
Mat1062: Computational Methods for PDEMary PughJanuary 22, 2008
1 OwnershipThese notes are built upon those of Rob Almgren who taught an analogous
ourse in 2003. Whatever you learn of value from them is due to him. Allmistakes and sour
es of 
onfusion are to be blamed on me.
2 More on stability of discrete schemesWe will analyse the stability of a dis
rete s
heme Pk,h via Fourier methods.This approa
h was invented by the great John von Neumann.
2.1 Fourier AnalysisRe
all that for a real- or 
omplex-valued fun
tion u(x) de�ned on R we 
ande�ne the Fourier transform whi
h is another fun
tion on R

û(ξ) =
1√
2π

∫

R

u(x)e−ixξ dx.This is de�ned for a wide 
lass of fun
tions u, for simpli
ity's sake let'sassume all our fun
tions have �nite L1 norm: ∫
|u(x)| dx < ∞. The Fourierinversion formula states

u(x) =
1√
2π

∫

R

û(ξ)eiξx dξ.Similarly, if one has a fun
tion {vm} de�ned on Z then its Fourier transformis
v̂(ξ) =

1√
2π

∞∑

m=−∞

vme−imξ1
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h is de�ned for all ξ in [−π, π] and v̂(−π) = v̂(π). The Fourier inversionformula is
vm =

1√
2π

∫π

−π

v̂(ξ)eimξ dξand Parseval's theorem is
∞∑

m=−∞

|vm|2 =

∫π

−π

|̂v(ξ)|2 dξIf the fun
tion is de�ned on hZ then by a 
hange of variables,
v̂(ξ) =

1√
2π

∞∑

m=−∞

vme−ihmξh,for ξ ∈ [−π/h, π/h] and the inversion formula is
vm =

1√
2π

∫π/h

−π/h

v̂(ξ) eihmξ dξand Parseval's theorem is
||̂v||2h =

∫π/h

−π/h

|̂v(ξ)|2 dξ =

∞∑

m=−∞

|vm|2h = ||v||2hNote that if ω ∈ R then ω = ξ + N2π/h for some ξ ∈ [−π/h, π/h] andsome N ∈ Z. If we then sample the fun
tion exp(iωx) on hZ we �nd
eiωmh = ei(ξ+N2π/h)mh = eiξmh.In short, the grid hZ 
annot \see" high frequen
ies ω su
h that |ω| > π/h.

2.2 von Neumann AnalysisLet's return to the forward-time, forward-spa
e s
heme for ut + ux = 0:
un+1

m − un
m

k
+

un
m+1 − un

m

h
=⇒ un+1

m = (1 + λ)un
m − λun

m+1where λ = k/h. We know that this s
heme is not 
onvergent and so, by theLax-Ri
htmyer theorem, it must be unstable. We write ea
h of the terms interms of its Fourier transform
un+1

m = 1√
2π

∫π/h

−π/h
ûn+1(ξ) eihmξ dξ

un
m = 1√

2π

∫π/h

−π/h
ûn(ξ) eihmξ dξ

un
m+1 = 1√

2π

∫π/h

−π/h
ûn(ξ) eih(m+1)ξ dξ
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e
∫π/h

−π/h

ûn+1(ξ) eihmξ dξ =

∫π/h

−π/h

(
(1 + λ) − λeihξ

)
ûn(ξ) eihmξ dξfrom whi
h we 
on
lude

ûn+1(ξ) =
(
(1 + λ) − λeihξ

)
ûn(ξ) = σh(ξ)ûn(ξ), for −π ≤ hξ ≤ πand so we see that advan
ing the solution of the �nite di�eren
e s
hemeby one step is the same as multiplying its Fourier transform by the fa
tor

σh(ξ). Going all the way ba
k to the initial data
ûn(ξ) = σh(ξ)n û0(ξ), for −π ≤ hξ ≤ π.We now analyse fa
tor

σh(ξ) = 1 + λ − λ 
os(hξ) − iλ sin(hξ),

=⇒ |σh(ξ)|2 = 1 + 2λ(1 + λ)(1 − 
os(hξ)) ≥ 1Indeed, this fa
tor is greater than 1 for all ξ ∈ [−π/h, π/h] ex
ept ξ = 0.You will show in a homework problem that for any �nite-di�eren
e s
hemeif |σh(ξ)| > 1 then the s
heme is not stable. Spe
i�
ally, the forward-time,forward spa
e s
heme for ut + ux = 0 is not stable.We now repeat this analysis for the three s
hemes for the di�usion equa-tion ut = Duxx. First, we 
onsider the expli
it sheme
un+1

m − un
m

k
= D

un
m+1 − 2un

m + un
m−1

k2
=⇒ σh(ξ) = 2λ 
os(hξ) + 1 − 2λwhere λ = kD/h2. Note that σh(ξ) is an even fun
tion in ξ, it equals 1 at

