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1 Overview of Projection methods

Throughout this course, we have discussed Fourier modes in the context
of stability. Generally, we assume that a PDE or a discrete scheme has a
solution of the form u(x,t) = U(t) exp(i§x) where £ is a real number. Then
we look for the time dependence of U(t), and if it grows, we conclude that
the method is unstable. An implicit assumption in this approach is that any
initial data ug(z) may be written as a combination of these modes, so these
special solutions are stable.

Now we turn this point of view into a full numerical method.

Suppose we have a PDE which is either time-dependent, u; = Lu + f
or uy = Lu = f, or is elliptic Lu = —f, where L is is a linear differential
operator such as Lu = ug;. The idea behind projection methods is to
approximate the time-dependent solution u(x,t) with

N
un(e,t) = 3 ¢i(t) 6;(@)
j=1

and the elliptic solution u(z) with

N

un(@) = e i(x).

j=1

Here uy is in the N-dimensional space spanned by the basis functions

¢17"'7¢N'

How shall we choose the basis functions {¢;}? “Good” properties are

e Localization in space. This may give us a natural interpretation of the
coefficients ¢; = u(x;). It makes the linear system we’ll have to solve
sparse so the linear algebra is doable though not necessarily easy. Also,
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if the basis functions are localised in space it makes it easier to refine
the solution as needed — if something interesting is happening in a
certain region of space we would add extra basis functions, choosing
those that are localized where the action is.

e Smoothness. Our PDE depends on spatial derivatives, and it is nice if
the approximating functions have at least a few. Using integration by
parts we can reduce the required number, but we still need some.

e Analytic simplicity. They should be easy to work with.
Different methods focus on different combinations of virtues:

¢ Finite element methods take the ¢, to be piecewise low-order polyno-
mials, based on a selection of node points. They are very well localized
in space, but often have only barely enough smoothness. They work in
strange-shaped regions in space. The errors are typically some power
of the node point spacing h, or some negative power of the number of
basis functions V.

e Spectral methods take the ¢; to be the eigenfunctions of the oper-
ator £. For example, if £ = 0., then ¢; would be functions of the
form sin(jx), cos(jz), or exp(ijz). If the operator is self-adjoint then
the eigenfunctions are orthogonal which is very helpful. ALso they
are smooth. One the downside, they aren’t localised in space and we
have formulae for them only for certain domains. (There are theorems
saying that the exist for more general domains but actually finding
them is a different computational challenge.) For smooth problems,
the error is typically smaller than any power of N.

e Wavelet methods use basis functions that are localized in space, but
preserve some of the nice linear algebra properties of spectral methods.
They are analytically rather complicated to work with.

The PDE acts on a space B of functions. The approximation is in an V-
dimensional subspace, By, of B. The main problems we have to address are
1) how to define the problem on By given the original problem on B and 2)
how to show that as N — oo our approximate solution uy converges to the
desired solution w.

e The Galerkin approximation is in terms of inner products (no node
points). We rewrite the original problem as

<ut,q§k> = <£u, qbk> + <f, ¢k> foreach k=1,...,N.
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This gives the linear system

N N
Y ) (b 0n) = D (L) + (fidr),  k=1,...,N
j=1 j=1

which must be solved to give (ci,...,cy) in terms of (ci,...,cn). If

necessary (if the basis functions don’t have enough smoothness), we
can use integration by parts to rewrite the term <£<bj, (bk>. Clearly it
will be very advantageous if <q§j, ¢>k> = 0j so we don’t have to do any
linear algebra at all.

e The collocation method is based on a set of N node points x1,...,zxN
(no inner products). We keep track of the solution by its values
u1,...,uy with u; = u(z;), rather than directly by the coefficients

c¢;. Thus this is conceptually like the finite difference method. It is
much easier to incorporate nonlinear terms than with Galerkin.

2 Finite Element Methods

For finite element methods we need a Hilbert Space. This is a complete
vector space which has an inner product and a countable basis.
To start, we will focus on the two-point boundary value problem

—u’(z) = f(x) Vze(0,1)
u(0) =0 (1)
u'(1) =0

Given a continuous f, the solution is easy to find:
u(z) =F(z)+mz+b

where F”(z) = f(z) and the integration constants m and b are chosen to
satisfy the boundary conditions. We say that u is a classical solution if u
has two derivatives, if «” is continuous on (0,1) and if the boundary value
problem is satisfied. We would like to define a weaker type of solution, one
which is based on a variational formulation. (Because the problem is exactly
solvable all of this may feel a little pointless. But the point is: we will be
studying a simple case using methods that generalise to harder problems.)

