1)=Y'(0)=Y'(1)=Z'(0) = Z'(1) = 0.

From these we see as usual (since the derivative of a linear combination of exponentials is still a linear
combination of exponentials) that X, Y, and Z must all be oscillatory; thus )§( , YT, ZZ
write

< 0, so we may

X"=-XNX, Y'=-)\Y, Z'=-)\Z

(note that we do not yet know what the \; are since the boundary conditions are not the homogeneous
Dirichlet conditions we have met previously; in other words, we cannot just directly write Ay = ¢, etc.).
Let us consider the problem for X:

X" =-XX, X'(0)=X'(1)=0.

From the equation, we have
X =acos Az + bsin A\ x,

whence the boundary conditions give

X’(O) = _Alb = O; X/(l) = _(I)\lsin )\1 =+ b>\1 CcOS )\1 = 0’
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the first gives either A\; = 0, in the which case X = a is constant, or b = 0; in the first case the second
boundary condition is satisfied automatically, while in the second case (A1 # 0, b = 0) it gives

a/\lsin )\1 = O,
so (since a # 0 as X # 0, and A # 0 by assumption) we must have \y = ¢m, £ € Z, £ > 0, as before. Thus

we have two separate cases: either X = a or X = acosfnz, { € Z, ¢ > 0. Clearly, we may combine these
two cases; dropping the arbitrary constant a, we may write

X =coslmx, (e€Z,(>0.
Similar logic clearly applies also to Y and Z, so we have

Y =cosmny, meZ,m>0,

Z =cosnmz, n¢€Zd,n>0,
and we have finally the eigenfunctions
€pmn = coslmx cosmruycosnrz, L, m,ne€Z,{,mmn>0,
while the corresponding eigenvalues are
Nomn = —T2 (62 +m?+ n2) .

Note that A\ggg = 0, i.e., we have a zero eigenvalue; this is because the constant function satisfies the boundary
condition in this case. This will create some extra wrinkles in our solution, one of which is obvious while
one is less so, as we shall see shortly.

We note that the set {cos{mz}32, is complete on [0, 1]; this can be shown in a way similar to that by
which we showed {sin¢rx}2°, complete on [0,1]: if f :[0,1] — R' is any suitable function, then we may
extend it to [—1, 1] by requiring it to be even, i.e., we may define a new function

fr=11], f*(x):{sz(_xl),” iig ;

since {cosmx,sinrx}y®, is complete on [—1, 1], we may expand f* in a aeries in cos 7z and sin rz; but
since f* is even, all of the coefficients for the sin {7z terms vanish, meaning that f* can be written in a series

= Zae cosdmx
=0
n [—1,1]. But from this it follows that on [0, 1] we have the series

o0
f= E ag cos dmx,

£=0

meaning that {cosfnxz}7°, is complete on [0, 1], as desired. By standard logic, it follows that the set of
eigenfunctions {€¢mn}75,, ,—o 15 complete on Q.

We may now proceed as usual to solve the equation. We begin by expanding the right-hand side of the
given Poisson equation in terms of the above basis of eigenfunctions. Thus let

[y

3

(2,9, 2) = 1, 0<z<
g\, y, - _1’ %<Z§

2
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then we may write
oo

g(x,y,2) = g Qg COS LT COS MY COS NTTZ.

£,m,n=0

To write out a formula for the ag,,,, we need to determine the normalisation constants for the es,,. Now

1
1 (=0
cos? ¢ xdx:{ ’ ;
/0 i 1L 1#0

if we denote this quantity by N;, then we may write
/ €7un(T,y,2) dV = NN, N,,.
Q

Thus we may write the coefficients ag,,, in the above expansion as

Apmn = Wl/cgg(x,y,z)egmn dV = m/o /0 /0 g(x,y, z) cos bma cosmmy cosnwz dz dy dx
1

o, estraas [Lcosmyan |
= — cos{rmx dx cosmmy d cosnmzdz,
NeN,.N,, J; o yay ) g

where we have used the fact that g depends only on z. Now we may write

1
I, (=0
/0 cosfwxdm-(l,coséwx)—{o’ 040"

since both 1 = cosOmz is an element of the orthogonal set {cos¢wx}7° . From this, we see that agp, = 0
unless £ = m = 0. Further, we see that