ξ = 0, and is de
reasing in ξ on [0, π/h]. Its minimum value is at hξ = ±πmax
ξ∈[−π/h,π/h]

σh(ξ) = 1, min
ξ∈[−π/h,π/h]

σh(ξ) = 1 − 4λIt follows immediately that if λ > 1/2 then the s
heme is unstable. In Figure1 you 
an see σh(ξ) for a variety of values of λ.We now 
onsider the fully impli
it s
heme
un+1

m − un
m

k
= D

un+1
m+1 − 2un+1

m + un+1
m−1

k2
=⇒ σh(ξ) =

1

1 + 2λ − 2λ 
os(hξ)



4 Mary Pugh Mat1062 Jan. 22, 2008Again, σh(ξ) is an even fun
tion in ξ, it equals 1 at ξ = 0, and is de
reasingin ξ on [0, π/h]. Its minimum value is at hξ = ±πmax
ξ∈[−π/h,π/h]

σh(ξ) = 1, min
ξ∈[−π/h,π/h]

σh(ξ) =
1

1 + 4λ
> 0 > −1In this way, we see that the s
heme is stable for all λ and the fa
tor σh(ξ) > 0for all ξ ∈ [−π/h, π/h].Finally, we 
onsider the Crank-Ni
olson s
heme

un+1
m −un

m

k
= D

un+1
m+1

−2un+1
m +un+1

m−1

2k2 + D
un

m+1
−2un

m+un
m−1

2k2

=⇒ σh(ξ) =
1+λ
os(hξ)−λ

1+λ−λ
os(hξ)As above, max
ξ∈[−π/h,π/h]

σh(ξ) = 1, min
ξ∈[−π/h,π/h]

σh(ξ) =
1 − 2λ

1 + 2λ
> −1In this way, we see that the s
heme is stable for all λ.If you do the stability analysis of the θ-s
heme

un+1
m − un

m

k
= θD

un+1
m+1 − 2un+1

m + un+1
m−1

k2
+ (1 − θ)D

un
m+1 − 2un

m + un
m−1

k2you will �nd that it's stable for all λ if θ ≥ 1/2. And that it's stable for
λ ≤ λθ otherwise.
3 Stability via ODE schemesHere are notes that dis
uss stability by �rst analyzing the behaviour of
ertain one-step shemes for ODE. In the following, the \trapezoid" s
hemeis the Crank-Ni
olson s
heme applied to ODE.The main idea is to look at how the solutions of the dis
rete s
hemebehave as n → ∞ and k → 0, with nk = t, without referen
e to the truesolution. For a problem whi
h is linear, or lo
ally linear (as most are), thisis the same as asking whether small 
hanges in the initial data give rise tosmall 
hanges in the solution.Stability for dis
retizations of nonlinear ODEs is an extremely ri
h sub-je
t; there are several de�nitions of stability, with subtle di�eren
es amongthem. But sin
e we are really interested in linear PDEs, let us make a
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h ξFigure 1: Top plot: forward Euler method, middle plot: ba
kward Eulermethod, bottom plot: Crank-Ni
olson method. All three plots show σh(ξ)as a fun
tion of hξ. Dotted line: λ = 1; dot-dash line: λ = 3/4, dashedline: λ = 1/2, solid line: λ = 1/4. In the plot for the forward Euler method,note that for λ > 1/2 there is always an interval of frequen
ies that willgrow exponentially. In the plot for the ba
kward Euler method, note thatall frequen
ies dissipate monotoni
ally in time (σh(ξ) > 0 for all ξ). Inthe plot for the Crank-Ni
olson method, note that if λ > 1/2 the highfrequen
ies do de
rease in time but they os
illate as they do so. (There is\dispersive smoothing" if λ > 1/2.)
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ation. We shall 
onsider only linear problems whosesolutions de
ay in time. (Be
ause are interested in the di�usion equation.)For our purposes now, let us say that a dis
rete method is stable if nosolutions of the di�eren
e formula grow in time.Suppose our system of ODE is
du