To understand how we might formulate a weak solution, assume that u
is a classical solution and v is a continuous function whose first derivative
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v’ is continuous on (0,1). Then
1 1
/0 f@)v(x) de = —/0 u'(z)v(x) dx
1
= /0 o (z)v' (x) de — o' (1)v(1) + o/ (0)v(0)
1
= /0 o (z)v' (z) dz + 4/ (0)v(0)

Above, we used that «/(1) = 0. This calculation helps us in choosing what
Hilbert Space we will look in for our solution. Specifically, we choose the
Hilbert space

V = {v(z) real-valued functions on R

/01 v(x)? dr < oo,/o1 v (2)? do < oo, v(0) = 0} (2)

We then define a weak solution as: if f € L%([0,1]) then u is a weak solution
of the boundary value problem (1) if u € V and [u/'v' = [ fvforallv e V.

Before proceeding, we ask if the Hilbert space V' makes sense. It’s a
subspace of H'([0,1]) which is a Hilbert space. And so it will be a Hilbert
space in its own right. The only thing to worry about is whether it makes
sense to specify the value of v at a point. If all we knew about a function,
v, was that [ v? < oo then it would not make sense to ask what v equals at
a particular point. However, it turns out that if [ v"? < oo then this forces
v to be continuous on [0, 1]. And so it does make sense to talk about the
value of v at a point. Note that the space V has one of the two boundary
conditions built in to it. And so if u € V' it automatically satisfies u(0) = 0.
A natural question is whether or not we know that /(1) = 0. (Note: if all
we know is that [ u? < oo then we can’t know pointwise information like
u/'(1) = 0. But if we happen to know that v’ is continuous then we would
hope that /(1) = 0 follows somehow.)

Now that we’re satisfied with the definition of V' we ask whether

1 1
/0 u'(z)v'(z) doe = /0 f(@)v(x) dx, VoeV

makes sense. Specifically, we need that each of these integrals is finite. This
follows via the Schwartz inequality:

< \//01 F@)? da:\//olv(m)2 do < 0,

/01 f@x)v(x) dz
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where we used that f € L?([0,1]) and that v € V. Similarly,

. ¢ [ wtor W R

where we used that u,v € V.

Now that we’re satisfied with our definition of weak solution, we ask the
natural question: “If u is smooth and is a weak solution does this imply u
is a classical solution?” The answer is “yes”. (If the answer were “no” then
we’d really have to question our definition of weak solution.) Before proving
this, we introduce some notation:

/O 1 o (2 (z) da

1 1
a(u,v) ::/ o () (z) do (f,v) ::/ f(x)v(x) dx
0 0
Theorem Assume f and u” are continuous on [0,1]. Let the space V be
as defined in (2). If u € V and a(u,v) = (f,v) for allv € V then u is a

classical solution of the boundary value problem (1).

Proof Choose v € V such that ¢’ is continuous on [0, 1]. Then
1 1
/ o' (2)v'(z) dx :/ f(x)v(x) dx
0 0
1 1
— / o (2)0(z) dz + ' (1)o(1) — o (0)(0) = / F@)o() dz
0

01 1
— / o (@)o(x) do + ' (Do) = | F@)o(@) do
0 0
1
= J/(L)o(1) :/0 (f(z) +u"(2)) v(z) dx (3)

The identity (3) holds for any v € V that has a continuous first deriva-
tive. We now show that this implies that the continuous function f + u” is
identically zero on [0, 1]. Assume that f 4+ «” isn’t identically zero on [0, 1].
Because f + u” is continuous on [0, 1] this would imply we could find an
interval (zg,z1) C [0,1] on which f + u” is positive. (If we can find no such
interval then we can find an interval on which f + u” is strictly negative.)
We use this interval to construct a specific test function

(x — 20)%(z — 1) o <z <11
v(x) = .
0 otherwise
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For this test function, (3) becomes
1 r1
0= /0 (f(z)+u"(z)) v(z) de = /zo (f(z) +u"(z)) v(z)dx >0

which is impossible. (Note: if f + u” were strictly negative on the interval
then the above would have yeilded 0 < 0 which is again impossible.) This
proves that —u”(x) = f(z) at all points in [0,1]. As a result, identity (3)
reduces to

' (1)wv(1) =0

for any v € V that has a continuous first derivative. For example, it holds
for v(z) = z resulting in u/(1)v(1) = «/(1) = 0. There was nothing really
special about this choice — any v € V which has continuous first derivative
(so that (3) applies) and has v(1) # 0 would have resulted in /(1) = 0.
This finishes the proof.

We now have a weak formulation that we are happy with:
ueV, a(u,v) = (f,v) YveV (4)

Another way to understand this would be
1
ueV, / ' (z)V (z) — f(x)v(x)de =0 YoveV
0

which is the same thing as looking at the first variation in V' of the quantity

Finally, we note that a(u,v) is actually an inner product on V. To be
an inner product we need to check the following

1. a(u,v) = a(v,u) VYu,v € V. This holds automatically because u and
v are real-valued functions.

