
Mat1062: Computational Methods for PDEMary PughFebruary 12, 2008
1 OwnershipThese notes are built upon those of Rob Almgren who taught an analogous
ourse in 2003. Whatever you learn of value from them is due to him. Allmistakes and sour
es of 
onfusion are to be blamed on me.
2 Iterative solution methodsIf you 
an't avoid the linear system, then you have to solve it. The \
lassi
al"methods apply to the matrix equality problem Au = b. For this standardproblem, there are many methods available, both dire
t and iterative: forexample, LU de
omposition if A is tridiagonal.We are now going to talk about \
lassi
al iterative methods." In pra
-ti
e, these methods have largely been superseded by more modern ones,su
h as 
onjugate gradient for symmetri
 problems, GMRES for asymmetri
problems, or multigrid for problems arising from �nite di�eren
e simulation.The main idea is to 
hoose some other matrix B, and write Au = b as

Bu + (A − B)u = b.We 
onstru
t an sequen
e of approximate solutions u(0), u(1), . . . by
Bu(k+1) + (A − B)u(k) = b,or

u(k+1) = Mu(k) + B−1b, with M = I − B−1A.If this sequen
e 
onverges to a limit u∗ then we know
u(k)→ u∗ =⇒ Mu(k)→Mu∗ and u(k+1)→ u∗.1
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u∗ ← u(k+1) = Mu(k) + B−1b→Mu∗ + B−1b.This shows that u∗ satis�es u∗ − Mu∗ = B−1b whi
h is equivalent to satis-fying Au∗ = b.Iterative methods never give the exa
t solution of Au = b be
ause theiteration 
annot 
ontinue to in�nity. What iterative methods 
an give youis something whi
h is ǫ-
lose to the true solution. Of 
ourse, if you're usingmatlab (or fortran or C) then you always have round-o� error anyway andso you 
an't get the exa
t solution even if you used a dire
t method likeGaussian elimination or an LU de
omposition.In 
onstru
ting an iterative method, we hope that the sequen
e will beeasy to 
ompute, and that it will 
onverge rapidly. For this to be true, Bmust have two properties:� B must be easily invertible; and� B must be 
lose to A, in the sense that M has small eigenvalues.The problem of approximating a given matrix A by a \pre
onditioner" Bwhi
h is easily invertible 
omes up in many situations. Of 
ourse, you stillhave to be able to apply A in the forward dire
tion. (This may soundsilly but for large, full matri
es just doing matrix multipli
ation to 
ompute

Au(k) 
an be very slow.)If ||M|| < 1 then the iteration will 
ertainly 
onverge. If e(k) = u(k) − u∗denotes the error, then e(k+1) = Me(k), and so ∣
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∣ goes to zero as
k→∞, proving 
onvergen
e.The iteration will 
onverge if and only if the spe
tral radius of M, ρ(M)is less than 1

ρ(M) = max1≤i≤n|λi|where M is an n×n matrix with real or 
omplex entries. Having a spe
tralradius less than 1 implies 
onvergen
e be
ause as k→∞, e(k) ∼ Cλkmaxvmax,where λmax is the dominant eigenvalue (the eigenvalue of largest magnitude)and vmax is the 
orresponding eigenve
tor.The a
tual rate of 
onvergen
e is thus given by ρ(M) rather than ||M||.Sin
e ρ(M) ≤ ||M||, this is a sharper and more informative 
ondition |
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es for whi
h ρ(M) < 1 < ||M||. For example,
(

1
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0 1
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)has ρ(M) = 1/2 and ||M|| = 9/4 +
√

5. Here I took the L2 norm of M:
||M|| = sup

~x∈R2

||M~x||

||~x||
= sup

||~x||=1

||M~x||For matri
es whi
h arise from �nite-di�eren
e approximation, you 
ansometimes get an a

eptable approximate inverse B by splitting A into di-agonal, lower-triangular, and upper-triangular parts:
A = D − L − U,with D diagonal, L stri
tly lower-triangular, and U stri
tly upper-triangular(L and U have zeros on the diagonal).

Jacobi method Take B = D, so MJ = D−1(L+U). Of 
ourse D is trivallyinvertible sin
e it is diagonal. The iteration may be written
u
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 .It 
onverges if A is stri
tly diagonally dominant: ea
h diagonal element
|Aii| is larger than either the sum of all the other elements in the same rowor the sum in the same 
olumn: ∑j6=i |Aij| or |Aii| >

∑
j6=i |Aji|. The Ja
obiiteration does not 
hange if you permute rows and 
olumns of A and u,as long as you keep the same elements on the diagonal. (You 
an't gainanything by reordering the equations or the unknowns.)

Gauss-Seidel method Take B = D−L, so MGS = (D−L)−1U. Note that
D − L is lower-triangular, hen
e easily invertible by forward substitution.This is the same as the Ja
obi formula, ex
ept that you repla
e elements of
u(k) with elements of u(k+1) as soon as you have them, so you 
an use thesame storage for both u(k) and u(k+1). It is written
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ompute u
(k+1)

1
, . . . , u

(k+1)
m in order. The formula 
hanges if youpermute equations and variables, and it 
an sometimes be advantageous toexplore rearrangements of the problem (e.g, \red-bla
k" ordering in 2 or 3dimensions). The Gauss-Seidel method 
onverges under the same 
onditions(diagonal dominan
e) as the Ja
obi method, but when they both 
onverge,Gauss-Seidel always 
onverges faster, typi
ally twi
e as fast.


