
Mat1062: Computational Methods for PDEMary PughJanuary 17, 2008
1 OwnershipThese notes are built upon those of Rob Almgren who taught an analogous
ourse in 2003. Whatever you learn of value from them is due to him. Allmistakes and sour
es of 
onfusion are to be blamed on me.
2 Convergence, Consistency, and StabilityOrdinary di�erential equations (ODEs) are fundamental models for timeevolution problems. An ODE has the form

dU

dt
= f
(
U(t), t

) for t ∈ [0, T ], with U(0) = U0.Here U(t) is an element of R
N, and f is a fun
tion from R

N× [0, t] into R
N.This formulation1 generalizes naturally to partial di�erential equations, ifwe 
onsider U to be an element in some fun
tion spa
e, and f to be a linearor nonlinear operator a
ting on that spa
e. We name the type of the ODEdepending on properties of the fun
tion f.The equation is linear if f(U, t) = A(t)U + B(t), that is, if f is \aÆnelinear" in U. In general, A(t) is a matrix, and B(t) is a ve
tor. It is linearand homogeneous if f(U, t) = A(t)U, that is, B = 0 so f is linear in U.If f(U, t) = f(U), independent of t, then the equation is autonomous.If f(U, t) = f(t), independent of U, then the ODE is an inde�nite integral:

U(t) = U0 +
∫t

0
f(s)ds.1Note that everything 
ould be done just as well for 
omplex-valued ODE for whi
hall the ve
tors are in C

N . 1



2 Mary Pugh Mat1062 Jan. 17, 2008Choose an integer M and a �nal time T , thus determining the timestep k = T/M > 0. De�ne time \levels" tn = nk, for n = 0, 1, . . . ,M.We want to 
onstru
t a sequen
e of points in R
N: u0, u1, . . . , uM, so that

un ≈ U(nk) when k is small. Here un is the solution of the fully dis
retemodel, and U(nk) is the exa
t solution of the ODE, evaluated at the dis
retetime points.We need a s
heme for 
onstru
ting the dis
rete approximation; su
ha s
heme must 
onsist of two things. First, we need a rule for pi
kingthe initial value u0. Sin
e U(t) and un are members of the same spa
e,we 
an usually just take u0 = U(0). Se
ond, we need a rule of the form
un+1 = F(un, . . . , u0; k) for 
omputing ea
h step of the approximation interms of earlier steps. In fa
t, F 
ould well be di�erent for ea
h step n.A ri
h 
lass of s
hemes are the \linear multistep formulas," for whi
h
un+1 is a linear fun
tion of un, . . . , u0, fn, . . . , f0, and possibly fn+1, where
fn = f(un, tn):

un+1 =

p∑

j=0

aju
n−j + k

p∑

j=−1

bjf
n−jwhere p > 0 and a0, . . . ap and b−1, . . . bp are 
onstants. If either ap or bpis nonzero this is 
alled a p + 1-multistep method. If b−1 = 0 the s
heme isexpli
it. Otherwise, it is an impli
it s
heme.Note that a 1-step s
heme needs only one initial value: given u0 one 
ande�ne u1 whi
h one 
an then use to de�ne u2 whi
h one 
an then use tode�ne u3 and so on. For a p-step s
heme with p > 1 one needs p values (u0,. . .up−1) to get the pro
ess started. One usually does this with a sequen
eof q-step regimes where q in
reases from 1 to p−1. For example, if one hada 3-step s
heme, say, what one usually does is: given u0 one uses a 1-steps
heme to de�ne u1. One then uses a 2-step s
heme to de�ne u2 from u0and u1 and one 
an then use the 3-step s
heme from then on.Given a time-stepping s
heme for an ODE there are three immediatequestions: is the s
heme 
onsistent? is it 
onvergent? is it stable? Formultistep s
hemes for nonlinear ODEs, these questions are rather tri
ky.They are mu
h simpler for 1-step methods applied to linear PDEs, and sowe now restri
t our attention to this 
ase. Mu
h of the following 
omes fromse
tions 1.4 and 1.5 of Strikwerda's \Finite Di�eren
e S
hemes and PartialDi�erential Equations" whi
h is on reserve in the library.
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2.1 ConvergenceConsider a linear partial di�erential equation of the form

