
Mat1062: Computational Methods for PDEMary PughFebruary 5, 2008
1 OwnershipThese notes are built upon those of Rob Almgren who taught an analogous
ourse in 2003. Whatever you learn of value from them is due to him. Allmistakes and sour
es of 
onfusion are to be blamed on me.
2 Diffusion equation in higher dimensionsNow let's talk about the di�usion equation in two and three dimensions:

ut = D∆uwhere ∆u = ∇2u = div(∇u) = uxx + uyy or uxx + uyy + uzz. It is tobe solved on some domain Ω, with initial data u0(x) and some mixture ofDiri
hlet or Neumann boundary 
onditions on the boundary ∂Ω.
3 Properties of Equation

Conservation For a �xed domain V ,
d

dt

∫

V

u(x, t)dV =

∫

V

ut(x, t)dV =

∫

V

D div(∇u)dV =

∫

∂V

D
∂u

∂n
dA.where dV is volume element inside V , and dA is surfa
e area element on theboundary ∂V . As before, nothing is 
reated or destroyed inside; 
hangeshappen only a
ross the boundary. It tells you that if D is not 
onstant,then the equation should (barring some spe
ial e�e
ts) be written not as

ut = D(x, t, u)∆u but as ut = div(D(x, t, u)∇u), in order to preserve 
on-servation, and that this stru
ture should be preserved in the dis
retization.1
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Maximum principle At a lo
al maximum of u, all se
ond derivativesare nonpositive, and hen
e ∆u ≤ 0, so ut ≤ 0 and the maximum 
annotin
rease. Thus (unless for
ed by the boundary 
onditions) the maximumand minimum values of u at later times are bounded by the maximumand minimum of the initial data. In parti
ular, if the solution is initiallynonnegative it 
annot be
ome negative at later times, and this propertyshould be preserved by the dis
retization. Sin
e the maximum prin
iplealso applies to derivatives of u, the solution gets smoother as time evolves.And we again have the same two spe
ial solutions.
Green’s function In d dimensions (with D 
onstant), we look for a ra-dially symmetri
 similarity solution of the form

u(x, t) =
1

(Dt)d/2
U

(
r√
Dt

)in whi
h the prefa
tor must have this form by 
onservation: the lengths
ale of U(r/
√

Dt) is √
Dt, so mass spreads over a volume (Dt)d/2 in ddimensions.Then we write the PDE in d-dimensional spheri
al 
oordinates as

∂u

∂t
=

D

rd−1

∂

∂r

(
rd−1∂u

∂r

)
= D

(
∂2u

∂r2
+

d − 1

r

∂u

∂r

) (1)whi
h gives the ODE in terms of the similarity variable ρ = r/
√

Dt

U ′′(ρ) +

(
d − 1

ρ
+

ρ

2

)
U ′(ρ) +

d

2
U(ρ) = 0.By inspe
tion, we see that a solution is

U(ρ) = Ce−ρ2/4and we determine C by integration. We require
1 =

∫

Rd

u(r, t)dV =

∫∞

0

u(r, t)dV(r) =

∫∞

0

U(ρ)dV(ρ)

= C

∫∞

0

e−ρ2/4 dV(ρ) = C

(∫∞

−∞
e−x2/4 dx

)d

= C
(
2
√

π
)d



Mat1062 Feb. 5, 2008 Mary Pugh 3where dV = dx1 · · ·dxd and dV(r) = dωdrd−1 where ωd is the volume ofthe d-dimensional unit sphere. Hen
e C = 1/(
√

4π)d and the �nal Green'sfun
tion is
G(x, t) =

1

(4πDt)d/2
e−r2/4Dt

Fourier modes The other 
lass of spe
ial solutions are the Fourier modes,with spatial stru
ture sin(ξ1x1) · · · sin(ξdxd). Plugging in the PDE gives
u(x, t) = e−σt sin(ξ1x1) · · · sin(ξdxd), σ = Dξ2 = D

(
ξ2

1 + · · · + ξ2
d

)
.The same fun
tion 
ould be written in terms of 
osines. In fa
t, to see thespatial stru
ture it is mu
h easier to write it as 
omplex exponentials:

u(x, t) = exp(
−σt + i(ξ1x1 + · · · + ξdxd)

)
= exp(

−σt + iξ · x
)
,where ξ = (ξ1, . . . , ξd) is the wave ve
tor. These are plane waves withnormal ve
tor ξ/|ξ|, and of wavelength 2π/|ξ|. Ex
ept for the rotationaldegree of freedom, the dispersion relation is the same as in one dimension.