dt
= Au + B,where A and B are 
onstant in time. Let us suppose that we have an eigen-value de
omposition AX = XΛ, where Λ is diagonal with entries (λ1, . . . , λN),and we suppose that X is of full rank so that A = XΛX−1. Sin
e we onlyare interested in problems whose solutions de
ay in time, we suppose thatea
h λj < 0, and hen
e A is invertible.Then we 
an de�ne u in terms of a new ve
tor y as u = Xy − A−1B.Subsituting into the ODE, we �nd that y solves dy/dt = Λy, whi
h is a
olle
tion of independent s
alar equations.Thus let us 
onsider only the simple linear s
alar problem f(u) = −σu,with σ > 0 (we take σ = −λ). The ODE is

ut = −σu,whose exa
t solution is
u(t) = u0e

−σt.This is an exponential whi
h de
ays on a time s
ale of 1/σ.
Forward Euler

vn+1 = vn − kσ vn = (1 − kσ) vn,so the solution is
vn = v0ηn, with η = 1 − kσ.The supers
ript on vn is an index, while on ηn it is an exponent. By ourde�nition, the s
heme is stable if and only if |η| ≤ 1, whi
h requires

k ≤ 2

σ
.
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function ode( sigma, dt, tmax )

% ode( sigma, dt, tmax ) Plot discrete solution of ODE

nstep = floor(tmax/dt);

tmax = nstep*dt; % make tmax be exact multiple of dt

% Uncomment just one of these statements

eta = 1 - sigma*dt; % Forward Euler

%eta = 1 / ( 1 + sigma*dt ); % Backward Euler

%eta = (1 - 0.5*sigma*dt)/(1 + 0.5*sigma*dt); % Trapezoid

t = linspace( 0, tmax, nstep+1 );

u = zeros(1,nstep+1); % allocate storage for whole array

u(1) = 1;

for i=1:nstep; u(i+1) = eta*u(i); end

% Exact exponential solution

t0 = linspace( 0, tmax, 101 ); u0 = exp(-sigma*t0);

plot( t, u, ’-ok’, t0, u0, ’k’ ); xlabel(’t’); ylabel(’u(t)’)When σ is large, we need a small time step for stability. This is true forall expli
it methods. The reason for the instability is 
lear (Figure 2, p. 9):When σ is large, the solution heads toward zero, but overshoots.Setting n = t/k, we may also write
vn = v0e−σkt,where the de
ay rate for a solution 
omputed with time step k is

σk = −
1

k
log η = −

1

k
log(1 − kσ) ∼ σ + O(σ2k), σk → 0,Solutions of the dis
rete problem approximate solutions of the 
ontinuousproblem, as long as σk is small; that is, the the time step must be smallrelative to the intrinsi
 time s
ale of the solution itself. This is always truefor expli
it methods.

Backward Euler

vn+1 = vn − kσvn+1, so vn+1 =
1

1 + kσ
vn
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η =

1

1 + kσ(see Figure 5). Sin
e η < 1 for all k > 0 (for σ > 0), the s
heme is stablefor all timesteps k. This is a 
hara
teristi
 of well-
onstru
ted impli
itmethods, and the reason for their use. Now the dis
rete growth rate is
σk = −

1

k
log 1

1 + kσ
=

1

k
log(1 + kσ) ∼ σ + O(σ2k), σk → 0.Sin
e σ > σk > 0, solutions to the ba
kward Euler formula always de
ay intime, though not as fast as the 
ontinuous solution. In order for the dis
retesolution to approximate the 
ontinuous solution, we still need k < 1/σ.When k is large for a given σ, η is very near zero, so the dis
rete solutionde
ays very rapidly. The dis
rete solution \fails gra
efully."

Trapezoid

vn+1 = vn − 1
2
kσ(vn+1 + vn),so vn = v0ηn with

η =
1 − 1

2
kσ

1 + 1
2
kσand now

σk = σ + O(k2), k → 0.The method is again stable for all k > 0 (Figure 5). For large σk, η is near
−1; the solutions os
illate in time rather than de
aying (Figure 4, p. 11).Nonetheless, they do not grow. The approximation is one higher order in knear k = 0 than with Euler, sin
e this is a se
ond-order method.
Leapfrog

vn+1 = vn−1 − 2kσvnBe
ause this is a two-level formula, the dis
rete system has two exponentialsolutions. Looking for solutions in the form vn = ηn, we get the quadrati

