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1 Conservative schemes in action

We consider the conservation law ut+(1/2 u2)x = 0 with initial data u0(x) =
(1 − tanh(3x))/2 on [−π, π]. This is a monotonic profile that is very close
to 1 at x = −π and very close to 0 at x = π.

We compute solutions using the three schemes presented in the March
6 notes: the nonlinear analogues of the explicit upwind scheme, the Lax-
Friedrichs scheme, and the Lax-Wendroff scheme. We have certain expec-
tations from how these schemes perform for the linear advection equation:
we expect the schemes inspired by the explicit upwind and Lax-Friedrichs
schemes to be dissipative and the scheme inspired by the Lax-Wendroff
scheme to be dispersive.

In the left plot of Figure 1, you see the initial data, along with the three
approximate solutions at time t = 4. All three of the appoximate solutions
are markedly steeper than they were at time t = 0. In the right plot of Figure
1, you see a close-up of the “shock region”. As expected, the Lax-Wendroff
solution has dispersive ripples behind the advancing front while both the
explicit upwind and Lax-Friedrichs solution have monotonic profiles. The
Lax-Wendroff solution has markedly more smoothing of the “shock region”.

Because the schemes all have numerical dissipation or numerical disper-
sion, the approximate solutions will never actually shock. The slopes in the
“shock region” are steep and become steeper the smaller h and k are. How-
ever, they cannot go to −∞ in finite time (the solution cannot shock). That
said, we want to know if these shock regions are moving with the desired
speed. To test this, at each moment in time tn, for each profile we find a
point ξ(t) at which the approximate solution equals 1/2. In figure 2 we plot
these points in the x-t plane, one curve for each of the three computed so-
lutions. On the large scale, shown in the left plot, the three shocks coincide
and appear to have the correct speed — the curves start at (0, 0) and end
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Figure 1: The solutions are computed on [−π, π] with time-step k = 4/300
and space-step h = π/100. In both plots: solid line: explicit upwind; dashed
line: Lax-Friedrichs; dot-dash line: Lax-Wendroff. Left plot: the solid line
to the left of the others is the initial data. The other three curves represent
the approximate solutions at time t = 4. Right plot: a close-up near the
“shock region”.

at (2, 4) which is consistent with the exact solution whose shock moves with
speed ξ′(t) = 1/2. On the small scale, shown in the right plot, we see that
the for the explicit upwind scheme and the Lax-Wendroff schem the speed of
ξ(t) is slightly oscillatory relative to the Lax-Friedrichs sheme. On averge,
however, there is no great effect — if we approximate ξ′(t) and ask for the
average over the time-window [2, 4] then the explicit upwind scheme has an
average speed of 0.49979, the Lax-Friedrichs scheme has an average speed
of 0.50022, and the Lax-Wendroff scheme has an average speed of 0.49995.

2 A Second Cautionary Tale

We now consider the explicit upwind scheme. We take two choices for initial
data:

u0(x) =











−1 if x < 0

0 if x = 0

1 if x > 0

, v0(x) =

{

−1 if x ≤ 0

1 if x > 0
,
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Figure 2: At a given time tn we find j so that un
j−2, u

n
j−1, u

n
j ≥ 1/2 and

un
j+1, u

n
j+2, u

n
j+3 < 1/2. We then do spline interpolation based on these six

points on the graph (xj−2, u
n
j−2), . . . (xj+3, u

n
j+3). We then use the inter-

polating polynomial to find the location ξ(tn) at which the interpolating
polynomial equals 1/2. We do this for the three approximate solutions,
computed by the three schemes. As before, in both plots: solid line: explicit
upwind; dashed line: Lax-Friedrichs; dot-dash line: Lax-Wendroff. Left
plot: we plot (ξ(t), t) for the three solutions. Right plot: a close-up of the
left plot.

