Mat1062: Computational Methods for PDE
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Ownership

These notes are built upon those of Rob Almgren who taught an aalogous
course in 2003. Whatever you learn of value from them is due tdim. All
mistakes and sources of confusion are to be blamed on me.

Numerical methods

For more on numerical methods for hyperbolic conservation dws see \Nu-
merical Methods for Conservation Laws" by R.J. LeVeque. It's in the En-
gineering, Gerstein, and the Math/Stats Library: QA377 .L4157.

1 A Cautionary Tale

First, we start with a cautionary tale. Expand u;+( u=2), = 0 and consider
Ut + uux = 0 with intial data ug 0. Naively, one would think that one
could simply do the analogue of the explicit upwind scheme:

k
n+l _ | .n
U = U gy

Take the initial data

1:2 X =2
Uo(x) = .
0:4 otherwise
By the Rankine-Hugoniot condition

) = Flu) f(ue).
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Figure 1: Bold line: the approximate solution at time t = 1. Dashed line:
the weak solution at time t = 1. The space-step ish =2 =320 and the time-
step isk = 1=320. The approximate solution is not converging to the weak
solution of the conservation law | it's moving with approxim ately speed
0:71. Aslrene h and k I nd that the limiting speed is approximately
0:72.

the weak solution has a shock that travels with {t) = :8. However, if | use
the above scheme to compute the approximate solution, | nd that in the
limit it produces a shock which is travelling with speed:72 (approximately);
see Figure 1. As a more extreme example, consider the initiadata

(

Uo(x) = x 0

0 otherwise

Then the above explicit upwind scheme results inuj” = ujO for all j and all
n > 0 | the discrete solution is stationary while the weak soluti on of the
conservation law has a shock that travels with speed 22.

What went wrong? The rst observation is that equation u; + uuy =0
is not in conservation form. And so it's not too surprising that a scheme
based on this form would perform di erently than a scheme bagd on the
conservative formuy +( u?=2), = 0. We already saw something like this when
discretizing the heat equation | if the di usivity wasn't co nstant then if we
didn't discretize things in a \smart" way we wouldn't conser ve mass.
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2 Consistent Conservative Schemes

Our focus now turns to approximate schemes for equations thiaare in con-
servative form. Our goal is to construct discrete schemes tht will be con-
servative themselves.

As usual, leth be the space step and be the time step. We want to shift
our focus from standard nite di erence methods, where we irterpreted ujn
as the value ofu at the node point (xj;t,). Now we want to interpret it as
the averageof u(x;t,) over the interval the interval of length h, centered at
Xj = jh. Thatis

u = > u(x;ty) dx

1ZXJ+1
" h

X, 1
Iz
whereX; 1, = (] 1=2)h and xj 41 = (j +1=2)h. We recall the integral
form of the conservation law
Z Z Z ., Z .,
u(x;tq) dx = u(x;to) dx + f(u(;t)) dt f(u(;t) dt
to to

and we use the cellX; 1-;Xj+1=2] [tnitn+a]

z 1

Xj+ 2
1 u(X;tp+1) dx
Xj 5
Z Xj+ 1 Z th+1 Z th+1

, u(xtn) dx+ f(u(x; 1=2;t)) dt f (u(Xj+1=2;1)) dt

Xj % th th

which we write as

k
n+1 n —_ n n .
Yj U= on R Rl @
in which L Z.
F", = = fou(x; 1=t) dt 2
J 2 k tn

is the time average of the ux into the interval [ X; 1-;Xj+1=5] across the
point X = X; 1-. We take (1) as our discrete update formula, and the only
remaining question is how to approximate (2) based on the vales ofuj” and
the ux function f.

However we choose to approximate (2), conservation will be ygserved:

X X X X

k

n+l _ n n n — n n
f = I _ F. F. = I — F
u u h i+3 i3 u h N+ 3
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The only change in the amount of \stu " is due to the ux atthe b oundaries
at Xg 1= and Xy +1=2. We are doing the same thing we did for the di usion
equation: cell values should update due to a ux associated ith the cell
boundaries. The only di erence is that here we have done it aittle more
elegantly by direct integration of the PDE.

