
CHAPTER 4

Representations of finite groups of Lie type

Let Fq be a finite field of order q and characteristic p. Let G be a finite group of Lie
type, that is, G is the Fq-rational points of a connected reductive group G defined over Fq.
For example, if n is a positive integer GLn(Fq) and SLn(Fq) are finite groups of Lie type.

Let J =
(

0 In

−In 0

)
, where In is the n× n identity matrix. Let

Sp2n(Fq) = { g ∈ GL2n(Fq) | tgJg = J }.

Then Sp2n(Fq) is a symplectic group of rank n and is a finite group of Lie type.
For G = GLn(Fq) or SLn(Fq) (and some other examples), the standard Borel subgroup

B of G is the subgroup of G consisting of the upper triangular elements in G. A standard
parabolic subgroup of G is a subgroup of G which contains the standard Borel subgroup B.
If P is a standard parabolic subgroup of GLn(Fq), then there exists a partition (n1, . . . , nr)
of n (a set of positive integers nj such that n1 + · · ·+ nr = n) such that P = P(n1,...,nr) =
M n N , where M ' GLn1(Fq)× · · · ×GLnr

(Fq) has the form

M =




A1 0 · · · 0
0 A2 · · · 0
...

. . . . . .
...

0 · · · 0 Ar

 | Aj ∈ GLnj (Fq), 1 ≤ j ≤ r

 .

and

N =




In1 ∗ · · · ∗
0 In2 · · · ∗
...

. . . . . .
...

0 · · · 0 Inr


 ,

where ∗ denotes arbitary entries in Fq. The subgroup M is called a (standard) Levi sub-
group of P , and N is called the unipotent radical of P . Note that the partition (1, 1, . . . , 1)
corresponds to B and (n) corresponds to G. A standard parabolic subgroup of SLn(Fq)
is equal to P(n1,...,nr) ∩ SLn(Fq) for some partition (n1, . . . , nr) of n. A parabolic subgroup
of G is a subgroup which is conjugate to a standard parabolic subgroup. By replacing Fq

by a field F in the above definitions, we can define parabolic subgroups of GLn(F ). For
more information on parabolic subgroups of general linear groups see the book of Alperin
and Bell.

For convenience, assume that G = GLn(Fq). Let P = P(n1,...,nr) be a proper standard
parabolic subgroup of G. Let πj be an irreducible representation of GLnj (Fq), 1 ≤ j ≤ r.
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Then π := π1⊗· · ·⊗πr is an irreducible representation of M . Extend π to a representation
of P by letting elements of N act via the identity (on the space of π). Let iGP π = IndG

P π

be the representation of G induced from π. This process of going from a representation
of a Levi subgroup of a proper parabolic subgroup to a representation of G is known as
parabolic induction (or Harish-Chandra induction). It is possible to show that if P ′ is
another parabolic subgroup of G having M as a Levi subgroup, and unipotent radical N ′,
then iGP π ' iGP ′π. For this reason, the notation iGMπ is sometimes used in place of iGP π.

Now we can define a standard parabolic subgroup PM of M to be a group of the
form PM = P1 × · · · × Pr where Pj is a standard parabolic subgroup of GLnj (Fq). Write
Pj = Mj n Nj , where Mj is the standard Levi subgroup of Pj and Nj is the unipotent
radical of Pj . Let NM = N1 × · · ·Nr. Then PMN is a standard parabolic subgroup of
GLnj (Fq), with standard Levi factor M1 × · · · × Mr and unipotent radical NMN . Let
σ = σ1⊗ · · ·⊗σr where σj is an irreducible representation of Mj . Then we can check that
iGPM Nσ ' iGP (iMPM

σ), where on the left side, σ is extended to PMN by letting elements of
NMN act trivially, and on the right side, σ is extended to PM by letting NM act trivially.
This property is called transitivity of parabolic induction.

Let N be the unipotent radical of a proper parabolic subgroup of G and let π be a
representation of G. Then the restriction rN

G π = πN of π to N is a direct sum of irreducible
representations of N . Via Frobenius reciprocity type arguments, we can prove that if an
irreducible representation π of G contains the trivial representation of the unipotent radical
of proper parabolic subgroup of G, then π occurs as a subrepresentation of a parabolically
induced representation of G. An irreducible representation π of G is cuspidal if rN

G π does
not contain the trivial representation of N for all choices of unipotent radicals of proper
parabolic subgroups of G. If π is cuspidal, then by Frobenius reciprocity, HomG(π, iGP π′) =
0 if P is a proper parabolic subgroup of G and π′ is an irreducible representation of a Levi
factor of P . The following theorem is valid for irreducible representations of finite groups
of Lie type, not just for general linear groups.