2. a(u,v + w) = a(u,v) + a(v +w) VYu,v,w € V. This holds because
(v+w) =v +w'.

3. a(Au,v) = da(u,v) VYu,v € V,VA € R. This holds because you can
pull constants out of integrals.

4. a(u,u) >0 Yu € V This holds because u?(x) > 0 for all x.
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5. a(u,u) =0 <= w = 0. It’s clear that v = 0 implies a(u,u) = 0.
We can rigorously prove the other direction as well. Here is a nearly-
rigorous proof of why a(u,u) = 0 implies u = 0. Fix x € [0, 1]. Then

uo) =0+ [ = = [ )y

Applying the Schwartz inequality, for 2 € (0, 1]

/OI u'(y) dy‘ < \/5\//096(1&’(9))2 dy < /a(u,u).

And so a(u,u) = 0 implies u = 0 pointwise.

ju(@)| <

2.1 The Ritz-Galerkin Approximation Problem

We seek approximate solutions of (4). We do this via subspaces of V. That
is, we will consider a family of subspaces --- C V,, C V41 C --- C V and in
each subspace we will find and solve an approximate problem, resulting in
a solution u,. The goal is to choose the subspaces in a smart way, one that
allows us to show that u, converges to something, call it u, as n — oo and
that the limit u is a weak solution in the sense (4).

Given a subspace V,, C V, The Ritz-Galerkin approximation problem is

Up € Vp, a(u,v) = (f,v) YveV, (5)

If V,, is a finite-dimensional subspace then there will always be a solution
uy, and it will be unique:

Theorem Assume V,, is an n-dimensional subspace of V and f € L?([0,1]).
Then the Ritz-Galerkin approzimation problem (5) has a unique solution u, .

Proof: Let {¢;} be a basis of V,. First of all, if v € V}, then
n n
v=> Vi = a(un,v) = (f,v) <= > Vjyalun,¢;) => Vi(f, ;)
j=1 j=1 j=1

as a result, it suffices to find u,, € V,, such that

a(un, ¢j) = (f,¢5), V1<j<n.
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We seek Uy, Us, ... U, such that

n

up =Y Ui = alun,&j) = (f,¢5) < Y Uialdi,¢j) = (f,¢;)
j=1

i=1
This is a linear algebra problem. If

. Ul . <f7 ¢1>
U: 5 F = 5 Kij:a(qﬁi,gbj)
Un (f, dn)
then we seek a solution U of

UK =FT

There will be a unique solution if and only if the null space contains only
the zero vector. That is, we need to show

— —

VIK =0T — V =0.
We see this as follows:

VIK=0" )
a(v,v) =0 where v =) V;¢;
v(z) =0 VYazel01]

Ll

In the last step, we used that {¢;} is a basis and therefore the only way a
linear combination of ¢;s can equal zero is if each coefficient equals zero.

This shows that the null space is trivial which implies there exists a
unique solution u,, as desired. This finishes the proof.

The proof is helpful in that it shows us how to solve for u,, once we have
a basis for the subspace V,,.

2.1.1 A piecewise linear basis

We now consider a collection of functions which we hope can become a basis
for V. Fix a set of n + 1 points in [0, 1] such that

O=zxp <1 < - <xp_1 <zp = 1.

V1<j<n.
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We call these points “nodes”. Using these nodes, we create n piecewise

linear functions ¢;. First, let dz; := z; —x;_1 for 1 < j < n. Then for
1<j<n-1
1
o (@ —xj1) Tj1 < x <
_ -1
¢j(*) =\ Ty (@ — i) Tj <T S Tjg
0 otherwise
and
7= (z — n1) Tpo1 <z < ap
Pn(z) = " . :
0 otherwise

Each ¢; is 1 at x = z;. Also, note that each ¢; is zero at z = 0 and that ¢,
is nonzero at x = 1. Clearly, if a linear combination of the ¢;s is zero then
each coefficient must be zero, proving linear independence.

Z Cquz(.l‘) =0 Ve [0, 1]
=1

— ) Cigilr;) = Cj(z;) =0  V1<j<n
=1

—— CjZO Vlf]fn

We'’d like to show that as we add more and more nodes that the set expands
to become (in the limit) a basis for V. We will address this later.

We take V,, := span{¢;}. Rather than starting with a subspace and
finding a basis for it, we start with a set of linearly independent functions
and take their span to be the subspace V,.

