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1 OwnershipThese notes are built upon those of Rob Almgren who taught an analogous
ourse in 2003. Whatever you learn of value from them is due to him. Allmistakes and sour
es of 
onfusion are to be blamed on me.
2 Rigorous convergence for heat equationWe have two purposes in doing this: First, it is interesting to know thatit is possible to prove 
onvergen
e rigorously, at least for a simple problemand under the assumption that all fun
tions are very smooth. Se
ond, themethod of proof illustrates the fundamental interplay of 
onsisten
y andstability: If you make only a small error on ea
h step, and the errors don'tamplify, then the �nal error is small.We 
onsider the heat equation

ut = Duxx on −∞ < x < ∞, t > 0,with initial 
ondition u(x, 0) = u0(x). Let v(x, t) denote the true solutionto this problem. (Please suspend your disbelief on why I'm 
alling the truesolution v rather than u.)We 
onsider only very smooth initial data; spe
i�
ally we suppose thatthe fun
tion u0(x) has globally bounded 4th derivative.There is M < ∞ so that ∣∣u(4)

0
(x)

∣∣ ≤ M for all −∞ < x < ∞.The maximum prin
iple then guarantees us that the 4th x-derivative of
v(x, t) is bounded for all t > 0:

∣∣v(4)(x, t)
∣∣ =

∣∣vxxxx(x, t)
∣∣ ≤ M for all x and all t ≥ 0.1
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ause v's being a solution of ut = Duxx implies that v(4) is alsoa solution of ut = Duxx. And it's bounded by its initial data |v
(4)

0
| by themaximum prin
iple. Furthermore, sin
e

vtt =
(
vt

)
t

=
(
Dvxx

)
t

= D
(
vt

)
xx

= D
(
Dvxx

)
xx

= D2vxxxx,we also have the bound
∣∣vtt(x, t)

∣∣ ≤ MD2 for all x and all t ≥ 0.Now introdu
e a grid with spa
e step h and time step k, and write
vn

j = v(jh, nk) for samples of the true 
ontinuous solution on the grid. Aspart of proving 
onsisten
e, we used the lo
al asymptoti
 expression
1

k

(
vn+1

j − vn
j

)
∼ vt(jh, nk) + 1

2
kvtt(jh, nk) + O

(
k2

)
, k → 0.This means that there is some K > 0 su
h that

∣∣∣∣
1

k

(
vn+1

j − vn
j

)
− vt(jh, nk)

∣∣∣∣ ≤ k ||vtt||∞for all j, n, h and all k < K. (See the explanation why at the end of thisse
tion.) But sin
e we have a global bound on |vtt|, we 
an assert
∣∣∣∣

1

k

(
vn+1

j − vn
j

)
− vt(jh, nk)

∣∣∣∣ ≤ kMD2 (1)for all j, n, h and all k < K. Rather than using asymptoti
 expansions, thisstatement 
an also be proved using the Mean Value Theorem of 
al
ulus. Itis not a parti
ularly surprising 
on
lusion, but I wanted to state it rigorouslyso you know what is involved (the bound on the se
ond t-derivative).Similarly, using the bound on |vxxxx|, we 
an show that there is a H > 0so that
∣∣∣∣

1

h2

(
vn

j−1 − 2vn
j + vn

j+1

)
− vxx(jh, nk)

∣∣∣∣ ≤ h2M (2)for all j, n, k and all h < H.Now let us turn to our dis
rete 
omputation. For any parti
ular valuesof h and k, we de�ne a set of numbers un
j for −∞ < j < ∞ and n ≥ 0 bythe rule

u0
j = u0(jh), for −∞ < j < ∞,
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un+1

j = un
j + λ

(
un

j−1 − 2un
j + un

j+1

)

= (1 − 2λ)un
j + λ

(
un

j−1 + un
j+1

)for −∞ < j < ∞ and n ≥ 0, where
λ =

Dk

h2
.This is the formula we implement in our 
omputer program.We are interested in whether the numbers un

j 
onverge to the true so-lution v(x, t). The rule that generated un
j depends on both h and k. So the�rst thing we have to do is spe
ify a relationship between h and k, so thatwe have a single parameter tending to zero. For this expli
it method, we
hoose h to be given in terms of k as

k = λh2/D =⇒ h =

√
kD

λ
(3)where λ is �xed. For impli
it methods, we 
an 
hoose k = µh, with µ �xed.Sin
e h2 is mu
h smaller than h when h is small, expli
it methods takemu
h smaller time steps, and hen
e take many more steps to 
al
ulate tothe same time t.With this 
hoi
e, the whole set of numbers un

j are determined by only thesingle parameter k. Convergen
e then means the following thing. Pi
k anyparti
ular position and time (x, t). For ea
h value of k and hen
e of h, therewill be a parti
ular pair of indi
es (j∗(k), n∗(k)) so that the 
orrespondinggrid point (j∗h,n∗k) is the 
losest grid point to (x, t). As h, k → 0, this
losest grid point will get 
loser and 
loser to (x, t). We want to show that
u

n∗(k)