When choosing the discretization for this initial data, I made sure that there
was a mesh-point at x = 0 so that

u0
j =











−1 if j < 0

0 if j = 0

1 if j > 0

, v0
j =

{

−1 if j ≤ 0

1 if j > 0
. (1)

If I had not done this then the initial data for the approximate scheme
would have been indistinguishable from one another. In the left plot of
Figure 3 I present the approximate solution u at a sequence of times t =
0, 1/4, 2/4, . . . 8/4. We see that the jump discontinuity instantaneously re-
placed by a continuous function and that as time passes the slope at x = 0
is a positive decreasing function. In fact, v is a rarefaction wave which is
something we’ll study shortly. In the right plot of 3 we present the solutions
u and v both at time t = 1. Interestingly, we see that v hasn’t changed:
vn
j = v0

j for all n and all j. This is striking because v0(x) and u0(x) agree
at all points except at x = 0. Indeed, the value at x = 0 has a massive
effect on the resulting solution. Both u and v are valid weak solutions of
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ut + (1/2u2)x = 0. However, as we will learn u is the physically desirable
one: it satisfies the “entropy condition”.
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Figure 3: Solutions of ut + (1/2u2)x = 0 using the initial data (1). The
explicit upwind scheme is used with h = π/100 and k = 1/100. Left plot:
the approximate solution u is shown at times t = 0, 1/4, 2/4, . . . 8/4. As
time passes the central region expands and the derivative at x = 0 decreases.
Right plot: the approximate solution u (solid) and v (dashed) are shown at
time t = 1. The solution v is stationary — it equals the initial data. The
solution u has had its central region expand as shown in the plot to the left.

Finally, we note that the initial data v0
j is not consistent with cell aver-

ages. Given v(x), the average value over any interval centered at x = 0 is
0, not 1. In general, if the initial data has a jump in it we need to put a
meshpoint at the jump and use the value (uL + uR)/2 in the initial data at
that point.

3 The Lax-Wendroff Theorem

In the January 24 notes, we proved that the finite-difference explicit Euler
timestepping scheme converges to a solution. There, we had a consistent,
stable scheme which implied that it was convergent. The proof relied on
having sufficiently smooth solutions that one could use Taylor expansions to
control errors. And all the errors were measured in the L∞ norm — a norm
which is sensitive to pointwise information (when function are continuous).
Also, one of the outcomes of the proof was a convergence rate — we learnt
that if we chose a refinement path in which we divided h by 2 and k by 4 at
each step then the errors would decrease by a factor of 4.

The proof of the Lax-Wendroff theorem is markedly different. First of
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all, it requires more advanced mathematics than Calculus. It needs that
the sequence of discrete solutions is convergent to start with — convergence
isn’t an outcome. And frustratingly, it does not provide convergence rates.

3.1 Preliminaries from Real Analysis

You can find most of this stuff in any Real Analysis book. Here, I refer
to 3rd edition of Royden’s Real Analysis and to Kolmogorov & Fomin’s
Introductory Real Analysis) when needed.

First of all, we need some mechanism to go from values on a grid hlZ×klN

to a function defined on R × [0,∞) and vice versa. Given a collection of
values on the grid hlZ × klN

{un
j }

∞,∞
n=0,j=−∞

we use these to construct a piecewise constant function on R × [0,∞) as
follows:

round(x/hl) = j, ⌊t/kl⌋ = n =⇒ u(x, t) = un
k

That is, u is constant on each rectangle [xj−1/2, xj+1/2)× [tn, tn+1) where it
equals un

j . Similarly, given φ defined on R× [0,∞) we can define a piecewise
constant function on R × [0,∞) via

round(x/hl) = j, ⌊t/kl⌋ = n =⇒ φl(x, t) = φ(xj , tn).

That is, φl is constructed from the samples of φ on the grid hlZ × klN.