P(∂t, ∂x)u(x, t) = f(x, t) (1)whi
h is of �rst order in the derivative with respe
t to t. Examples wouldin
lude:
ut − buxx + aux = 0

ut − cutxx + buxxxx = 0

ut + cutx + aux = 0Consider a �xed one-step �nite di�eren
e s
heme for the equation
Pk,hu = f. (2)Given initial data {u0

m} where m ∈ Z we denote the solution of the s
heme(2) by un
m where m ranges over Z and n ranges over N.Let u(x, t) be the solution of the PDE (1) with initial data u0(x). Givena spatial grid spa
ing h, generate approximate initial data {u0

m} in su
ha way that as mh 
onverges to x the approximate initial data u0
m 
on-verges to u0(x). For ea
h �xed h and k, let un

m be the resulting solutionof the one-step �nite di�eren
e s
heme (2). The s
heme is 
onvergentif un
m 
onverges to u(x, t) as (mh,nk) 
onverges to (x, t) as h and k
onverge to 0.Usually, the approximate initial data is taken to be u0(mh) | justsample the fun
tion at the grid points. In whi
h 
ase the �rst 
onvergen
estatement is immediate if u0 is 
ontinuous. Note that this \de�nition" of
onvergen
e is somewhat squishy be
ause I haven't rigorously spe
i�ed whatI mean by a fun
tion on a grid (un

m) 
onverging to a fun
tion de�ned on asemi-in�nite strip (u(x, t)).
2.2 ConsistencyIn pra
ti
e, proving that a s
heme is 
onvergent is not easy. However, ifyour s
heme is \
onsistent" and \stable" then it will be 
onvergent. And
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he
king 
onsisten
y and stability isn't hard. We start by de�ning what\
onsisten
y" means.Given a partial di�erential equation, Pu = f, and a �nite di�eren
es
heme, Pk,hu = f, we say the �nite di�eren
e s
heme is 
onsistentwith the partial di�erential equation if for any smooth φ(x, t)

Pφ − Pk,hφ → 0, as k, h → 0,the 
onvergen
e being pointwise 
onvergen
e at ea
h grid point.Consider the one-way wave equation ut + ux = 0 for whi
h
P =

∂

∂t
+

∂

∂xand the di�eren
e operator Pk,h given by the forward-time forward-spa
esheme
Pk,hφ =

φn+1
m − φn

m

k
+

φn
m+1 − φn

m

hHere, φ is a smooth fun
tion and φn
m = φ(mh,nk). We approximate allthe terms in Pk,hφ with Taylor series in x and t about the point (xm, tn) =

(mh,nk).
φn+1

m = φn
m + kφt + 1

2
k2φtt + O(k3)

φn
m+1 = φn

m + hφx + 1
2
h2φxx + O(h3)Plugging this in,

Pk,hφ = φt + aφx + 1
2
k2φtt + 1

2
hφxx + O(k2) + O(h2)where the derivatives are all evaluated at (xm, tn). Thus

Pφ − Pk,hφ = −1
2
k2φtt − 1

2
hφxx + O(k2) + O(h2) → 0as (h, k) → (0, 0). Therefore this s
heme is 
onsistent.Above, you have to think things through a little 
arefully. Naively, if

(xm, tn) = (mh,nk) where m and n are �xed then h, k → 0 would for
e
xm, tn → 0. This isn't what's intended above. What you should understandis: Let φ(x, t) be a smooth fun
tion on R × [0,∞). Pi
k (x0, t0) in thatregion. Without loss of generality, assume x0 > 0. For ea
h n and m in N,



Mat1062 Jan. 17, 2008 Mary Pugh 5take hm := x0/m and kn := t0/n. By 
onstru
tion, (x0, t0) = (mhm, ntn)and
Pφ(x0, t0) − Pk,hφ(x0, t0) = −1

2
k2φtt(x0, t0) − 1

2
hφxx(x0, t0)

+O(1/n2) + O(1/m2) → 0as m,n → ∞. Note that m and n have to go to in�nity simultaneously.Also note that the de�nition of 
onsisten
y had nothing to do with φ beinga solution of the PDE. It had to do with how the approximation of theoperator a
ts on smooth fun
tions.Consisten
y implies that the solution of the partial di�erential equation,if it is smooth, is an approximate solution of the �nite di�eren
e s
heme.Similarly, 
onvergen
e means that a solution of the �nite di�eren
e s
hemeapproximates a solution of the partial di�erential equation. It is natural toask whether 
onsisten
y is suÆ
ient for a s
heme to be 
onvergent. Consis-ten
y is 
ertainly ne
essary for 
onvergen
e, but as the following exampleshows,a s
heme may be 
onsistent but not 
onvergent.Take the above forward-time forward-spa
e s
heme for the PDE ut+ux =