To solve the Ritz-Galerkin approximation problem, we need the matrix
K and the vector F. Because the elements ¢; are piecewise linear, their
derivatives are piecewise constant which makes it easy to compute K;; =
a(¢i, ¢;). For 1 <i<n

and
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Figure 1: The eleven nodes are uniformly spaced in [0, 1] with dz = 1/10.
Left plot: the first three basis functions, ¢1, ¢2, ¢3 are plotted along with
the last basis function, ¢19. Right plot: We take f(z) = cos(3mx). We solve
the Ritz-Galerkin approximation problem and construct wig. Plotted here
is the absolute value of the error, sampled at 101 points.

2.1.2 Let’s compute!

I take f(x) = cos(3mz), yielding the exact solution

u(x) = )

I use maple to compute (f, ¢;). Maple can do this — it’s just integration by
parts. This produces a long, nasty formula that I then cut and paste into
my matlab program. I take the nodes to be uniformly spaced (dz; = 1/n)
resulting in

cos(3mx) — 9.2
T

(f,05) = cos(mjdx) (cos(mdx) — 1)

© 9dan?
- (1 4 2 cos(wdx))? (=34 4cos(7rjda:)2) Vi<j<n-1

(fsén) = 977%.[3; (cos(mdz) — 1) (1 + 2 cos(mdzx))?

I solve the system UTK =FT and use U to construct
n
un(2) =) _Uj ¢;(2).
j=1

I find that if I evaluate the error u — u, at the nodes x; then I get zero to
machine precision. And so to evaluate the error elsewhere, I need to sample
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uy and u away from the nodes. Between each node, I sample at 9 equally
spaced points. In the right plot of Figure 1, I present the absolute value of
the error as a function of x. Its largest value (the L* norm) is approximately
1.2e-2.

I then test the scheme for convergence by doing seven runs. The first
run has 11 nodes with uniform spacing dx = 1/10. The left plot of Figure
1 shows some of the basis functions. The second run has 21 nodes with
uniform spacing dz = 1/20 and so on. The spacing decreases by a factor of
two in each subsequent run. To measure the error, I sample on a uniform
mesh with meshwidth dz/10. I compute the L> norm of the error as well
as the L? error.

number of nodes ||err||f |lerr|[z2 ratio of L? errors

11 1.2e-3 6.3e-4 3.9421
21 3.1e-4 1.6e-4 3.9855
41 7.8e-5 4.0e-5 3.9964
81 2.0e-5 1.0e-5 3.9991
161 4.9e-6 2.5e-6 3.9998
321 1.2e-6 6.3e-7 3.9999
641 3.1e-7 1.7e-7

We see that the L? norm of the error is decreasing by powers of 4. In fact,
so is the L*° norm.

I now consider a non-uniform distribution of nodes. I do this by parametriz-
ing the interval [0,1] via x(s) where 2(0) = 0 and z(1) = 1 and 2/(s) > 0
(nonconstant). Specifically, I take

2(s) = s+ (% - ﬁ) sin(27s) (6)

and then sample uniformly in s to produce nodes x;. I chose this function
because 2’ varies by a factor of 30. I start with 11 nodes, chosen by taking
11 equally spaced points s; in [0,1] and applying the mapping (6). In the
left plot of Figure 2, I show some of the basis functions for the case of 11
non-uniformly spaced nodes. The distance between nodes is greatest near
x = 0and x = 1 and is smallest near x = 1/2. In the right plot of Figure 2, 1
present the pointwise error. Note that the error is larger between the nodes
that are further apart than between the nodes that are closer together. This
is somewhat intuitive in that the function f(z) = cos(3wx) isn’t especially
different near z = 1/2 than near x = 0 and z = 1. You could imagine that
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Figure 2: The eleven nodes are nonuniformly spaced in [0,1] by taking
the parametrization (6) with ds = 1/10. Left plot: the odd-indexed basis
functions, ¢1,...¢9. Right plot: As before, we take f(z) = cos(3wx). We
solve the Ritz-Galerkin approximation problem and construct wig. Plotted
here is the absolute value of the error, sampled at 101 points. Note that the
error is smaller where the spatial resolution is finer.

if f had finer structure near x = 1/2 than near z = 0 and = = 1 then this
might cause the errors near = 1/2 to be comparable to, or larger than,
the errors near x = 0 and x = 1.

Again, the errors decrease by a factor of 4 when I refine the mesh by
factors of 2.

min(dx) max(dx) |lerr||~ |lerr|[y2 ratio of L? errors

1.2e-2 1.9e-1 2.7e-3 2.2e-3 3.6970
3.9e-3 9.6e-2 1.0e-3 5.8e-4 3.9402
1.7e-3 4.8e-2 2.8e-4 1.5e-4 3.9849
8.0e-4 2.4e-2 7.3e-5 3.7e-5 3.9962
3.9e-4 1.2e-2 1.8e-5 9.2e-6 3.9991
2.0e-4 6.1e-3 4.5e-6 2.3e-6 3.9998

9.8e-5 3.0e-3 1.1e-6 5.7e-7