The definition of weak solution involves “test functions” — we denote the
set of all such functions C∞

0 (R× [0,∞)). A function φ is in C∞

0 (R× [0,∞))
if φ has compact support in R × [0,∞) (it is zero outside of a closed and
bounded subset of R× [0,∞)) and all of φ’s partial derivatives exist and are
continuous on R × (0,∞).

We need to define L1
loc(R × [0,∞)). A function f is in L1

loc
if for every

compact set K we have

∫∫

K
|f(x, t)| dxdt < ∞.

This is a useful space of functions for various reasons. One of which is that a
function like f(x, t) = tanh(x−at) which isn’t in L1(R×[0,∞)) is in L1

loc
(R×

[0,∞)). Even though it doesn’t tend to zero at infinity, it’s integrable if
you only integrate over closed, bounded sets. Also, the definition of weak
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solution
∫

R

∫

∞

0
u(x, t) φt(x, t) dx dt +

∫

R

∫

∞

0
f(u(x, t)) φx(x, t) dx dt (2)

= −

∫

R

u0(x) φ(x, 0) dx

involves integrating u and f(u) against a functions which have compact
support. Because the integrands have products which include φt and φx the
integral isn’t over R × [0,∞) it’s over a compact set. As a result, for the
first integral in (2) to make sense we need

∫

R

∫

∞

0
|u(x, t) φt(x, t)| dtdx < ∞

This follows immediately if φ is nice enough that its time derivative is
bounded (which it is):

∫

R

∫

∞

0
|u(x, t) φt(x, t)| dtdx =

∫∫

supp{φ}
|u(x, t) φt(x, t)| dtdx

≤ ||φt||L∞

∫∫

supp{φ}
|u(x, t)| dtdx < ∞

In the last step we used that u is in L1
loc

. Also, if f is Lipschitz then f(u)
is also in L1

loc
. (To see why f must be Lipschitz if the scheme is consistent

just take u = v in (4).) As a result, the second integral in (2) makes sense.

One thing we’ll need is the following fact about products of convergent
sequences. Assume that fl converges to f in L1 (or in L1

loc
.) and gl converges

to g in L∞. This implies that fngn converges to fg in L1 (or in L1
loc

.)
This follows from the triangle inequality and from ||fg||L1 ≤ ||f ||L1 ||g||L∞ .
Specifically:

||flgl − fg||L1 ≤ ||flgl − flg||L1 + ||flg − fg||L1

≤ ||fl||L1 ||gl − g||L∞ + ||g||L∞ ||fl − f ||L1

≤ C||gl − g||L∞ + C||fl − f ||L1

Since the right-hand side goes to zero as l → ∞ we see that flgl converges
to fg. In the last step above, I used the fact that a convergent sequence is
a bounded sequence.

Finally, we need to understand some stuff about bounded variation. First
of all, fix an interval [a, b] ⊂ R. Let a = x0 < x2 < · · · < xi < · · · < xN = b
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be any collection of N + 1 points in [a, b] then f is of bounded variation on
[a, b] if

TV b
a (f) = sup

N
∑

i=1

|f(xi) − f(xi−1)| < ∞

The supremum is taken over all collections of N + 1 points and over all
N ≥ 1. (All pairs of points, all triplets of points, etc.) Functions of bounded
variation are reasonably nice — for example, if u if of bounded variation on
[a, b] then f ′(x) exists for almost all x ∈ [a, b] (Corollary 6, page 104 of
Royden).

Strange as it may seem, just because a function has a derivative almost
everywhere this doesn’t mean that it will satisfy the fundamental theorem
of Calculus. There are functions which have bounded variation on [a, b] for
which

f(x1) = f(x0) +

∫ x1

x0

f ′(s) ds (3)

does not hold. We’ll need something like this in the proof of the Lax-
Wendroff theorem. Fortunately, the fundamental theorem of calculus does
hold for absolutely continuous functions and it turns out that functions
of bounded variation can be well approximated by absolutely continuous
functions. So things are okay after all.

