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Linear Algebraic Groups

Fiona Murnaghan

Abstract. We give a summary, without proofs, of basic properties of lin ear
algebraic groups, with particular emphasis on reductive al gebraic groups.

1. Algebraic groups

Let K be an algebraically closed eld. AnalgebraicK -group G is an algebraic
variety over K, and a group, such thatthe maps : G G ! G, (Xy)= xy,
and :G! G, (x)= x 1!, are morphisms of algebraic varieties. For convenience,
in these notes, we will x K and refer to an algebraicK -group as an algebraic
group. If the variety G is ane, thatis, G is an algebraic set (a Zariski-closed set)
in K" for some natural numbern, we say that G is a linear algebraic group If G
and G are algebraic groups, amag : G ! G%is a homomorphism of algebraic
groups if ' is a morphism of varieties and a group homomorphism. Simildy, ' is
an isomorphism of algebraic groupdf ' is an isomorphism of varieties and a group
isomorphism.

A closed subgroup of an algebraic group is an algebraic groupf H is a closed
subgroup of a linear algebraic groupG, then G=H can be made into a quasi-
projective variety (a variety which is a locally closed sub®t of some projective
space). IfH is normal in G, then G=H (with the usual group structure) is a linear
algebraic group.

Let' : G ! G°be a homomorphism of algebraic groups. Then the kernel of
' is a closed subgroup of5 and the image of' is a closed subgroup ofs.

Let X be an ane algebraic variety over K, with a ne algebra (coordinate

of K[X] is called ak-structure on X, and K[X] = k[X] K. If X and X°are
algebraic varieties de ned overk, a morphism' : X ! X?9is de ned over k (or
is a k-morphism) if there is a homomorphism' , : k[X9 ! Kk[X] such that the
algebra homomorphism' : K[X9q! KI[X]dening ' is', id. Equivalently,
the coordinate functions of' all have coe cients in k. The set X (k) := X \ k" is
called the K -rational points of X .
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If k is a sub eld of K, we say that a linear algebraic groupG is de ned over k
(or is a k-group) if the variety G is de ned over k and the homomorphisms and
are de ned overk. Let' : G ! GO%be ak-homomorphism ofk-groups. Then the
image of' is de ned over k but the kernel of ' might not be de ned over k.
An algebraic variety X over K is irreducible if it cannot be expressed as the
union of two proper closed subsets. Any algebraic variet) overK can be expressed
as the union of nitely many irreducible closed subsets:

X=X X2 [ Xy,

whereX; 6 X; if j 6 i. This decomposition is unique and theX; are the maximal
irreducible subsets ofX (relative to inclusion). The X; are called theirreducible
componentsof X .

Let G be an algebraic group. ThenG has a unique irreducible componentG °©
containing the identity element. The irreducible componert G° is a closed normal
subgroup ofG. The cosets 0fG° in G are the irreducible components ofG, and G°
is the connected component of the identity inG. Also, if H is a closed subgroup of
G of nite index in G, then H GO°. For a linear algebraic group, connectedness
is equivalent to irreducibility. It is usual to refer to an ir reducible algebraic group
as a connected algebraic group.

If' :G! GCis a homomorphism of algebraic groups, thert (G°) = ' (G)°.
If k is a sub eld of K and G is de ned over k, then G° is de ned over k.

The dimension of G is the dimension of the variety G°. That is, the dimension
of G is the transcendence degree of the el (G°) over K .

If G is a linear algebraic group, thenG is isomorphic, as an algebraic group,
to a closed subgroup ofGL , (K ) for some natural number n.

Example 1.1. G = K,with (x;y)= x+yand (x) = x. The usual notation
for this group is G,. It is connected and has dimension 1.

Example 1.2. Let n be a positive integer and letM (K ) be the set ofn n
matrices with entries in K. The general linear groupG = GL ,(K) is the group of
matrices in M, (K ) that have nonzero determinant. Note that G can be identi ed
with the closed subsetf (g;x) j g2 Mp(K); x 2 K; (detg)x =1 g of K" K =
K"+ Then K[G]= K[xj;1 ij n;det(x;) *]. The dimension ofGL (K )
is n?, and it is connected. In the casen = 1, the usual notation for GL 1(K ) is G, .
The only connected algebraic groups of dimension 1 ar€, and G .

