Here are the questions from the April 2001 Final Exam in MAT 187H1S, with answers.
374 students wrote this exam. The marks ranged from 7% to 93%, with an average of
(only) 54.1%

1. (15 marks: avg: 11.7) Find the following:

(a) (5 marks) /COt(xix)dm

(b) (5 marks) the length of the curve with parametric equations z = 4cost;y =
4sint;z = 3t for 0 <t < 2m.
2

0
2 i =
5275 ( 1+ zy ) at the point (z,y) = (1,1)

2. (15 marks; avg: 9.2) Find the general solution to each of the following differential
equations:

(c) (5 marks)

(a) (6 marks) Z—Z = 2z(y® + 4)

dy 2 sin x
b) (9 ks) == 4+ —y =
(b) (9 marks) % 4 2, — o
> 1 48 128 1280
3. (15 marks; avg: 7.7) Let f(x HZ_O :2—:_1 n— 145+ 5334 ?xﬁ 7538_

Find the followmg

(a) (2 marks) £ (0)
(b) (2 marks) the 6th degree Taylor polynomial of f(z) about z =0

f(z) — 1+ 422
4
(d) (4 marks) the radius of convergence for f(z)

(c) (2 marks) hm

(e) (5 marks) / 2% f(x) dz correct to within .01

4. (15 marks; avg: 10.6) Consider the curve in the z-y plane with equation
z? — 6z + y2 = 0. Find the following:
(a) (5 marks) the polar equation of the curve
(b) (5 marks) the length of the curve
(c) (5 marks) the area of the region within the curve
5. (10 marks; avg: 6.1) Find the critical points of f(z,y) = 3z* — 6zy® — 4y® and at

each critical point determine whether f has a relative maximum point, a relative
minimum point, or a saddle point.



6. (10 marks; avg: 3.3) Do the following infinite series converge or diverge? Justify your

answer.

X n+2

(a) (3 marks) )

N RTETN
—1 N’ +sinn

*  Inn
(3 marks)
(b) 2_: V1+n2

(c) (4 marks)

||M8|
3|3

7. (10 marks; avg: 3.2) Find the following;:

[e o]

(a) (5 marks) the exact sum (not a decimal approximation) of Z n

4n

(b) (5 marks) the first four (non-zero) terms of the Maclaurin series of f(z) =

What is the radius of convergence for this series?

o X
8. (10 marks; :2.5F'd/ dz.
(10 marks; ave: 2.5) Fin 0o (z+3)(x®>—-3z+9) v
3
ANSWERS: 1 =1 1 + b) 10 —
(a) =Infesc(lnz)[+c (b) 107 (c) WG
cosxr sinzx c
2. = 2tan(2x2 - _ il
(a) y an(2z°+c¢) (b) y . + 2 +$2
48 128 48
3.(a) -8 (b) 1—4x2+€x4—?x6 (c) = (d) R=1/2 (e) .0273808

4.(a) r==6cosf (b)6m (c) 97
5. (0,0) is a saddle point; (1/2,—1/2) is a relative minimum point

6.(a) converges (b) diverges (c) converges

4 7059 223 , 1331 ,
(&) g5 7] —95 = 925" ~ 33757 " s0625” ¢ K3

8. First, we use partial fractions as follows:

/00 x d / n z+3 d
== - T
o (x+3)(z2-3z+9) 9Jo x+3 22—-3x+9

Now you have to be very very careful. If you try to break it up as two integrals

1 o z+3
—/ — / dz
9 Jo 9 22— 3x4+9

3x+7

2+ 2 — 15



Then the first integral diverges to —oo and the second one diverges to co. In fact, the
second integral has an integrand that decays like 1/x as = gets large. So this suggests
that there might be a nice cancellation to help us out. So we don’t want to break up the
integrals. In fact, this understanding tells us that we want to do a substitution: v = x4+ 3.
Doing this, we get the integral

1 o 1 U

= —— 4+ = du.

5w w—Out2r®

I know that the second term is like 1/u for large u so I'm going to add and subtract a
term to allow me to extract this behavior.

1/oo 1 u—92 92
— —= u.
9Js3 w2 —9u+27  u?2-—9u+27

We know the antiderivative of the first two terms:

1 u—9/2 1
— 4+ — " du=-1 ~1 2 _ 27) =1
/ u+u2 du 0g(u)+2 og(u” — 9u + 27) = log

Vu?z —9u + 27
— 9u + 27 U

So we can take care of the first two terms in the integrand. In fact
—9/2
/ i / du.
T 9 —9u + 27
So we're almost done. We’ve figured out that

x 1 o 9/2

* de == —2% qu.
/0 @+3)(a—-32+9)  9)s @—ou+2r™

We can do this integral by trigonometric substitution. It equals

27
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