A real-valued function f defined on [a, b] is absolutely continuous on [a, b]
if given ǫ > 0 there exists a δ > 0 such that

N
∑

i=1

|f(x′

i) − f(xi)| < ǫ

for every finite collection {(xi, x
′

i)} of nonoverlapping intervals whose total
length is less than δ

N
∑

i=1

|x′

i − xi| < δ

Absolutely continuous functions satisfy (3) for all x0, x1 ∈ [a, b]. (Corollary
15, page 110 of Royden.)

Finally, we need:

Lemma: If f has bounded variation on [a, b] then there is a sequence of
functions {fn} that are absolutely continuous, that converge pointwise al-
most everywhere to f , and satisfy

TVb
a(fn) ≤ TVb

a(f)
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Proof: Because f has bounded variation on [a, b] it is discontinuous at at
most countably many points in [a, b]. (Problem 7, page 104 of Royden.) And
so we can choose D a countable dense subset of [a, b] that doesn’t include
any of these points of discontinuity. We add the endpoints a and b to D, if
needed. From D we construct finite nested subsets

Dn = {xn
k}

n
k=0 , such that a = xn

0 < · · · < xn
i < · · · < xn

n = b

and Dn ⊂ Dn+1 for all n ∈ N and ∪nDn = D. For each n let fn be
the piecewise linear function that interpolates the points {(xn

i , f(xn
i ))}. By

construction, fn is absolutely continuous and there is a upper bound on its
total variation:

TVb
a(fn) ≤ TVb

a(f).

This upper bound is independent of n. Also, because f has bounded varia-
tion, f is bounded on [a, b]. As a result each function fn is bounded on [a, b]
and we have a upper bound

||fn||L∞([a,b]) ≤ ||f ||L∞([a,b]).

This upper bound is also independent of n. These n-independent upper
bounds on the functions and on their total variation allows us to apply
Helly’s selection theorem (Theorem 5, page 372, Kolmogorov & Fomin).
This tells us there is a subsequence, call it {fnk

}, which converges pointwise
to some function, f̃ , and TVb

a(f̃) ≤ TVb
a(f). By construction, f̃ and f agree

on the set D. Because D is dense in the set of points of continuity of f ,
it follows that f and f̃ agree at all points of continuity of f . Therefore
they agree almost everywhere and therefore we have a sequence {fnk

} that
converges pointwise to f almost everywhere in [a, b]. This finishes the proof.

3.2 Statement and Proof of the Lax-Wendroff theorem

The scheme

un+1
j = un

j −
k

h

(

F (un
j , un

j+1) − F (un
j−1, u

n
j )

)

is conservative, by construction. It is consistent if: 1) F (u, u) = f(u) for all
u ∈ R, and 2) For each u ∈ R there is a constant K ≥ 0 (which may depend
on u) such that

|F (u, v) − F (u, u)| ≤ K max{|u − u|, |v − u|} (4)
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We’re now ready to state and prove the Lax-Wendroff theorem.

Lax-Wendroff Theorem Consider a sequence of grids indexed by l =
1, 2, . . . with mesh parameters hl, kl → 0 as l → ∞. Each fixed pair hl

and kl generates a collection of grid values {un
j } using the consistent and

conservative scheme on the lth grid. For each l let Ul(x, t) be the piecewise

constant function on R× [0,∞) created from these grid values. Assume that

Ul converges to a function u in L1
loc

(R × [0,∞)) and that for each T > 0
there is some R which may depend on T but not on l such that

TVb
a(Ul(·, t)) ≤ R, ∀ l, ∀ 0 ≤ t ≤ T, ∀ a < b.

Then u is a weak solution — it satisfies
∫

R

∫

∞

0
u(x, t) φt(x, t) + f(u(x, t)) φx(x, t) dx dt = −

∫

R

u0(x) φ(x, 0) dx

for all φ ∈ C∞

0 (R × [0,∞)).