Example 1.3. Let n be a positive integer and letl, be the n n identity
matrix. The 2n  2n matrix J = { 's s invertible and satises 'J = J,
where'J denotes the transpose ofl. The 2n  2n symplectic group G = Sp,,(K)
isdened by fg2 M,,(K)jtglg=Jag.

2. Jordan decomposition in linear algebraic groups

Recall that a matrix x 2 M, (K) is semisimple if x is diagonalizable: there is
ag 2 GL ,(K) such that gxg ! is a diagonal matrix. Also, x is unipotent if x |,
is nilpotent: (x 1,)¥ = 0 for some natural number k. Given x 2 GL ,(K), there
exist elementsxs and x, in GL (K ) such that x5 is semisimple,x, is unipotent,
and X = XgXy = XyXs. Furthermore, xs and x, are uniquely determined.

Now suppose thatG is a linear algebraic group. Choosen and an injective
homomorphism' : G ! GL ,(K) of algebraic groups. Ifg 2 G, the semisimple
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and unipotent parts ' (g)s and ' (g), of ' (g) liein ' (G), and the elementsgs and
Ou such that ' (gs) = ' (g)s and ' (qu) = ' (g)u depend only ong and not on the
choice of' (or n). The elementsgs and g, are called the semisimple and unipotent
part of g, respectively. An elementg2 G is semisimpleif g= gs (and g, = 1), and
unipotent if g= gy (and gs = 1).

Jordan decomposition.

(1) If g2 G, there exist elementsgs and g, in G such that g = gsgu = Qu s,
gs is semisimple, andg, is unipotent. Furthermore, gs and g, are uniquely
determined by the above conditions.

(2) If k is a perfect sub eld of K and G is a k-group, then g 2 G (k) implies
Os, Ou 2 G(Kk).

Jordan decompositions are preserved by homomorphisms ofgdbraic groups.
Suppose that G and G are linear algebraic groups and' : G ! GY%is a ho-
momorphism of linear algebraic groups. Letg 2 G. Then ' (g)s = ' (gs) and

"(Qu =" (Qu)-

3. Lie algebras

Let G be a linear algebraic group. The tangent bundleT (G) of G is the set
Homk aig (K [G]; K [t]=(t?)) of K -algebra homomorphisms from the a ne algebra
K [G] of G to the algebra K [t]=(t?). If g2 G, the evaluation map f 7! f (g) from
K[G]to K is aK -algebra isomorphism. This results in a bijection betweeerG and
Homk ag (K [G]; K). Composing elements ofl (G) with the map a+ bt+(t?) 7! a
from K [t]=(t?) to K results in a map from T(G) to G = Homg ag (K [G];K).
The tangent spaceT1(G) of G at the identity element 1 of G is the bre of T(G)
over 1. If X 2 T1(G) and f 2 K[G], then X (f) = f (1) + tdy (f) + (t?) for some
dx (f) 2 K. This denes a mapdy : K[G]! K which satis es:

dx (flfg) = dx (fl)fg(l) + fl(l)dx (fg); f]_; fg 2K [G]

Let : K[G] ! K[G] k KI[G] be the K -algebra homomorphism which
corresponds to the multiplicaton map : G G ! G. Set x =(1 dx)
The map x :K[G]! K|[G]is aK -linear map and aderivation:

x (F1f2) = x (Fof2+ f1 x (f2); f1,f22 K[GI:

Furthermore, x is left-invariant: g x = x g for all g 2 G, where (4f )(g9 =
f(g g9, f 2 K[G]. The map X 7! x is aK -linear isomorphism of T1(G) onto
the vector space ofK -linear maps from K[G] to K [G] which are left-invariant
derivations.
Let g= T1(G). Dene [X;Y]2gby xy;= x v vy x. Thengisa
vector space overK and the map [; ] satis es:
(1) [; 1is linear in both variables
(2) [X;X]=0forall X 2 g
) IXYLZI+Y;ZEX]+MZ; XYl =0forall X,Y,X 2g (Jacobi
identity )
Therefore g is a Lie algebra overK . We call it the Lie algebra of G.

Example 3.1 If G = GL ,(K), then g is isomorphic to the Lie algebragl, (K)
which is M, (K ) equipped with the Lie bracket[X;Y ]= XY Y X, X,Y 2 M (K).
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Example 3.2, If G = Sp,,(K), then g is isomorphic to the Lie algebraf X 2
Mo (K) j'XJ + IX =0 g, with bracket [X;Y]= XY YX.