4 DiscretizationThe simplest 
ase is a re
tangular box. To simplify the notation, let's writeeverything in just two dimensions. The box is [0, Lx] × [0, Ly], with eitherDiri
hlet or Neumann boundary 
onditions on ea
h wall or segment of wallindependently.
4.1 Space discretizationWe pi
k grid sizes Nx,Ny, giving spa
ings hx = Lx/Nx and hy = Ly/Ny.We dis
retize a smooth fun
tion u(x, y, t) in spa
e by the (Nx + 1)(Ny + 1)grid values

ui,j(t) ≈ u( ihx, jhy, t
)
, i = 0, . . . ,Nx, j = 0, . . . ,Ny.We suppose the boundary values are stored, even though this is not stri
tlyne
essary for Diri
hlet boundaries. We will reserve k for the time step, soin three dimensions we would either have to introdu
e indi
es i1, i2, i3 or
hange k to τ and use i, j, k.
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h dimension separately shows that
1

h2
x

(
ui−1,j − 2ui,j + ui+1,j

)
= uxx +

1

12
h2

x uxxxx + · · ·

1

h2
y

(
ui,j−1 − 2ui,j + ui,j+1

)
= uyy +

1

12
h2

y uyyyy + · · ·Simplifying the most 
ommon 
ase of a square grid on whi
h hx = hy(obtained by 
hoosing Nx/Ny = Lx/Ly), we have the 5-point approximation
(Lu)i,j =

1

h2

(
ui−1,j + ui+1,j + ui,j−1 + ui,j+1 − 4ui,j

)

∼ ∆u +
1

12
h2 (uxxxx + uyyyy) + · · ·We thus get the system of ODEs

d

dt
ui,j(t) =

D

h2

(
ui−1,j + ui+1,j + ui,j−1 + ui,j+1 − 4ui,j

)
.In three dimensions the obvious extension gives the 7-point Lapla
ian.The �ve-point sten
il used the nearest neighbors of ui,j | it used ui,j+1,

ui,j−1, ui−1,j, and ui+1,j. A more appealing formula 
an be 
onstru
ted byusing the next-nearest neighbors as well:
(Lu)i,j =

1

6h2
(ui+1,j+1 + ui−1,j+1 + ui−1,j−1 + ui+1,j+1)

+
2

3h2
(ui,j+1 + ui,j−1 + ui−1,j + ui+1,j) −

10

3h2
ui,j

∼ ∆u +
1

12
h2 ∆∆u + · · ·Note that even though though the trun
ation error is of pre
isely the samesize (h2) it has the form ∆∆u whi
h is more isotropi
, meaning indepen-dent of grid orientation|in some problems this makes a di�eren
e. It is
onsistent with the interpretation of the Lapla
ian as average value arounda small 
ir
le minus value at the 
enter: in
luding the 
orner points ratherthan just the edge points gives a fuller approximation. Stability propertiesare slightly improved as well. This 
an be generalized to three dimensions,resulting in a 27-point sten
il.



Mat1062 Feb. 5, 2008 Mary Pugh 5
4.2 Time discretizationWe do time dis
retization exa
tly as before. The fully expli
it method is
un+1

i,j = un
i,j + λ

(
ui−1,j + ui+1,j + ui,j−1 + ui,j+1 − 4ui,j

)
, λ =

Dk

h2
.An impli
it dis
retization with parameter 1

2
≤ θ ≤ 1 requires solving thelinear system

(
I − θDkL)un+1 =

(
I + (1 − θ)DkL

)
unwhere L denotes the dis
rete Lapla
ian operator above, and un, un+1 de-note the entire ve
tor of grid values, of length (Nx + 1)(Ny + 1) ex
ept forboundary values 
orresponding to Diri
hlet boundaries. (In the latter 
ase,inhomogeneous terms should also be added on the right side, just as in 1-D.)In one dimension, the matrix on the left is tridiagonal, sin
e it 
ouplesea
h point only to its nearest neighbors. Hen
e it is easily solved in only alittle more time than needed for the expli
it s
heme.In two or three dimensions, the stru
ture of the matrix depends on howthe points of the two-dimensional grid are ordered into a one-dimensionalve
tor. The most natural way is to do it row-by-row:

u =
(

u0,0 . . . uNx,0 u0,1 . . . uNx,1 . . . u0,Ny
. . . uNx,Ny

)T
.(The T denotes transpose, and indi
ates that u is to be a 
olumn ve
torso it 
an be multiplied on the left by A.) Then, sin
e L 
ouples nearestneighbors in the y-dire
tion as well as in the x-dire
tion, the matrix A has�ve nonzero diagonals: the main diagonal representing the in
uen
e of point

(i, j) on itself, the diagonals just above and just below 
orresponding to theneighbors (i±1, j), and two diagonals a distan
e Ny+1 away from the maindiagonal, 
orresponding to the neighbors (i, j ± 1). In fa
t, the matrix Lmay be represented as
L =

1

h2





. . . . . . . . . . . . . . .
1 1 −4 1 1

1 1 −4 1 1

1 1 −4 1 1. . . . . . . . . . . . . . .



.and A has the same stru
ture.
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e Nx away, as here, and in addition two more a distan
e NxNy
orresponding to the neighbors above and below. Thus in two and threedimensions, inverting the matrix for the linear system is a highly nontrivialproblem. There is no way to rearrange the point ordering to make thesituation substantially better.Postponing dis
ussion of the linear algebra, let us analyse 
onsisten
yand stability. In fa
t, we analysed the trun
ation error above: the totalerror is O(h2, k) if θ 6= 1
2
, and O(h2, k2) if θ = 1

2
, just as in one dimension.