j∗(k)
−→ v(x, t) as h → 0, where j∗h → x and n∗k → t.As k → 0, j∗ and n∗ will → ∞, sin
e you need more and more grid pointsto rea
h the same lo
ation in spa
e and time.This de�nition sounds pretty 
ompli
ated. In pra
ti
e, you generallysimplify things by looking only at a restri
ted set of h and k. For example, ifyou want to look at the solution at a �xed time T , you 
hoose the parametersso T = mk, where m is an integer; then you simply look at the mth sli
e vm

jas j varies. As h → 0, also k → 0, and m → ∞ for �xed T . Furthermore,
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t expression for the solution u(x, t), then you evaluatethat expression at all the points (jh, T). That is, you vary the point (x, t)at whi
h you evaluate u as h de
reases. Formally, though, it is more 
orre
tto hold (x, t) �xed and look at a suitable sequen
e of grid values so that
(jh, nk) → (x, t).In fa
t, what we will show is more like the des
ription in the last para-graph. We want to show that as k → 0, un

j → vn
j , for ea
h j and n; thekey point is that this 
onvergen
e must be uniform over all j and over all nwith nk ≤ T for some �xed T . By 
ontrast, if we pi
ked only a single (j, n),then as h, k → 0, the value un

j would 
onverge to the single value v(0, 0)regardless of how well the method was working.We must prove this 
onvergen
e without knowing the exa
t solution
v(x, t) (otherwise we would have no need to 
onstru
t a numeri
al method).The amazing fa
t is that we 
an do this using only the fa
t that v satis�es thePDE, whi
h gives 
onsisten
y, and using the fa
t that the dis
rete s
hemefor u is stable.First, we de�ne the truncation error

ǫn
j = vn+1

j − (1 − 2λ) vn
j − λ

(
vn

j−1 + vn
j+1

)

= k

(
1

k

(
vn+1

j − vn
j

)
−

D

h2

(
vn

j−1 − 2vn
j + vn

j+1

) )This is the amount by whi
h the true solution fails to satisfy the di�eren
eformula. By the analysis above, we know that
∣∣∣ ǫn

j − k
(
vt(jh, nk) − Dvxx(jh, nk)

) ∣∣∣ ≤ k2MD2 + kh2MD(we suppose that h and k are always small enough to use the above results).But sin
e v satis�es the PDE ut = Duxx, this gives
∣∣ǫn

j

∣∣ ≤ k2MD2 + kh2MD (4)Furthermore, sin
e k = λh2/D, we may write this as
∣∣ǫn

j

∣∣ ≤ h2k (λMD + MD) = h2kMD (λ + 1)The important part is that the right side is asymptoti
ally smaller than k:we must make an error per step that is smaller than the time we spend,otherwise we have no hope of the 
umulative error being small.
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ation error and write
vn+1

j = (1 − 2λ) vn
j + λ

(
vn

j−1 + vn
j+1

)
+ ǫn

j .This is the di�eren
e formula we use to generate the un
j , plus a small 
orre
-tion. That is, ǫn

j is the 
orre
tion we should add into the di�eren
e s
hemeat ea
h step to get the exa
t 
orre
t solution. From the 
onsisten
y analysis,we know that this 
orre
tion is uniformly small.Now let us de�ne the actual error

en
j = un

j − vn
j .We have e0

j = 0 for all j, sin
e we took exa
t initial data. And en
j satis�es

en+1
j = un+1

j − vn+1
j

= (1 − 2λ)un
j + λ

(
un

j−1 + un
j+1

)

− (1 − 2λ) vn
j − λ

(
vn

j−1 + vn
j+1

)
− ǫn

j

= (1 − 2λ) en
j + λ en

j−1 + λ en
j+1 − ǫn

j .Taking absolute values on ea
h side and using the triangle inequality,
∣∣en+1

j

∣∣ ≤ |1 − 2λ|
∣∣en

j

∣∣ + |λ|
∣∣en

j−1

∣∣ + |λ|
∣∣en

j+1

∣∣ +
∣∣ǫn

j

∣∣. (5)We introdu
e the globally maximum error:
En = ||en

·
||∞ = max

j

∣∣en
j

∣∣.Taking maximums on ea
h side in (5), we �nd
En+1 ≤ max

j

[
|1 − 2λ|

∣∣en
j

∣∣ + |λ|
∣∣en

j−1

∣∣ + |λ|
∣∣en

j+1

∣∣ +
∣∣ǫn

j

∣∣
]

≤ |1 − 2λ| max
j

∣∣en
j

∣∣ + |λ| max
j

∣∣en
j−1

∣∣ + |λ| max
j

∣∣en
j+1

∣∣ + max
j

∣∣ǫn
j

∣∣

≤
(
|1 − 2λ| + 2|λ|

)
En + max

j

∣∣ǫn
j

∣∣Now we note that (stability)If λ ≤ 1
2
, then |1 − 2λ| + 2|λ| = 1.
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2
, then this is false, whi
h does not by itself prove instability; but weknow from expli
it Fourier solutions that it is unstable if λ > 1