Let' : G ! G°be a homomorphism of linear algebraic groups. Composition
with the algebra homomorphism' : K[GY ! KI[G] results in a map T(') :
T(G)! T(GY. The dierential d' of' is the restriction d' = T(' )jq of T(" ) to
g. Itis a K -linear map from g to g% and satis es

d (X;Y]D=[d (X);d (V) XY 2g

Thatis, d' is ahomomorphism of Lie algebrasIf ' is bijective, then' is anisomor-
phism if and only if d' is an isomorphism of Lie algebras. IfK has characteristic
zero, any bijective homomorphism of linear algebraic group is an isomorphism.

If H is a closed subgroup of a linear algebraic grou@, then (via the di erential
of inclusion) the Lie algebrah of H is isomorphic to a Lie subalgebra ofg. And H
is a normal subgroup of G if and only if his an ideal ing ([X;Y ] 2 h whenever
X 2gandY 2 h).

If g2 G,thenintq : G ! G, Intq = gg 1, g 2 G, is an isomorphism of
algebraic groups, so Ady := d(Intg) : g! g is an isomorphism of Lie algebras.
Note that (Ad g) ' =Ad g ', g2 G, and Ad(g1g) =Ad g1 Ad gy, 01, & 2 G.
The map Ad : G ! GL(g) is a homomorphism of algebraic groups, called the
adjoint representation of G.

If G is a k-group, then its Lie algebra g has a natural k-structure g(k), with
g' K «g(k). Also, Ad is de ned over k.

Jordan decomposition in the Lie algebra.We can de ne semisimple and nilpo-
tent elements in g in manner analogous to de nitions of semisimple and unipotet
elements inG (as g is isomorphic to a Lie subalgebra ofgl, (K ) for some n). If
X 2 g, there exist unique elementsXs and X, 2 g such that X = Xg+ X,,
[Xs;Xn]=0, Xs is semisimple, andX , is nilpotent. If ' : G ! G%is a homomor-
phism of algebraic groups, thend' (X)s = d' (Xs) and d' (X), = d' (X,) for all
X 20.

4. Tori

A torus is a linear algebraic group which is isomorphic to the directproduct
GY =Gp G (dtimes), whered is a positive integer. A linear algebraic
group G is a torus if and only if G is connected and abelian, and every element of
G is semisimple.

A character of atorus T is a homomorphism of algebraic groups fronT to G, .
The product of two characters of T is a character of T, the inverse of a character
of T is a character of T, and characters ofT commute with each other, so the set
X (T) of characters of T is an abelian group. Aone-parameter subgroup of T is a
homomorphism of algebraic groups fronG, to T. The setY (T) of one-parameter
subgroups is an abelian group. IfT ' Gy, then X (T) = Y(T) is just the set of
mapsx 7! x", asr varies overZ. In general, T ' GY for some positive integerd,
SOX(T)' X(Gm)4" Z9' Y(T). We have a pairing

h:i:X(T) Y(T)! Z
h; i7! r where X)=x"; x2Gn:



LINEAR ALGEBRAIC GROUPS 383

Let k be asubeld of K. Atorus T is ak-torus if T is de ned overk. Let T
be ak-torus. Let X (T)x be the subgroup ofX (T) made up of those characters of
T which are de ned over k. We say that T is k-split (or splits over k) whenever
X (T)x spansk[T], or, equivalently, wheneverT is k-isomorphic to G, Gm
(d times, d =dim T). In this case, T(k) ' k k . If X(T)x =0, then we
say that T is k-anisotropic. There exists a nite Galois extension ofk over which
T splits. There exist unique tori Tsy and T an of T, both de ned over k, such that
T = TspTan, Tsp is k-split and T 4, is k-anisotropic. Also, T a, is the identity
component of\ 5y (r), ker .

Example 4.1. Let T be the subgroup ofGL ,,(K) consisting of diagonal ma-
trices in GL (K ). Then T is ak-split k-torus for any sub eld k of K.

Example 4.2. Let T be the closed subgroup ofsL ,(C) de ned by

T= 2 b iab2c 2+ 60
a

Then T is an R-torus and is R-anisotropic.

5. Reductive groups, root systems and root data{the absolut e case

Let G be a linear algebraic group which contains at least one torusThen the
set of tori in G has maximal elements, relative to inclusion. Such maximal ements
are calledmaximal tori of G. All of the maximal tori in G are conjugate. Therank
of G is de ned to be the dimension of a maximal torus inG.