Proof: Fix a test function φ. It is zero outside some compact set. And
so there is a T > 0 and a L > 0 such that φ(x, t) = 0 for all t ≥ T and
all |x| ≥ L. Note that φ need not vanish at t = 0. (Indeed, if all the
test functions vanished at t = 0 then the weak solution definition would be
independent of the initial data u0. In order to know that the initial data is
achieved we need test functions that don’t vanish at t = 0.)

Fix the index l and for the moment we write h instead of hl and k instead
of kl. We know

un+1
j − un

j = −
k

h

(

F (un
j , un

j+1) − F (un
j−1, u

n
j )

)

and so

φ(xj , tn)
(

un+1
j − un

j

)

= −
k

h
φ(xj , tn)

(

F (un
j , un

j+1) − F (un
j−1, u

n
j )

)

We now sum in n and j. Because φ has compact support, we need only
sum over −N ≤ j ≤ N where N = ⌈L/h⌉ and over 0 ≤ n ≤ M where
M = ⌈T/k⌉.

N
∑

j=−N

M
∑

n=0

φ(xj , tn)
(

un+1
j − un

j

)

= −
k

h

N
∑

j=−N

M
∑

n=0

φ(xj , tn)
(

F (un
j , un

j+1) − F (un
j−1, u

n
j )

)
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We now do summation by parts (the analogue of integration by parts). In
general,

M
∑

n=0

an(bn+1 − bn) =

M
∑

n=0

anbn+1 −

M
∑

n=0

anbn =

M+1
∑

n=1

an−1bn −

M
∑

n=0

anbn

= aMbM+1 −
M
∑

n=1

(an − an−1)bn − a0b0

This results in

−
N

∑

j=−N

M
∑

n=1

un
j (φ(xj , tn) − φ(xj , tn−1)) −

N
∑

j=−N

u0
j φ(xj , 0)

=
k

h

N
∑

j=−N

M
∑

n=0

F (un
j , un

j+1)
(

φ(xj , tn) − φ(xj−1, tn)
)

Notice that all the boundary terms vanished except for the one at t = 0. I
now multiply by h, resulting in

− hk

N
∑

j=−N

M
∑

n=1

un
j

φ(xj , tn) − φ(xj , tn−1)

k
− h

N
∑

j=−N

u0
jφ(xj , 0)

= hk

N
∑

j=−N

M
∑

n=0

F (un
j , un

j+1)
φ(xj , tn) − φ(xj−1, tn)

h

We now write these sums as integrals where the integrands involve the piece-
wise constant functions U l(x, t) and φl(x, t). Specifically, we have

−

∫ T

0

∫ L

−L
U l(x, t)

φl(x, t) − φl(x, t − kl)

kl
dxdt −

∫ L

−L
U l(x, 0)φl(x, 0) dx

=

∫ T

0

∫ L

−L
F (U l(x, t), U l(x + hl, t))

φl(x, t) − φl(x − hl, t)

hl
dxdt

We now want to take l → ∞ and see what each of these integrals con-
verges to. First of all, we know that U l → u in L1

loc
and because φ is smooth

and compactly supported we have

φl(x, t) − φl(x, t − kl)

kl
→ φt(x, t) in L∞
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For this reason,

∫ T

0

∫ L

−L
U l(x, t)

φl(x, t) − φl(x, t − kl)

kl
dxdt →

∫ T

0

∫ L

−L
u(x, t) φt(x, t) dxdt

as l → ∞. Similarly,

∫ L

−L
U l(x, 0)φl(x, 0) dx →

∫ L

−L
u(x, 0)φ(x, 0) dx

as l → ∞.
So far we haven’t used that our scheme is consistent. And we haven’t

used anything about the total variation of U l. These will be needed to show
that

∫ T

0

∫ L

−L
F (U l(x, t), U l(x + hl, t))