1 1
/ gcosszdz:/ gdz =0,
0 0

1

1 1 1
agon = 2/ gcosnmzdz = 2 (/ cosnmzdz — / cosSNmz dz>
0 0 1

2

so that aggg = 0, while if n £ 0

1
1 . 2 . ! 4 . nmw
=2 | —sinnmz| — —sinnnz = —sin —.
nmw 0 nmw 1 nmw 2
2
Thus we have finally
o0
4 . nm
g(z,y,2) = g —sin — cosnmz.
e nm 2

Now we assume that the solution u to V?u = g may be expanded in the basis {€mn}iom n=o as

o0
u = E bemn cos mx cos mmy cos nmwz;

£,m,n=0

substituting this in, and using the series expansion for g above, we have

oo oo
4 . nr
E MemnDermn€omn = E —sin — cosnwz;
nmw 2
£,m,n=0 n=1
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from this we see, first of all, that
A000booo = agoo = 0;

but since A\ggg = 0, this tells us nothing about bggp. Thus bggp is not determined by the boundary conditions
on u. We note also that had g been such that aggy # 0 — which, unravelling everything, amounts to saying
fQ gdV # 0 — then the above equation would become

Aooobooo = 0 = apoo # 0,

which has no solution. If we recall our abstract formula for the solution to Poisson’s equation nabla?u = g,

7Z>\1

we see that this is exactly the condition that (g,e;) = 0 for all I for which A; vanishes, while also the
coefficients in the series for u corresponding to such I are undetermined. These are common difficulties
when the Laplacian has a zero eigenvalue.

Proceeding to the nonzero eigenvalues, we see that by, = 0 unless £ = m = 0, while for n # 0

6],6[

b 1 4 . nrm 4 . nr
= ———sin— = ————sin —.
00 Nomm MU 2 n3m3 2
Thus we have the series solution
oo
u = bgpg — Z sm — cos nwz.
To determine bogop, we apply the final condition, noting that sin % cos 5F = %Sin nm =0 for all n € Z:

(1 1 1) b i 4 n T nmw P
- - —) = — CcOosS — = =
u 2'979 000 n37r3 o S 9 000

n=1
so that finally we have the solution
o0

(z,y,2 g cos nwz.

2. Compute the Fourier transforms of the following functions:

Fa) = {1, ze[-1,1]

0, otherwise °
_J1-Jzf,  zel-11]
)= { 0, otherwise

1, r<1
0, otherwise

0.6~ {

f(a:):e_‘””Q, a€R,a>0.
f(r707¢):e—ar27 ac€R,a>0.
f(z) = ﬂce_’””?, ac€R,a>0.

[For the fifth of these, it may be simpler to change to rectangular coordinates.|

4
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We take these one by one:

1

[ee] 1 .
k) = —2mike g, _ / —2mike g, _ ' —2mike
e S e
_ i 27%) _ sin2nk
2rk Tk
The above calculation only works for k # 0; but for k¥ = 0 we have clearly F[f](0) = 2, which is the limit of
the above function as k¥ — 0. Thus we have

(672771’19 —e

A0 ={ wdn §50-

This function of k is closely related to the so-called sinc function, which is useful in many different places.

We shall typically just write it as %, with the understanding that its value at £ = 0 is taken to be

2. (We note that with this definition it is actually an analytic function of k& with a power series expansion
convergent on the entire real line, or complex plane.)
Next, we have

o0 1
Flf1(k) = / f(m)e—%m'kw dr = / (1= |a|) o—2mika 1.
—0o0 —1
To compute this integral, we note that for k # 0

. 1 ) 1 ) 1 1 ;
—2mikx —2mikx —2mikx —2mikx
dr = ——— T de=(——— 2+ —— el
/ e v omik 2mik / N “ ( omik” | Am2k? ) ¢

while when k =0 )
/xe_%“”’ dx = /xdx = 5:32 +C.
Thus the above integrals become

1 1 0 1
/ (1 o |l‘|) 67271'2]@2 dr = / 6727rzkzr dx +/ x€72ﬂ'zkz dr — / x€727mkz dl‘,
-1 -1 -1 0

the first of these is just %, while the second two give

1 1 —2mikx 0 1 1 —2mikx
( ok’ 47r2k:2) ¢ » omik” T an2i2 ) € .