Now suppose thatG is a linear algebraic group andT is a torus in G. Recall
that the adjoint representation Ad : G ! GL (g) is a homomorphism of algebraic
groups. Therefore Ad(T) consists of commuting semisimple elements, and so is
diagonalizable. Given 2 X(T),letg =fX 2 gjAd(t)X = (t)X; 8t2 Tg.
The nonzero 2 X (T) such that g 6 0 are the roots of G relative to T. The set
of roots of G relative to T will be denoted by ( G;T).

The centralizer Zg (T) of T in G is the identity component of the normalizer
Ng(T) of T in G. The Weyl group W(G;T) of T in G is the ( nite) quotient
Ng (T)=Zg (T). BecauseW(G;T) acts on T, W(G;T) also acts onX (T), and
W (G;T) permutes the roots of T in G. Since any two maximal tori in G are
conjugate, their Weyl groups are isomorphic. The Weyl groupof any maximal
torus is referred to as the Weyl group ofG.

An algebraic group G contains a unique maximal normal solvable subgroup,
and this subgroup is closed. Its identity component is calld the radical of G,
written R(G). The set R, (G) of unipotent elements in R(G) is a normal closed
subgroup of G, and is called the unipotent radical of G. If G is a linear algebraic
group such that the radical R(G°) of G? is trivial, then G is semisimple In fact, G
is semisimple if and only ifG has no nontrivial connected abelian normal subgroups.
If Ry(GP9) is trivial, then G is reductive. The semisimple rank of G is de ned to
be the rank of G=R(G), and the reductive rank of G is the rank of G=R,(G).

The derived group G g4¢r Of G is a closed subgroup of5, and is connected when
G is connected. Suppose thaG is connected and reductive. Then

(1) Gger is semisimple.
(2) R(G) = Z(G)?, where Z(G) is the centre of G, and R(G) is a torus.
(3) R(G)\ Gyer is nite, and G = R(G)G ger -
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For the rest of this section, assume thatG is a connected reductive group. Let

T be a torus in G. Then Zg (T) is reductive. This fact is useful for inductive

arguments. Now assume thatT is maximal. Let t be the Lie algebra of T and let
= ( G;T). Then

1) g=t L , g anddimg =1forall 2.

2 1f 2 ,let T =(Ker )° ThenT is a torus, of codimension one in
T.

B)If 2 ,let Z =Zs(T ). Then Z is a reductive group of semisimple
rank 1, and the Lie algebraz of Z satisesz =t ¢ g . The
group G is generated by the subgroupz , 2 .

(4) The centre Z(G) of G isequal to\ , T .

(5) If 2 ,there exists a unique connected T -stable (relative to conjugation
by T) subgroupU of G having Lie algebrag . Also, U Z .

(6) Let n 2 Ng (T), and let w be the corresponding element otV = W (G; T).
ThennU n '=U,,foral 2.

(7) Let 2 . Then there exists an isomorphism " : G, ! U such that
t" )t =" ( ()x),t2T,x2 Ga.

(8) The groupsU , 2 , together with T, generate the groupG.

Let h i be the subgroup ofX (T) generated by andlet V= h i zR. Then
the set is a subset of the vector spaceV and is a root system. In general an
abstract root systemin a nite dimensional real vector spaceV, is a subset of V
that satis es the following axioms:

(R1): is nite, spans V,and02 .

(R2): If 2 ,thereexistsareection s relativeto suchthats ()
(A re ection relative to is a linear transformation sending to that
restricts to the identity map on a subspace of codimension oa).

(R3): If , 2 ,then s () is an integer multiple of

A root system is reduced if it has the property thatif 2 , then are the
only multiples of  which belong to .

The rank of is de ned to be dim V. The abstract Weyl group W () is the
subgroup of GL (V) generated by the setfs j 2 g.

If T is a maximal torus in G, then = ( G;T) is a root system inV =
h i 2zR,anditisreduced. The rank of is equal to the semisimple rank of G,
and the abstract Weyl group W () is isomorphicto W = W(G;T).

A baseof isasubset = f q;:::; g, =rank(), sugythat is a basis
of V and each 2 is uniquely expressed in the form = ._, ¢ i, where the
¢i's are all integers, no two of which have di erent signs. The éements of are
called simple roots The set of positive roots * is the set of 2 such that the
coe cients of the simple roots in the expression for , as a linear combination of
simple roots, are all nonnegative. Similarly, consists of those 2 such that
the coe cients are all nonpositive. Clearly is the disjoin t union of * and
Given 2 ,there exists a base containing . Givenabase ,thesetfs | 2 g
generatesW = W(). The subgroups Z , 2 , generate G. Equivalently, the
subgroupsU , 2 ,and T, generateG.