φl(x, t) − φl(x − hl, t)

hl
dxdt

→

∫ T

0

∫ L

−L
f(u(x, t)) φx(x, t) dxdt

Again, because φ is smooth and compactly supported we have

φl(x, t) − φl(x − hl, t)

hl
→ φx(x, t) in L∞

and so we need to show that

F (U l(x, t), U l(x + hl, t)) → f(u(x, t)) in L1
loc

Because the scheme is consistent,

|F (U l(x, t), U l(x + hl, t)) − f(u(x, t))|

≤ K max{|U l(x, t) − u(x, t)|, |U l(x + hl, t) − u(x, t)|}

≤ K max{|U l(x, t) − u(x, t)|, |U l(x + hl, t) − U l(x, t)| + |U l(x, t) − u(x, t)|}

= K
(

|U l(x + hl, t) − U l(x, t)| + |U l(x, t) − u(x, t)|
)

And so,

∫ T

0

∫ L

−L
|F (U l(x, t), U l(x + hl, t)) − f(u(x, t))| dxdt

≤ K

∫ T

0

∫ L

−L
|U l(x + hl, t) − U l(x, t)| dxdt + K

∫ T

0

∫ L

−L
|U l(x, t) − u(x, t)| dxdt

(5)
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We know that U l → u in L1
loc

and so the second integral in the right-hand
side of (5) goes to zero as l → ∞. And so all we need to do is show that the
first integral on the right-hand side of (5)

∫ T

0

∫ L

−L
|U l(x + hl, t) − U l(x, t)| dxdt → 0

as l → ∞. For this, we use the total variation. We know there is an R such
that

TVL
−L(U l(·, t)) ≤ R for all t ≤ T

If U l is absolutely continuous in x then

U l(x + hl, t) − U l(x, t) =

∫ hl

0
U l

x(x + s, t) ds.

(Corollary 15 on page 110 of Royden.) And so

∫ L

−L
|U l(x + hl, t) − U l(x, t)| dx =

∫ L

−L

∣

∣

∣

∣

∫ hl

0
U l

x(x + s, t) ds

∣

∣

∣

∣

dx

≤

∫ L

−L

∫ hl

0
|U l

x(x + s, t)| ds dx

=

∫ hl

0

∫ L

−L
|U l

x(x + s, t)| dx ds

=

∫ hl

0
TVL

−L(U l(·, t)) ds

= hl TVL
−L(U l(·, t)) ≤ hl R (6)

(The step where we replace the integral of |U l
x| with the total variation of

U l is exercise 13 in Royden.) And therefore

∫ T

0

∫ L

−L
|U l(x + hl, t) − U l(x, t)| dxdt ≤ hl R T. (7)

Since hlRT → 0 as l → ∞ this shows that the first integral on the right-hand
side of (5) goes to zero, as desired.

And so, we would be done if we knew that U l were absolutely continuous
in x. But we don’t know this. We see that we don’t need the fundamental
theorem of calculus to hold for U l — what we need is to show that inequality
(6) holds if U l(·, t) has bounded variation on [−L,L]. By the lemma we know
that we can find a sequence of absolutely continuous functions fn(x) that
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converge pointwise almost everywhere in [−L,L] to U l(x, t). By bound (6)
we know

∫ L

−L
|fn(x + hl) − fn(x)| ≤ hlR.

If we could take n → ∞ in this inequality, we would get

∫ L

−L
|U l(x + hl, t) − U l(x, t)| ≤ hlR.

Integrating in time would then lead to (7) and we’d be done. Are we allowed
to take this limit? Yes, by the Lebesgue Dominated Convergence theorem
(Theorem 1, page 303, Kolmogorov & Fomin). NB: the Lebesgue Dominated
Convergence theorem requires that U l(·, t) and {fn} be in L1([−L,L]) and
that there be an n-independent upper bound for their L1 norms. These
things follow from the lemma and found the bounded variation.

This finishes the proof.