It now remains to decide how to determineFjn 1=, from the ux function
f and the valuesfuj”g. For nite dierence schemes for linear PDE we
needed to show that the scheme was consistent and stable to kw that it was
convergent. We certainly cannot use the same de nition of casistency now
| the nite-di erence de nition relied on doing Taylor seri  es expansions and
smoothness. As a result, a scheme which is consistent fog + (u?=2)y = 0
would also be consistent for ¢2); + (2=3 u®), = 0. This means that it
couldn't converge to a weak solution | we've already seen that these two
conservation laws have di erent weak solutions.

We'll state things for the simplest case in which Fj”Jrl —, depends only on
the cell averages on each side of+; = (that is on u}' and uf,;):

F' 1= F(u oy Flii = F(Uulg)

(In principle, they could be taken to be a function of other cdl averages
as well.) And so now we see that all we need to do is specify a fation
F (u_;ug) of two variables in such a way that the resulting discrete sbheme
converges to a weak solution (when it converges at all).

Of course the function F (u_; ug) needs to be related tof (u). Surpris-
ingly, the necessary conditions are very weak. The scheme nsistent if

F(u) = f(u)foral U2 R, and

F (u_; ug) is Lipshitz continuous around the diagonalu, = ug. Specif-
ically, given U there is a constant K 0 (which may depend onm)
such that

jF(uv) F@mj Kmaxfju Tjjv Tjg

That is, F needs only to have the correct value along the diagonal, and
\nice" behavior nearby (e.g. be slightly more than di erent iable). We un-
derstand the rst condition as follows: Consider two cells ; 1-; X +1 =p] and
[Xj +1 =2; Xj +3 =2] such that the ux in each cell is constant f (U) for the entire
time interval [tn;th+1]. In this case, the ux across the point X = Xj41=
should simply bef (T) for the entire time interval as well. And so its time-
average (2) will also bef (U). That is, Fj”+1:2 = f(U). Recall that we
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approximate this time-average with F (u; ; uj +1) which equalsF (T; U) in this
case. And so we see that we wanF (T;0) = f (u) to hold whenever u is
constant in neighboring cells for a short time. Note that if u is continuous
in a neighborhood of &;.1=5;tn) then for h and k small u will be nearly
constant in the region of interest [X; 1-5;Xj+3=2] [ta;tn+1] and so because
F (u_; ug) around the diagonal and has the right value whenu, = ug we will
get a good approximation ofFj”+1 —-

For nite-di erence schemes we had the Lax-Friedrichs theaem which
said that if a scheme for a linear PDE was consistent and stald then it was
convergent. In this direction, for hyperbolic conservation laws we have the
Lax-Wendro theorem which says that if a scheme is consistehand con-
servative and if the sequence of numerical approximations anverges to a
function u then u is a weak solution of the conservation law:

Lax-Wendro Theorem Consider a sequence of grids indexed bly =
1;2;::: with mesh parametersh;;ky ! Oasl ! 1 . Let U(x;t) denote
the numerical approximation computed with a consistent andconservative
mehtod on thelth grid. Suppose thatU, converges to a functionu in Li__ and
that for each t, the sequence of functiond U;( ;t)g has uniformly bounded
total variation! then u(x;t) is a weak solution of the conservation law.

Note a major di erence: in the Law-Friedrichs theorem convagence was
a result of the consistency and stability of the scheme. For anservation
laws things are di erent. we aren't ensured convergence. Buwe do know
that if the approximations happen to converge then they're mnverging to
the right thing. This di erence is a re ection of how much har der the an-
alytical study of conservation laws is. The Lax-Wendro theorem was rst
proven in \Systems of Conservation Laws" by P.D. Lax and B. Wendro in
Communications in Pure and Applied Mathematics13(1960)217{237.

3 Examples of consistent, conservative schemes

From before, we have four nite-di erence schemes for the Ihear advec-
tion equation: explicit upwind, Lax-Friedrichs, Lax-Wend ro, and Beam-
Warming. They work well for the advection equation and so a ndural
question is \Can they be generalised to nonlinear conservén laws?

YFor more on this theorem, including the de nitions of Llloc and bounded total varia-
tion, see LeVeque's book.
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Note that for the advection equation u; + auy = 0 we write this in
conservative formu; + (f (u))x = 0 where f (u) = au.