There is an inner product (; ) on V with respect to which eachw 2 W is an
orthogonal linear transformation. If , 2 ,then s ( )= @c; )=(; ) .
A Weyl chamberin V is a connected component in the complement of the union
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of the hyperplanes orthogonal to the roots. The set of Weyl clambers inV and
the set of bases of correspond in a natural way, andW permutes each of them
simply transitively.

If 2 ,there exists a unique - 2 Y(T) suchthath; -i=2(; )=; )
forall 2 . The set - of elements - (called co-roots) forms a root system in
h -i 2R, called the dual of . The Weyl group W ( -) is isomorphic to W (),
viathe maps 7!'s _.

A root system is said to be irreducible if cannot be expressed as the
union of two mutually orthogonal proper subsets. In genera] can be partitioned
uniquely into a union of irreducible root systems in subspaes ofV. The group G
is simple (or almost simple) if G contains no proper nontrivial closed connected
normal subgroup. When G is semisimple and connected, therG is simple if and
only if is irreducible.

The reduced irreducible root systems are those of typ&,,n  1,B,,n 1,
Ch, n 3, Dnh, N 4, Eg, E7, Eg, F4, and G,. For eachn 1 there is one
irreducible nonreduced root system,BC,. (These root systems are described in
many of the references). Ifn 2, the root system of GL ,(K) (relative to any
maximal torus) is of type A, 1. The root system of Sp,,(K) is of type C,, if
n 3, and of type A; and B, for n =1 and 2, respectively.

The quadruple ( G;T) = (X;Y; ; =) =(X(T):Y(T); (G;T); -(G;T))
is a root datum. An abstract root datum is a quadruple =( X;Y; ; -), where
X and Y are free abelian groups such that there exists a bilinear mggng h; i :
X Y ! Zinducing isomorphismsX ' Hom(Y;Z) and Y ' Hom(X; Z), and

X and - Y are nite subsets, and there exists a bijection 7! - of
onto -. The following two axioms must be satis ed:
(RD1): h;, -i=2
(RD2): Ifs : X! Xands_:Y! Yaredenedbys (x)= xhx; -i
ands _(y)=y h;yi -, thens () and s _( -) - (for all
2 ).
The axiom (RD2) may be replaced by the equivalent axiom:
(RD2): If 2 ,then s () ,and the s, 2 , generate a nite
group.
If 6 ;,then isarootsystemin V:=h i zR,whereh i isthe subgroup
of X generated by . The set - is the dual of the root system .
The quadruple - =(Y;X; -;)is also a root datum, called the dual of .

A root datum is reduced if it satis es a third axiom
(RD3): 2 =) 2=2.
The root datum ( G;T) is reduced.

An isomorphism of a root datum = ( X;Y; ; -)onto a root datum 0=
(X%Yy% & 00 is a group isomorphismf : X ! X %which induces a bijection of
onto  °and whose dual induces a bijection of >~ onto -. If G%is a linear

algebraic group which is isomorphic toG, and T is a maximal torus in G° then
the root data ( G;T) and ( G%T9 are isomorphic.

If is a reduced root datum, there exists a connected reductive K -group G
and a maximal torus T in G suchthat = ( G;T). The pair (G;T) is unique
up to isomorphism.
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6. Parabolic subgroups

Let G be a connected linear algebraic group. The set of connectedosed
solvable subgroups ofG, ordered by inclusion, contains maximal elements. Such a
maximal element is called aBorel subgroupof G. If B is a Borel subgroup, then
G=B is a projective variety and any other Borel subgroup is conjgate toB. If P is
a closed subgroup of5, then G=P is a projective variety if and only if P contains a
Borel subgroup. Such a subgroup is called garabolic subgroup If P is a parabolic
subgroup, then P is connected and the normalizerNg (P) of P in G isP. If P
and P9 are parabolic subgroups containing a Borel subgrougB, and P and P° are
conjugate, thenP = P°

Now assume thatG is a connected reductive linear algebraic group. Lefl
be a maximal torus in G. Then T lies inside some Borel subgrouB of G. Let
U = Ry(B) be the unipotent radical of B. There exists a unique base of

= ( G;T)suchthat U is generated by the groupdJ , 2 *,andB = Tn U.
Conversely if is a base of , then the group generated by T and by the groups
U, 2 *, isaBorelsubgroupofG. Hence the set of Borel subgroups o5 which
contain T is in one to one correspondence with the set of bases of . The \&yl
group W permutes the set of Borel subgroups containingT simply transitively.
The set of Borel subgroups containingT generatesG.