η2 + 2kση − 1 = 0,whose solutions are

η = −kσ ±
√

(kσ)2 + 1.
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Figure 2: Forward Euler method with σ = 2, 8, 12, k = 0.2. For σk < 1,the dis
rete solution is well-behaved. For 1 < σk < 2, the dis
rete solutionhas −1 < η < 0 (see Figure 5, so it de
ays with os
illations. For σk > 2,
η < −1, so the dis
rete solution os
illates and grows.
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Figure 3: Ba
kward Euler method with σ = 2, 8, 12, k = 0.2. For all valuesof σk, we have 0 < η < 1, so the solution always de
ays without os
illating.Sin
e η > ηtrue, the dis
rete solution de
ays more slowly than the truesolution.
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Figure 4: Trapezoid method with σ = 2, 8, 12 and k = 0.2. The dis
retesolution is well-behaved for all values of σk sin
e |η| < 1, though it exhibitsmild os
illations for σk > 2, when η < 0. For small σk it gives an extremelygood approximation (se
ond-order a

urate).
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Figure 5: Ampli�
ation fa
tors η as fun
tions of σk, and ηtrue = e−σk. Wemust have |η| ≤ 1 for stability. The forward Euler method loses stabil-ity when σk > 2. The trapezoid (Crank-Ni
olson) method has a negativeampli�
ation fa
tor for σk > 2, but it is stable for all σk > 0. It has ase
ond-order a

urate mat
h to the true solution near σk = 0.The general solution to the di�eren
e formula is
vn = C+ηn

+ + C−ηn
−where C± are determined by the ne
essary two levels of initial data, and

η+ = −kσ +

√
(kσ)2 + 1 ∼ 1 − kσ + . . . , k → 0

η− = −kσ −

√
(kσ)2 + 1 ∼ −1 − kσ + . . . , k → 0.For all k > 0 (and σ > 0), |η+| < 1 and |η−| > 1 (you 
an see this by 
onsid-ering a right triangle whose sides are 1, kσ, and √

(kσ)2 + 1). The solution
ηn

+ is a good approximation to the solution of the ODE. The solution ηn
−is a arti�
ial, unstable, solution of the di�eren
e formula. Sin
e the generalsolution in
ludes both modes, that is, small perturbations will make both

C+ and C− nonzero, the s
heme is unstable for all k.All two-level s
hemes have two dis
rete solutions, one physi
al and oneunphysi
al. But for a well-
onstru
ted method, the unphysi
al solutionde
ays in time and does not a�e
t the a

ura
y of the solution.
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4 Stability for PDEsBe
ause our PDEs are linear, their general solutions are 
ombinations ofsimple elementary solutions. For stability analysis of di�eren
e s
hemes, therelevant solutions are eigenve
tors: solutions whi
h have simple exponentialbehavior in time. For a 
onstant-
oeÆ
ient linear PDE, the eigenve
tors arethe Fourier modes eiξx where ξ is real. (If you don't like 
omplex numbers,you 
an just think of sin ξx and 
os ξx instead.)The Fourier modes have the form

u(x, t) = A(ξ, t)eiξx,where, on an unbounded domain, ξ may be any real number. Substitutinginto the PDE ut = Duxx, we see that we need
At = −Dξ2 Aso

A(t) = A(ξ, 0) e−σt,where the 
ontinuous dispersion relation is
σ(ξ) = Dξ2. (1)In general, for a linear equation, the term \dispersion relation" refers to therelation giving the time behavior σ in terms of the spatial wave number ξ.In this 
ase it tells us that short-wavelength modes (large ξ) de
ay rapidly(large positive σ).Boundary 
onditions restri
t the set of allowable ξ. For example, if thedomain has length L with Diri
hlet boundary 
onditions, then the solutionmust 
ontain only modes of the form sin(nπx/L), 
orresponding to ξ = nπ/Lfor n = 0, 1, . . . .