0. You 
an rewrite it as
un+1

m = un
m −

k

h

(
un

m+1 − un
m

)
= (1 + λ)un

m − λun
m+1where λ = k/h. Now, take initial data

u0(x) =

{
1 if x < 0

0 otherwiseThe solution is u(x, t) = u0(x − t) and so for any t > 0 we have u(x, t) = 1if x < t. And so, if t > 0 there are positive x at whi
h u(x, t) > 0. For thedi�eren
e s
heme, take initial data
u0

m =

{
1 if m < 0

0 otherwiseBe
ause un+1
m = (1 + λ)un

m − λun
m+1 it is 
lear that if m > 0 then u0

m = 0and un
m = 0 for all n > 0. This is be
ause un+1

m is determined by data belowand to the right.Clearly, if xm > 0 it is impossible for un
m to 
onverge to u(xm, tn) if as

h, k → 0 and the s
heme is not 
onvergent.



6 Mary Pugh Mat1062 Jan. 17, 2008
2.3 StabilityWe now de�ne what stability means for a homogeneous �nite di�eren
es
hemeA �nite di�eren
e s
heme Pk,hu = 0 for a �rst-order equation is stableif there is an integer J and positive numbers h0 and k0 su
h that forany positive time T there is a 
onstant CT su
h that

h

∞∑

m=−∞

|un
m|2 ≤ C̃T

J∑

j=0

h

∞∑

m=−∞

|uj
m|2for 0 ≤ nk ≤ T , 0 < h ≤ h0, and 0 < k ≤ k0.Note that if we introdu
e the dis
rete analogue of the L2(R) norm

||w||h =

(
h

∞∑

m=−∞

|wm|2

)1/2then the stability 
onstraint 
an be written as
||un||2h ≤ C̃T

J∑

j=0

||uj||2hand hen
e
||un||h ≤ CT

J∑

j=0

||uj||h (3)for some CT.We will usually use Fourier methods to 
he
k the stability of a s
hemerather than trying to show dire
tly that inequalty (3) holds. But here is asimple example where we 
an show it dire
tly. Consider the s
heme
un+1

m = αun
m + βun

m+1



Mat1062 Jan. 17, 2008 Mary Pugh 7We show that if |α| + |β| ≤ 1 then this s
heme is stable.
h

∞∑

m=−∞

|un+1
m |2 = h

∞∑

m=−∞

|αun
m + βun

m+1|
2

= h

∞∑

m=−∞

|α|2|un
m|2 + 2|α||β||un

m||un
m+1| + |β|2|un

m+1|
2

≤ h

∞∑

m=−∞

|α|2|un
m|2 + |α||β|(|un

m| + |un
m+1|)

2 + |β|2|un
m+1|

2

= h

∞∑

m=−∞

(|α| + |β|)2|un
m|2 ≤ h

∞∑

m=−∞

|un
m|2One 
an repeat this argument all the way down to 0, resulting in

h

∞∑

m=−∞

|un+1
m |2 ≤ h

∞∑

m=−∞

|u0
m|2and so CT = 1 and J = 0 works for the stability inequality (3).The stability inequality (3) states that the L2 norm of the dis
rete solu-tion at level n is bounded by some 
onstant times the sum of the L2 normsof the dis
rete solution at the �rst J + 1 levels. For one-step s
hemes, wewill see that one 
an take J = 0 | all that matters is the L2 norm of thedis
rete initial data.From your PDE 
ourse, you may re
all that there are various de�nitionsof what it means for an initial value problem to be well-posed. If one 
onsid-ers linear, homogenous problems then L2 well-posedness would be de�ned as:The initial value problem for the �rst-order partial di�erential equation

Pu = 0 is well-posed if for any time T > 0 there is a 
onstant CT su
hthat any solution u(x, t) satis�es
√∫∞

−∞
|u(x, t)|2 dx ≤ CT

√∫∞

−∞
|u(x, 0)|2 dx (4)for 0 ≤ t ≤ T .Indeed, if you 
an show that the inequality (4) holds then uniquenessof solutions and 
ontinuous dependen
e of solutions on initial data followsimmediately.



8 Mary Pugh Mat1062 Jan. 17, 2008It turns out that if the �nite di�eren
e s
heme is related to a PDE whi
his well-posed then 
onsisten
y, 
onvergen
e, and stability are all 
losely re-lated:Lax-Ri
htmyer Equivalen
e Theorem A 
onsistent one-step s
heme fora well-posed initial value problem for a partial di�erential equation (1)is 
onvergent if and only if it is stable.