Theorem. (Proposition 9.13 of Carter’s book) Let π be an irreducible representation of

G. Then one of the following holds:

(1) π is cuspidal

(2) There exists a proper parabolic subgroup P = M n N of G and a cuspidal represen-

tation π′ of M such that HomG(π, iGP π′) 6= 0.

As a consequence of the above theorem, one approach to finding the irreducible rep-
resentations of G involves two steps:

Step 1 : Find all cuspidal representations of those groups occurring as Levi factors of parabolic
subgroups of G (including G itself).

Step 2 : Find all of the irreducible constituents of the representations iGP π′ where P is a
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proper parabolic subgroup of G and π′ is a cuspidal representation of a Levi factor of
P .
In SL2(Fq), there is one conjugacy class of proper parabolic subgroups, namely the

conjugacy class of the standard Borel subgroup. And the subgroup A ' F×q of B is a
standard Levi factor. Every irreducible representation (one-dimensional representation) of
A is cuspidal, since A has no proper parabolic subgroups. The above theorem tells us that
the non-cuspidal representations of GL2(Fq) are exactly the irreducible subrepresentations
of the representations iGBτ as τ ranges over the set of one-dimensional representations of A.
As we saw in Chapter 3, letting ε be a fixed nonsquare in F×q , the cuspidal representations
of SLn(Fq) are associated to the nontrivial characters of the group

T =
{(

a bε
b a

)
| a, b ∈ Fq, a2 − b2ε = 1

}
.

In the case of SL2(Fq) the groups A and T are representatives for the conjugacy classes of
maximal tori in SL2(Fq).

In 1976, for G a finite group of Lie type, Deligne and Lusztig published a paper
showing that it is possible to associate a virtual character of G to each character of a
maximal torus (see references).

Next we describe the maximal tori in GLn(Fq) and SLn(Fq). Let k be a positive
integer. The Fqk is a vector space over Fq of dimension k. Choose a basis β = {x1, . . . , xk }
of Fqk over Fq. Given y ∈ Fqk , let gy ∈ GLk(Fq) be the matrix relative to β of the linear
transformation on Fqk given by left multiplication by y. Then { gy | y ∈ F×

qk } is a subgroup
of GLk(Fq) which is isomorphic, via y 7→ gy, to F×

qk . This subgroup depends on the choice
of basis β. Any two such subgroups of GLk(Fq) are conjugate, via the relevant change of
basis matrix.

Suppose that n1, . . . , nr are integers such that n1 ≥ n2 ≥ · · · ≥ nr > 0 and n1 + · · ·+
nr = n. Fix a basis of Fqnj over Fq, 1 ≤ j ≤ r. Then the group F×qn1 × · · · × F×qnr , is
isomorphic to a subgroup T(n1,...,nr) of GLn1(Fq)×· · ·×GLnr (Fq) ⊂ GLn(Fq). A maximal
torus T in GLn(Fq) is a subgroup which is conjugate to T(n1,...,nr) for some (n1, . . . , nr)
as above. A maximal torus in SLn(Fq) is conjugate to some T(n1,...,nr) ∩ SLn(Fq). For
SL2(Fq) there are 2 conjugacy classes of maximal tori, represented by T(1,1)∩SL2(Fq) = A,
and T(2) ∩ SL2(Fq), the group T mentioned above.

Let T be a maximal torus in G and let θ be a character of T . Let RT,θ be the virtual
character of G associated to the pair (T, θ) by Deligne and Lusztig. The value of RT,θ on
an element g of G is given by an alternating sum of the trace of the action of g on certain
`-adic cohomology groups. For more information on this, see the paper of Deligne and
Lusztig, or the book of Carter.

A matrix u ∈ GLn(Fq) is unipotent if u − 1 is nilpotent. A matrix γ ∈ GLn(Fq) is
semisimple if γ is diagonalizable over some finite extension of Fq. Let g ∈ GLn(Fq). The
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characteristic polynomial of g, being a polynomial of degree n, splits over a finite extension
Fqk of Fq, for some k ≤ n. Results from linear algebra tell us that there exist matrices γ

and u ∈ GLn(Fqk) such that γ is diagonalizable and u is unipotent, with γu = uγ = g. It
can be shown that γ, u ∈ GLn(Fq). Hence any element in GLn(Fq) can be expressed in
a unique way in the form g = γu, with γ ∈ GLn(Fq) semisimple, u ∈ GLn(Fq) unipotent,
and γu = uγ. This is called the (multiplicative) Jordan decomposition of g. If G is a
finite group of Lie type, then G is a subgroup of GLn(Fq) for some n, and if g = γu is the
Jordan decomposition of g in GLn(Fq), the elements γ and u lie in G. So there is a Jordan
decomposition for elements of a finite group of Lie type.