4.1 Space discretizationOn a spatially dis
rete grid with step h, our semi-dis
rete approximationis the 
olle
tion of ODEs
dUj

dt
=

D

h2

(
Uj+1 − 2Uj + Uj−1

)
,
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ations at the endpoints to in
lude the boundary
onditions.We may again analyze this system using Fourier analysis. Consider asingle Fourier mode with wave number ξ

Uj(t) = A(t) eiξxj = A(t) eiξjh = A(t)ωj, with ω = eiξh.Sin
e the dis
rete solution should be bounded in spa
e, we need ξ realand |ω| = 1 (an imaginary 
omponent of ξ would 
orrespond to |ω| < 1or |ω| > 1, and exponential growth as x and j either in
rease or de
rease).Again, boundary 
onditions restri
t the set of allowable ξ, but do not 
hangethe overall pi
ture.Then we readily 
ompute
D

h2

(
Uj+1−2Uj+Uj−1

)
=

D

h2
A(t)ωj

(
ω − 2 +

1

ω

)
= −DA(t)ωj 2(1 − 
os ξh)

h2
,sin
e |ω| = 1, ω−1 = ω and ω + ω−1 = 2Reω = 2 
os ξh. Also,

dUj

dt
= A ′(t)ωj.Equating these two expressions, our system is equivalent to the ODE

A ′(t) = −2D
1 − 
os ξh

h2
A(t), so A(t) = A(0) e−σht.The dis
rete dispersion relation is

σh(ξ) = 2D
1 − 
os ξh

h2
. (2)This should be 
ompared with the 
ontinuous version (1); see Figure 6.For small ξh, 
os ξh ∼ 1 − 1

2
ξ2h2 + O

(
ξ4h4

)
,so

σh(ξ) ∼ σ(ξ) + O
(
ξ4h2

)
, ξh → 0.Now, the wavelength of our Fourier mode is ℓ = 2π/ξ. So ξh = 2πh/ℓ, andthe dis
rete model is a good approximation to the 
ontinuous problem whenthe grid spa
ing h is small 
ompared to the wave length (ξh ≪ 1).



Mat1062 Jan. 22, 2008 Mary Pugh 15

0 1 2 3
−3

−2.5

−2

−1.5

−1

−0.5

0

hξ

h2 σ

Discrete σ
h
(ξ)

Continuous σ(ξ)

Figure 6: Continuous and dis
rete ampli�
ation fa
tors σ(ξ) and σh(ξ).How large 
an ξh be? The highest wavenumber that 
an be representedon a dis
rete grid has wavelength equal to twi
e the grid spa
ing, so thatalternate grid points have values ±1. (Higher wavenumbers are mappedba
k to lower ones by aliasing.) Thus the maximum value is ξh = π. For
0 < ξ ≤ π/h, the dis
rete de
ay rate σh(ξ) satis�es σ(ξ) < σh(ξ) < 0(see pi
ture). So in the semi-dis
rete model, all modes de
ay though not asrapidly as for the 
ontinous PDE. Sin
e σh(ξ) is a de
reasing fun
tion, ittakes its most negative value at ξ = π/h, and this extreme value is

σmax(h) =
4D

h2
. (3)We 
an now use our understanding of the ODE system to predi
t thestability of the dis
rete methods for the PDE ut = Duxx; we simply use

σmax for σ. The parameter that 
ontrols stability is 
learly
λ = 1

4
σmaxk =

Dk

h2
.� The forward Euler method is stable for σmaxk ≤ 2; that is, for λ ≤ 1

2
.If λ > 1

2
, then the instability will be a \
he
kerboard" of alternate-grid-point os
illations in both spa
e and time, growing exponentially
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4

< λ ≤ 1
2
, it will display os
illationson su

essive time steps, but these os
illations will de
ay in time.Re
all that for the point mass solution, we had identi�ed λ = 1

2
as thethreshhold value at whi
h the solution 
eased to be positive. Now wesee that in fa
t the whole s
heme is 
ompletely unstable for λ > 1

2
.Thus the point mass analysis was rather misleading.� The backwards Euler method is stable for all ratios of k and h2.There will never be any os
illation in time.� The Crank-Nicolson (trapezoid) method is stable for all ratios of

k and h2. For σmaxk > 2, or λ > 1
2
, it will display os
illations onalternate time steps, but these os
illations will de
ay in time. (Theyare espe
ially visible near a dis
ontinuity in the initial data.)For the forward Euler method for the ODE, we 
ould always make thes
heme stable by de
reasing k until σk < 2. For a PDE, σ depends on

h, so as we de
rease both h and k we may never be stable. If we 
hoose
k = λh2/D with λ 
onstant as h, k → 0, then we will always be stable oralways be unstable depending on whether λ < 1

2
or λ > 1

2
. If we 
hoose

k = µh for any �xed µ, then the s
heme will always be unstable when kand h are small, sin
e Dk/h2 = Dµ/h → ∞ as h → 0.For θ ≥ 1
2
, the s
heme will be stable for any 
hosen relationship between

k and h; the linear s
aling k = µh is often a 
onvenient 
hoi
e.