Explicit Upwind For u; + aux =0, if a> 0 the scheme is
ak k
uttt = up Huou = s ) f] )
and if a < 0 the scheme is
ak k
uttt = up F uy Ul = R f(uly) Q)

We seek a ux function F (u_;ug) so that this scheme can be written as

k
+1 _ . . .
o= = F(ulgsu) FUu! )

Y i h

If we have a smooth solution ofu; + (f (u))x = u + f Yu)u, = 0 then we
see that the direction that the characteristic is moving will be determined
by the sign of f Qu). This sign then determines which of the above upwind
schemes we would want to use. For this reason, we take

8
>f(u) if fur) f(ul) 0

Ur UL
" f if fur) f(uL)

We now check if this will result in a consistent scheme. By coatruction,
F(T,u) = f(U) for all U 2 R. It remains to check the Lipschitz continuity
requirement. This will follow if f is Lipschitz continuous.

(
if(u) f(U
( if (us) (1)

Kju. T
Kjuz T

JF(uug) f(U)) =
. K maxfju. Uj;ju. Ujg

u)

Above, | used a short-hand: for the \cases" notation, | didn't bother to

write down which situation led to what since it doesn't actually matter in
nding the desired upper bound.
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Lax-Friedrichs For u; + auy, = 0, we had

1
n+1 n — n n n n n
uj U = 5 U U + > U 205" + Ujyq
k a h
— n n n
= 5 o Uaty o Ui Yj
|
h
n n n n
S Ut U S U U
from which we identify the linear ux function
a h
Finear (UL;Ur) = 5 U+ U 2 Uz UL

And so, the nonlinear analog should be

f(ug)+ f(u) h2uz u_

2 %k h @
That is, we just averagef (u) from both sides, and add a pure di usive ux
with D = h?=2k O (h), since u; = Duy e ectively has f = Duy). (In
fact, the averaging off (u) also has a small di usive e ect, which is why we
had a factor 1 in the linear analysis.)

We now check the consistency. First, doe$ agree on the diagonal?

f(m+f@ h?u u

F@n) = — % X h

as desired. Now we check the Lipschitz continuity:

fluz) (@ _ flu)+ (0
2 2

F(u;ug) =

= f (U)

JF(ussug)  F(T0)j

+ %jUR uj + 2K

This shows that if f is lipschitz continuous then F will be as well. Therefore
if the scheme is converging to something, the limit will be a veak solution.
(Note: in practice, you can't show convergence on a computer What you
can do is compute a few re nements and nd the di erences between the
re nements and see if the errors are decreasing i1, If they appear to be
decrasing with a well-de ned rate then it's plausible that t he solutions are
converging to something. But it's not a proof.)

From our stability analysis of the linear advection problem, we expect
that this method will slightly smear discontinuities, but n ot introduce any
oscillations.

ju. Tj:



8 Mary Pugh Mat1062 Mar. 6, 2008

Lax-Wendro For u; + auy, = 0, we have
utt oo = 5 ulyy Ul g+ ?2 u' 20l + Ul
= E g an+1 + ujn % ujn+l ujn
!
Sued. S0,
so the linear ux is
Fiinear (U ; Ug) = g Ug + UL % R UL

The rst term is the same as for Lax-Friedrichs, but the secord term is a
little more challenging. We identify au 7! f (u), and as above, we don't
mind having left-over factors of u with no a, but what do we do with the
extra factor of a? Answer: we write the nonlinear ux as

f(ug)+ f(u) K .
— EA(UL'UR) f(uz) f(u) ®)

F(u,;ug) =
whereA(u, ; ug) is an approximation to df=du at the cell boundary. A typical
choice would be

U + Ug .

A(u,; =
(ug;ug) 2

o
a umid where Umid =
Note that if we were computing a system of conservation lawshen A(u_; ug)
would be the Jacobian of f(t) evaluated at a state betweenw; and u.
Evaluating this Jacobian can be computationally expensive so there are
alternative schemes to avoid it. From our experience in theihear problem,
we expect this scheme to introduce oscillations.
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Figure 2: Solution of shallow-water equations with Lax-Friedrichs method.
Initial data is hg(x) =1+0:75cos(x)on 0 x landv=0; g=1. 500
space points were used; with much fewer the shock is smearedtdoo much

to be visible.
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Figure 3: Solution of shallow-water equations with Lax-Werdro method.

Initial data is ho(x) =1+0:75cos(x )on0 x landv=0; g=1. The
number of points is only N = 200; the shock is fairly sharp but oscillations
are clearly visible.