The Bruhat decomposition. Let B be a Borel subgroup ofG, and let T be a
maximal torus of G contained in B. Then G is the disjoint union of the double
cosetsBwB, asw ranges over a set of representatives ilNg (T) of the Weyl group
W (BwB = Bw%B if and only if w= wCin W).

Let G, B and T be as above. Let be the base of (G;T) corresponding to
B. If | is a subset of , let W, be the subgroup ofW generated by the subset
S =fs j 21lgofl. Let P, = BW,B (note that P. = B). Then P, is a
parabolic subgroup of G (containing B). A subgroup of G containing B is equal
to P, for some subsetl of . If | and J are subsets of then W, W; implies
| J and P, P; implies | J. Also, P, is conjugate to P; if and only if
I = J. A parabolic subgroup is calledstandard if it contains B. Any parabolic
subgroup P is conjugate to some standard parabolic subgroup.

Let | . Theset | of 2 suchthat is anintegral linear combination of
elements ofl forms a root system, with Weyl group W, . The set of roots ( P,;T)
of P, relativeto T isequalto *[ ( \ ). Let N, = Ry(Py). Then N, is a
T -stable subgroup ofU = B, and is generated by thoseU which are contained
in N, thatis, by those U suchthat 2 *and 22 . LetT, =(\ 2 Ker )0,
and let M| = Zg(T,). The set | coincides with the set of roots in which are
trivial on T,. The group M, is reductive and is generated byT and by the set of
U, 2 ,,T, istheidentity compq_nent of the centre ofM ,and (M ;T)= .
The Lie algebra ofM | is equal tot » , 9 (heretisthe Lie algebra ofT). The
group M| normalizesN, and P, = M| n N,. A Levi factor (or Levi component)
of P, is a reductive group M such that P, = M n N;, and the decomposition
P, = M n N, is called alLevi decomposition of P,. If M is a Levi factor of P,
then there existsn 2 N such that M = nMn ! It is possible for M, and
M ; to be conjugate for distinct subsetsl and J of . More generally, if P is
any parabolic subgroup ofG, P has Levi decompositions (which we can obtain via



LINEAR ALGEBRAIC GROUPS 387

conjugation from Levi decompositions of a standard parabadt subgroup to which
P is conjugate).

Note that if P is a proper parabolic subgroup ofG, then the semisimple rank
of a Levi factor of P is strictly less than the semisimple rank of G. This fact is
often used in inductive arguments.

7. Reductive groups - relative theory

Let k be a subeld of K. Throughout this section, we assume thatG is a
connected reductivek-group. Then G has a maximal torus which is de ned over
k. We say that G is k-split if G has a maximal torus T which is k-split. If G is
k-split and T is such a torus, then eachU , 2 ( G;T), is de ned over k, and
the associated isomorphism' : G, ! U can be taken to be de ned overk. If
G contains no k-split tori, then G is said to bek-anisotropic. There exists a nite
separable extension ok over which G splits.

Suppose that G and G° are connected reductivek-split k-groups which are
isomorphic. Then G and G° are k-isomorphic.

The centralizer Zg (T) of a k-torus T in G is reductive and de ned overk, and
if T is k-split, Z¢ (T) is the Levi factor of a parabolic k-subgroup of G. (Here, we
say a closed subgrougd of G is ak-subgroup of G if H is ak-group). Any k-torus
in G is contained in some maximal torus which is de ned overk. If k is in nite,
then G (k) is Zariski dense inG.

The maximal k-split tori of G are all conjugate underG (k). Let S be a maximal
k-split torus in G. The k-rank of G is the dimension ofS. The semisimple k-rank
of G is the k-rank of G=R(G). The nite group W = Ng (S)=Zg (S) is called the
k-Weyl group. The sety = ( G;S) of roots of G relative to S is called the k-roots
of G. The k-roots form an abstract root system, which is not necessany reduced,
with Weyl group isomorphic to \W. The rank of x is equal to the semisimple
k-rank of G.