Attached to any a maximal torus T in G, there exists a particular class function QG
T

on G, called the Green function corresponding to T . The Green function QG
T is supported

on the unipotent set. If G = GLn(Fq), the values of the Green functions are known. In
fact, if u is unipotent the value QG

T (u) is obtained as the value of a certain polynomial
(depending on T and clG(u)) in the variable q.

Theorem (Character formula for RT,θ). Let T be a maximal torus in G = GLn(Fq)
or SLn(Fq) and let θ be a character of T . Let g ∈ GLn(Fq) have Jordan decomposition

g = γu, with semisimple part γ and unipotent part u. Let H be the centralizer of γ in G.

Then

RT,θ(g) = |H|−1
∑

x∈G, x−1γx∈T

θ(x−1γx)QH
xTx−1(u).

Exercises: Let γ ∈ GLn(Fq) be semisimple.
(1) Prove that some conjugate of γ lies in T(n1,...,nr) for some (not necessarily unique)

(n1, . . . , nr).
(2) Prove that the centralizer H of γ in G is isomorphic to a direct product of the form

GLr1(Fqs1 )× · · · ×GLrt
(Fqst ), where r1s1 + · · ·+ rtst = n.

The character formula for RT,θ resembles the Frobenius character formula in certain
ways. If the conjugacy class of the semisimple part γ of g does not intersect T , then
RT,θ(g) = 0. And when the conjugacy class of γ does intersect T , the expression for
RT,θ(g) involves values of θ on certain conjugates of γ in T . In the special case where
T = T(1,...,1) or T(1,...,1) ∩ SLn(Fq), then it can be shown that RT,θ = ±χiG

B
θ.

If T and T ′ are maximal tori in G, let

N(T, T ′) = { g ∈ G | gTg−1 = T ′ }
W (T, T ′) = {Tg | g ∈ N(T, T ′) }

Theorem (Orthogonality relations for RT,θ’s). Let θ and θ′ be characters of T and

T ′, respectively. Then

〈RT,θ, RT ′,θ〉 = {ω ∈ W (T, T ′) | ωθ′ = θ },
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where ωθ′(γ) := θ′(gγg−1), for γ ∈ T and ω = Tg.

Corollary. If T and T ′ are not G-conjugate, then 〈RT,θ, RT ′,θ′〉 = 0.

Note that this corollary does not tell us that the set of irreducible characters appear-
ing in RT,θ is disjoint from those appearing in RT ′,θ′ when T and T ′ are not conjugate.
Consider the example of G = SL2(Fq). Let τ be a character of the maximal torus A in
G = SL2(Fq). According to comments above, RA,τ = iGBτ . Let T be as in Chapter 3.
Then it is possible to show that if θ is a character of T and ϕθ is as in Chapter 3, then
RT,θ = ±ϕθ. Now suppose that τ = τ0 is the trivial character of A and θ = θ0 is the
trivial character of T . Let χq be the character of the irreducible representation of SL2(Fq)
of degree q. Let χ0 be the character of the trivial representation. As we saw in Chapter 3,
χiG

B
τ0

= RA,τ0 = χ0 + χq and ϕθ = −χ0 + χq.
Let NG(T ) = { g ∈ G | gTg−1 = T } be the normalizer of T in G. Then W (T ) :=

NG(T )/T is a finite group. A character θ of T is said to be in general position if θw 6= θ

for all nontrivial elements of W (T ).

Theorem (corollary of above theorem). If θ is in general position, then ±RT,θ is an

irreducible character of G.

Theorem. If π is an irreducible representation of G, then there exists a maximal torus T

of G and a character θ of T such that 〈χπ, RT,θ〉 6= 0.