4.3 StabilityWe now do the von Neumann analysis of the stability. As before, we ignoreboundaries and 
onsider how the time-stepping s
heme would perform giveninitial data on hZ × hZ. (How to modify things for hxZ × hyZ followsnaturally.)In one dimension, given {um} de�ned on hZ we used it to de�ne û(ξ)where ξ ∈ [−π/h, π/h]. In two dimensions, given {ui,j} de�ned on hZ×hZ,we de�ne û(ξ, η) for ξ, η ∈ [−π/h, π/h]. Pro
eeding exa
tly as before, thedis
rete s
heme
un+1

i,j = un
i,j + λ

(
ui−1,j + ui+1,j + ui,j−1 + ui,j+1 − 4ui,j

)
,transforms into

ûn+1(ξ, η) = (1 − 4λ)ûn(ξ, η) + λehξ
√

−1ûn(ξ, η) + λe−hξ
√

−1ûn(ξ, η)

+ λehη
√

−1ûn(ξ, η) + λe−hη
√

−1ûn(ξ, η)

= (1 − 4λ + 2 
os(hξ) + 2 
os(hη)) ûn(ξ, η)The s
heme is stable if the prefa
tor 1 − 4λ + 2 
os(hξ) + 2 
os(hη) hasmagnitude less than or equal to 1 for all ξ, η ∈ [−π/h, π/h]. As before, we
an study this prefa
tor using 
al
ulus and we �nd that it's most negativevalues o

ur when ξ = ±π/h and η = ±π/h. For these values to be greaterthan or equal to −1 we �nd that λ ≤ 1/4.Here is a fully equivalent, somewhat less 
umbersome, way of doing thesame stability analysis. We look for spe
ial solutions having the form
un

i,j = ω i
1 ω

j
2 ηn,
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omplex numbers of unit magnitude (supers
riptson ω1, ω2, and η indi
ate exponentiation). The dis
retization formula givesus η in terms of ω1,ω2; the s
heme is stable if |η| ≤ 1 for all su
h ω1,ω2.We begin by 
al
ulating the e�e
t of the dis
rete Lapla
ian operatorapplied to su
h a system.
(Lu)ni,j =

1

h2

(
1

ω1

+ ω1 +
1

ω2

+ ω2 − 4

)
ω i

1 ω
j
2 ηn

=
1

h2

[
2Reω1 + 2Reω2 − 4

]
ω i

1 ω
j
2 ηn

= −
2

h2

[ (
1 − Reω1

)
+

(
1 − Reω2

) ]
ω i

1 ω
j
2 ηnWe now use that ωi

1ω
j
2η

n is a solution of the dis
rete s
heme:
ωi

1ω
j
2η

n+1 = ωi
1ω

j
2η

n + Dk(Lu)ni,jwhi
h then implies
η = 1 − 2λ

[ (
1 − Reω1

)
+

(
1 − Reω2

) ]
.For stability, η must lie in the unit ball of radius 1 
entered at (0, 0) in the
omplex plane. That is,

0 ≤ 2λ
[ (

1 − Reω1

)
+

(
1 − Reω2

) ]
≤ 2Note that ω1 and ω2 are arbitrary 
omplex numbers of magnitude 1. As aresult the quantity in square bra
kets is a real number whose value may beanywhere in the interval [0, 4].max

ω1,ω2

2λ
[ (

1 − Reω1

)
+

(
1 − Reω2

) ]
= 8λ ≤ 2 =⇒ λ ≤ 1

4
.In higher dimensions, we keep adding more terms 1 − Reω, ea
h of whi
hhas maximum value 2. Thus in d dimensions, the stability 
onstraint forexpli
it Euler timestepping is

λ ≤ 1

2d
in d dimensions.As before, the impli
it methods with 1

2
≤ θ ≤ 1 are stable for all λ.The maximum growth rate is a
hieved when ω1 = ω2 = −1, so thespatial pattern is (−1)i(−1)j, a 
he
kerboard.Despite the 1/d e�e
ts des
ribed above, as you go to more dimensions,expli
it methods be
ome relatively more favored, for two reasons:
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orresponding to the impli
it methods be
omeharder to solve. Expli
it methods are just about as easy in threedimensions as in one, but impli
it methods are mu
h harder.� It is not possible to take h small in high dimensions, be
ause of the\
urse of dimensionality:" the sheer numbers of grid points involved.If you 
an a�ord to put a million grid points in a domain whose edgelength is size 10, then in 1-D you 
an have h = 10−5, in 2-D you 
anhave a 1000× 1000 grid with h = 10−2, and in 3-D you 
an have only
100 × 100 × 100 for h = 10−1 = 0.1. Sin
e the stability restri
tiondepends only on the value of h, it be
omes mu
h less stringent.The situation 
hanges if you implement some sort of adaptive mesh method,whi
h is able to a
hieve small grid steps h without requiring astronomi
alnumbers of points. Unfortunately, in that 
ase solving the linear systembe
omes even harder be
ause it is ill-
onditioned, but those problems arebeyond the s
ope of a beginning 
ourse.