A Borel subgroup B of G might not be de ned over k. We say that G is
k-quasisplit if G has a Borel subgroup that is de ned overk. If P is a parabolic
k-subgroup of G, then Ry (P) is de ned over k. A Levi factor M of a parabolic
k-subgroup is called a Levik-factor of P if M is a k-group. Any two Levi k-
factors of P are conjugate by a unique element ofR,(P)(k). If two parabolic
k-subgroups ofG are conjugate by an element ofG then they are conjugate by an
element of G (k). The group G contains a proper parabolick-subgroup if and only
if G contains a noncentral k-split torus, that is, if the semisimple k-rank of G is
positive. The results described in this section give no infamation in the case where
G has semisimplek-rank zero.

Let Py be a minimal element of the set of parabolick-subgroups ofG (such
an element exists, since the set is nonempty, as it contain&). Any minimal
parabolic k-subgroup of G is conjugate to Py by an element of G(k). The group
Po contains a maximal k-split torus S of G, and Z¢ (S) is a k-Levi factor of Py.
The semisimple k-rank of Zg (S) is zero. BecauseNg (S) = Ng (S)(k) Zg(S),
G (k) contains representatives for all elements ofW. The group «\W acts simply
transitively on the set of minimal parabolic k-subgroups containingZg (S).

Let Lie(Zg (S)) be the Lie algebra of Zg (SI\)/I' Then

g=Lie(Zc (9)) g:
2y



388 FIONA MURNAGHAN

If 2, and2 =2 ,then g is a subalgebra ofg. If and 2 2 y, then
g + g2 is a subalgebra ofg. F(%r each 2, set

g; if 2 2
g G, if2 2k

There exists a unique closed connected unipoterk-subgroupU ( y of G which
is normalized by Zg (S) and has Lie algebrag, ).

Let Py be as above. Then there exists a unique basg of ¢ such that
Ru(Po) is generated by the groupsU( y, 2 *. The set of standard parabolic
k-subgroups ofG corresponds bijectively with the set of subsets of . Fix | .
LetS =(\ 2\ Ker )O and letx | be the setof 2 which are integral linear
combinations of the roots in 1. Let (W, be the subgroup of W generated by
the reections s, 2 |. The parabolic k-subgroup of G corresponding tol is
P, = Pp «W, Pyo. The unipotent radical of P, is equal toN, the subgroup ofG
generated by the groupsU ( ), as ranges over the elements of * which are not
in g . The k-subgroupM | := Zg (S)) is a Levi k-factor of P;, ( M;S)= ¢ |,
and KW, = kW(M | ;S).

A parabolic k-subgroup ofG is conjugate to exactly oneP,, and it is conjugate
to P, by an element of G (k).

Relative Bruhat decomposition. Let Ug = Ry(Pg). Then G(k) = Ug(k)
Ng (S)(k) Ug(k), and G (k) is the disjoint union of the sets Po(k)wPg(k), as w
ranges over a set of representatives for elements W in Ng (S)(k).

A parabolic subgroup of G (k) is a subgroup of the form P (k), where P is a
parabolic k-subgroup of G. A subgroup of G (k) which contains Py (k) is equal to
P, (k) for somel . If | ¢, choosing representatives for (W, in Ng (S)(k),
we haveP| (k) = Pg(k) W, Po(k). The group P, (k) is equal to its own normalizer
in G(k). The Levi decomposition P, = M, n N, carries over to the k-rational
points: P, (k)= M (K)n Ny (k). If I,J  and g2 G(k), then gP;(k)g !
P,(k)ifandonlyif 3 1 andg2 P, (k).

9=

8. Examples

Example 8.1. G = GLy(K),n 2.
The group T = fdiag(ty; t2; :::;th) jti 2 K gis a maximal torus in G. For
1 i n,let’j=(0;0;:::;01;0; ; 0) 2 Z", with the 1 occurring in the ith

coordinate. The map ip1 kii 7' m . where
i=1
P o (dag (i ct)= ot
i=1
is an isomorphism fromZ" to X(T). If ki‘i(t) = diag (t*r; ;tkn), t 2
i=1
K , then the map -ml ki'i 7' p . is an isomorphism fromZ" to Y(T). Also,

i
i=1

P
h iy el = ki'i. The root system = ( G;T)=f - -
i=1

L J1 i8]
ng.