Suppose that (n1, . . . , nr) 6= (n). Then T(n1,...,nr) is a subgroup of the Levi factor
M = GLn1(Fq)×· · ·×GLnr

(Fq) of a proper parabolic subgroup P of G. Any class function
f on M can be extended to a class function on P = M n N by setting f(mu) = f(m),
m ∈ M , u ∈ N . Hence we can view iGP as a map from class functions on M to class
functions on G. Deligne and Lusztig proved that if T = T(n1,...,nr) and θ is a character of
T , then RT,θ = iGP (RM

T,θ), where RM
T,θ is the virtual character of M corresponding to the

pair (T, θ). (Note that T is a maximal torus in M). It follows that RT,θ is in the span of the
irreducible characters of G which occur as constituents of representations iGP σ, for various
representations σ of M . Thus 〈χπ, RT,θ〉 = 0 for all irreducible cuspidal representations π.

Proposition. Suppose that π is an (irreducible) cuspidal representation of GLn(Fq), n ≥
2. Then

(1) 〈χπ, RT(n),θ〉 6= 0 for some character θ of T(n).

(2) χπ = ±RT(n),θ for some character θ of T(n) that is in general position.

(3) If T is a maximal torus which is not conjugate to T(n) and θ is a character of T , then

〈χπ, RT,θ〉 = 0.

Parts (1) and (3) have analogues for cuspidal representations for other finite groups of
Lie type. In those cases, the maximal torus T(n) must be replaced by a set of representatives
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for the conjugacy classes of maximal tori in G that do no intersect the Levi factor of any
proper parabolic subgroup of G. The analogue of Part (2) does not hold for all cuspidal
representations of other finite groups of Lie type. The two irreducible characters of of
SL2(Fq) of degree (q − 1)/2 which were produced in Chapter 3 correspond to cuspidal
representations whose characters are not of the form ±RT,θ (for any choice of T and
θ). All of the irreducible characters of SL2(Fq) of degree q − 1 correspond to cuspidal
representations whose characters equal ±RT,θ (with θ2 6= 1, and T as in Chapter 3).

Hecke algebras are often used in the study of the representations of finite groups of
Lie type. Suppose that P and P ′ are parabolic subgroups of G and (π, V ) and (π′, V ′)
are irreducible representations of the Levi factors M and M ′ of standard parabolic sub-
groups P and P ′, respectively. Then, according to results from Chapter 2, the space
HomG(iGP π, iGP ′π′) is isomorphic to the space of functions ϕ : G → EndC(V, V ′) such that
ϕ(xgx′) = π(x)◦ϕ(g)◦π′(x′) for all g ∈ G, x ∈ P , and x′ ∈ P ′. In view of results discussed
above, the case where π and π′ are cuspidal is of particular interest. The following theorem
is proved by studying properties of the above isomorphism - in particular, by analyzing
the properties of the functions supported on each double coset PgP ′ and satisfying the
above conditions.

Theorem. Let π and π′ be cuspidal representations of Levi factors M and M ′ of standard

parabolic subgroups P and P ′ of GLn(Fq), respectively. Then

(1) If M and M ′ are not conjugate, then HomG(iGP π, iGP ′π′) = 0.

(2) If M and M ′ are conjugate, then either HomG(iGP π, iGP ′π′) = 0 or iGP π ' iGP ′π′.

Suppose that P ′ = P and π′ = π. Then H(G, π) is a Hecke algebra which is iso-
morphic (as an algebra) to HomG(iGP π, iGP π). It is possible to prove that decomposition
of representations of the form iGP π into direct sums of irreducible representations can be
reduced to cases where P = P(m,...,m) and m 6= n is a divisor of n (with m occurring n/m

times). In those cases, π = σ ⊗ · · · ⊗ σ for some cuspidal representation σ of GLm(Fq)
(where σ occurs n/m times in the tensor product). Let G′ = GLn/m(Fqm). Let B′ be the
standard Borel subgroup of G′. Then, letting π′ be the trivial representation of G′, we
know that the Hecke algebra H(G′, π′) is isomorphic to HomG′(iG

′

B′π′, iG
′

B′π′).

Theorem. (Notation as above). The algebra H(G, π) is isomorphic (in a canonical way)

to the Hecke algebra H(G′, π′).

Corollary. There is a canonical bijection τ ↔ τ ′ between the set of irreducible con-

stituents τ of iGP π and the set of irreducible constituents of τ ′ of iG
′

B′π′. The bijection

satisifes:

(1) The multiplicity of π in rP
Gτ equals the multiplicity of the trivial representation π′ of

B′ in rB′

G′ τ .
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(2) The degree of τ divided by the degree of τ ′ equals the degree of π times |G||P |−1|G′|−1|B′|.
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