2
. Assumingfrom now on that λ ≤ 1

2
, we have
En+1 ≤ En + max

j

∣∣ǫn
j

∣∣. (6)That is, the error at the previous step is not ampli�ed, sin
e En is notmultiplied by a 
oeÆ
ient greater than 1. The error at later steps is simplythe a

umulation of errors introdu
ed at earlier steps, and we now haveenough information to show that the total a

umulated error is small.Indeed, we simply sum (6) over n (using E0 = 0) to see
En ≤

n−1∑

ℓ=0

max
j

∣∣ǫℓ
j

∣∣ ≤

n−1∑

ℓ=0

M̃ k h2 = M̃nk h2 = M̃ t h2where M̃ = MD(λ + 1) and nk = t. That is, the �nal maximum error isthe produ
t of (1) a 
oeÆ
ient M̃ that depends on derivatives of the initialdata and λ and D, (2) the time t we're 
omputing up to (natural, sin
e weare des
ribing the �nal error as an a

umulation of small errors), and (3)
h2, whi
h goes to zero. Thus for a �xed λ ≤ 1

2
, En → 0 as h → 0, and thedis
rete solution 
onverges to the true solution of the PDE.Let's summarize the reasoning one more time. We did two things. First,we 
he
ked 
onsisten
y ; by plugging some hypotheti
al exa
t solution intothe di�eren
e formula, we 
omputed that the trun
ation error was small (4).Hen
e, using the dis
rete formula introdu
es a small error at ea
h time step.Next, we 
he
ked stability (6). This told us that the error did not am-plify from one step to the next, ex
ept by the a

umulation of the trun
ationerrors. Stability 
ombined with 
onsisten
y gave us 
onvergen
e.As a posts
ript, let us remember that this result is not quite as power-ful as it may sound. It depends essentially on having very smooth initialdata, so that the solution remains smooth and we get 
al
ulus results like(1,2). But the heat equation has very strong smoothing properties: ini-tial data that is not smooth qui
kly be
omes so. Finite di�eren
e methodsoften work just �ne on su
h problems, even though this theory does not ap-ply. Mu
h more is known about this kind of problems than we have time for.One �nal note: in the above, I was very 
areful about my 
onstants. Ikept tra
k of the Ds and the λs and ended up with a M̃ in whi
h I 
ould



Mat1062 Jan. 24, 2008 Mary Pugh 7see how things depended on what. This is not something I'd normally do| the mathemati
ian in me would usually do the following: with ea
hsubsequent inequality I'd keep using the same notation M for the 
onstantbut I'd 
omment that ea
h subsequent M might be larger than the prior M.After all, all I need is some upper bound in the end. If, for some reason, Ifound that I really needed to keep tra
k of how things depended on λ and
D then I 
ould redo things and be super-
areful. But normally if all I wantto do is prove 
onvergen
e, I wouldn't do this.Some might argue that this is the di�eren
e between a theoreti
ian:\There is a 
onstant su
h that. . . " and someone who a
tually implementsthe theory: \Hey wait a minute! Your 
onstant is huge and the numeri
als
heme's really slow, as a result!" This ex
hange 
ould 
ertainly happen ifI'd just proven that the running time of the s
heme is CNM2 where N isthe number of intervals in spa
e and M is the number of intervals in time.
2.1 Our friend O

(
k2

)I want to show why
1

k

(
vn+1

j − vn
j

)
∼ vt(jh, nk) + 1

2
kvtt(jh, nk) + O

(
k2

)
, k → 0. (7)implies that there is some K > 0 su
h that

∣∣∣∣
1

k

(
vn+1

j − vn
j

)
− vt(jh, nk)

∣∣∣∣ ≤ k ||vtt(jh, nk)||∞for all k < K.The statement (7) 
an be rewritten as
1

k

(
vn+1

j − vn
j

)
− vt(jh, nk) − 1

2
kvtt(jh, nk) ∼ O

(
k2

)
, k → 0.By de�nition of O(k2), this means that there is a C > 0 and a K0 > 0 su
hthat ∣∣∣∣

1

k

(
vn+1

j − vn
j

)
− vt(jh, nk) − 1

2
kvtt(jh, nk)

∣∣∣∣ ≤ Ck2for all k < K0. By the triangle inequality, if A and B are numbers then
|A| = |A−B+B| ≤ |A−B|+ |B| hen
e |A|− |B| ≤ |A−B|. Therefore we have

∣∣∣∣
1

k

(
vn+1

j − vn
j

)
− vt(jh, nk)

∣∣∣∣ −
∣∣ 1

2
kvtt(jh, nk)

∣∣ ≤ Ck2
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∣∣∣∣
1

k

(
vn+1

j − vn
j

)
− vt(jh, nk)

∣∣∣∣ ≤ 1
2
k | vtt(jh, nk)|+Ck2 ≤ 1

2
k ||vtt||∞ +Ck2Now, let K1 = ||vtt||∞ /(2C). Then

k < K1 =⇒ Ck2 < 1
2

k ||vtt||∞It then follows that if K := min{K0, K1} then
∣∣∣∣
1

k

(
vn+1

j − vn
j

)
− vt(jh, nk)

∣∣∣∣ ≤ k ||vtt||∞for all k < K.