Forl i6j n,letEj 2Mp(K)= gbe the matrix having a 1 in the ij "
entry, and zeros elsewhere. If = - - ,i 6 |, then g is spanned byE; , and
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U =fl,+tEj jt2 K g. Thereection s permutes’; and “j, and xes all "
with k 2fi;j g. The co-root - is - - The Weyl group W is isomorphic to the
symmetric group S,,. The root system ' - is of type A, 1.
Theset = f - -, J1 i n 1gisabase of . The corresponding
Borel subgroup B is the subgroup of G consisting of upper triangular matrices.
If | , there exists a partition ( nq; ny; ; ny) of n (n; a positive integer,
1 i r,ng+ny+ + n; = n), such that
T, = fd|ag(F1£{z.,_a}, i{z.,_a?, fx,;{z.,_a})J aj;ag; i 2K g
ni times n, times n, times
The group M| := Zg (T ) isisomorphicto GL ,(K) GL ,(K) GL p, (K),
N consists of matrices of the form
2 3

andP| =M;nN,.

Example 8.2 G = Sp,(K) (the 4 4 symplectic group). Let

2 3
0 0 1
_001§
J‘go 10
1 0 0O

Then G = fg2 GL4(K) jtgdg=Jgandg=fX 2 M4(K)j'XJ +IX =0g.
The group T := fdiag (a;b;b*;a 1) ja; b2 K gis amaximal torus in G
and X(T)' Z Z,via j)$ (i;j), where (,(diag(a;b;b?t a 1) = ab.
And Y(T)' Z Z,via () $ (i;j), where (,(t) = (diag(t;t;t ;t ).
Note that h (i) (k;‘)i =ki+j .
Let = (@1, yand = (g.2. Then

=f 5 5 (+ ) @+ g
= f,; gisabaseof = ( G;T), and

g =Spang (Ex2 Ess); g =Spang(Ea Eas3) g =Spang Ezs
g + =Spang (Eiz+ E24); 02 + =Spang Eia; etc
Identifying and with (1; 1) and (0;2) 2 Z Z, respectively, we have

s((1;, D=( 1 1= and s (1; 1) = (1; 1). The corresponding element of
W = Ng (T)=T is represented by the matrix

2 3
0100
5100(2
000 B
0010
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We also haves (0;2) = (0; 2) = and s (1;0) = (1;0). The corresponding
element of W = Ng (T)=T is represented by the matrix

1 0 00O

0 0 1

0 10

0 0 01

The Weyl groupW = W()isequalto f1;s ;s ;ss;sSs;sss;sss;(ss)’g
which is isomorphic to the dihedral group of order 8.
The dual root system - is described by
-=f - -+ ) @2+ )
-=@1; 1) (+ )=101
-=0:1) 2 + )»-=@1:0
The root system is of type C, and - is of type B, isomorphic to C,.

Remark 8.3. If n> 2 the root system ofSp,, (K) is of type C,,, and the dual
is of type B, and B, and C,, are not isomorphic.

The Borel subgroup of G which corresponds to is the subgroup B of upper
triangular matrices in G. Apart from G and B, there are two standard parabolic
subgroups,P and P , attached to the subsetsf gandf g of , respectively. It
is easy to check that

T =(Ker ) =fdiag(a; a;a *a ')ja2K g
82 3 9
< A 0 =
M =Zg(T )= 40 0 1410 15 A2GLK).
1 0 1 0 ’
N = 2B momM,k):'B=B
0 I
T =(Ker ) =fdiag(a;1;1;a ja2K g
8 2 3 9
3 d 0 0 0 2
M = 2g(T )= §0 G Cw 02 42K :cicm Cpn =1 _ ' SLa(K) K
G 530 o1 om0 ;C11C22  C12C21 5 2
0 0o o0 dt '
8 2 3 9
5 1 x vy z 2
_ 0 1 0 yé . -
N_BEO 0 1 X x,y,zng
' 0 0 O 1 ’

9. Comments on references

For the basic theory of linear algebraic groups, seeHl1], [H] and [Sp2], as
well as the survey article B2]. For information on reductive groups de ned over
non algebraically closed elds, the main reference isgoT1 ] and [BoT2 ]. Some
material appears in B1], and there is a survey of rationality properties at the end
of [Sp2]. See also the survey article $p1]. For the classi cation of semisimple
algebraic groups, seeda] and [T2]. For information on reductive groups over
local nonarchimedean elds, seeBrT1 ], [BrT2 ], and the article [T1]. Adeles and
algebraic groups are discussed iny ].
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[BoT2]
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