_ 1 _ 1 + 1 627rik:_ o 1 4 1 6727rik:_ 1
T 4m2k2 o2mik  4m2k? o2mik  4m2k? 472k

1

1 1 ; ; 11 ) .
— 1-Z= 2mik —2mik - = (2mik _ —2mik
2n2k? < A Rt 7 C <)
1 sin 27k
= W(l — COS 27Tk) — s y

in the case that k # 0; when k = 0, they give simply

0 1 1
/ xdm—/ xdr = =2
1 0 2

which is seen to be the limiting value of the above expression as k — 0. Taking it to have this value at k = 0

(as we did with % above), we have finally

0 1 )

-1 0

sin 27k 1 sin 27k
]:[f](k‘)—T‘i‘m(l—CObQﬂ'k‘)— iy
1
= W(l — COS 277]41)
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(We note that, defining this function to have its limiting value at k£ = 0, it is also analytic.)
Proceeding, we have

U0 = [ 1rb.0)e e ax
R3
Fix some k € R3. Now since f is spherically symmetric, we may assume that our spherical coordinate

system (r,6,¢) is such that in it k = (k,0,0), i.e., that k points along the positive z axis. In this case,
k - x = krcos#, and the above integral may be written

27 T
/ / / —2mikr cos 6 QSIHGdT do d¢
0 0 0

which may be evaluated as

|
o T6727rik:r 0059
o 2mik

271_/1 27rzk:7‘ o 6727rikr) dr — 27‘(/1 M dr
0 2mk 0 wk
2 21k
k( COS2 7; ! 2 k’/ cos?wkrdr)
™ ™

_cos 27rk 1 sin 2k ! 2 cos 27k n sin 27k
T =— |-
42 k2 0 k 2rk 42 k2

2I~c3 (=27k cos 2wk + sin 27k)
2T

for k # 0, while if k = 0 it is clearly just %w, the volume of the unit sphere; and we note that this is just the
limit of the above expression as k — 0:

1 . 1 2 1 3
37213 (—2mk cos 2wk + sin 27k) = 52%3 ( 2k + wk (27k) + 27k 5 (27k)” + >
1 53 4 54 KR+ 4
 2m2k3 <4W K 3" Mo o om2k3 §7T+ ’

where - - - indicates terms of order in £ higher than those preceding. This expression thus clearly approaches
%71’ as k — 0, as claimed.
Continuing with fortitude, we have, noting the Gaussian integral

2 e
e Y dr=4/—
R a

(which holds for all complex a with Ra > 0)

]:[f](k') _ / efam26727rikm dr
N / eia(m+%’€)27# dz = 67# / eia(ﬂ%’gf dz

where we have used the substitution u = x+ = ’”k in the last equality. (This can be justified more rigorously in
the context of complex variable theory by thlnklng of adjusting the contour z = ¢t to the contour z =t + ”Tzk
bit by bit, and noting that the integrand rapidly goes to zero as t — Fo0o along either contour.) We note
that the width of the Gaussian giving the Fourier transform is proportional to the reciprocal of the width

of the original Gaussian; this is a manifestation of the celebrated uncertainty principle, which is probably

6
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best known from quantum mechanics but can also be formulated as a theorem on Fourier transforms (since,
we note for those who have seen some quantum mechanics, the momentum-space representation of the
wavefunction is essentially just the Fourier transform of its position-space representation).

Continuing, and using the hint, we have

]_‘[f](k) — / e—a7‘26—27rik~x dx

R3

_ e—a(12+y2+22)e—2wi(k1x+k2y+k32) dx,
RS
which is easily seen to be a product of three transforms of Gaussians; in other words, we have

FUf(K) = (z)%e_ﬂ(’“f*:%*k%) _ (W)%e_@

a a

For the final Fourier transform, we could proceed directly, but that would be quite a nuisance; instead we
use a property of the Fourier transform to write

—az? _ _ii —az? _ _i . E _x2K2
Flze ](k)_f[ T (e )} (k) = 2a2mk\/;e

3
X T\ 2 _ =22
=—ik|—) e e .
a

This formula is related to the properties of the so-called Hermite polynomials discussed in section 5.2.8 of
the textbook.



