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1 Ownership

These notes are built up on those of Rob Almgren who taugh t an analogous

course in 2003. Whatev er y ou learn of v alue from them is due to him. All

mistak es and sources of confusion are to b e blamed on me.

2 More on stability of discrete schemes

W e will analyse the stabilit y of a discrete sc heme Pk;h via F ourier metho ds.

This approac h w as in v en ted b y the great John v on Neumann.

2.1 Fourier Analysis

Recall that for a real- or complex-v alued function u(x) de�ned on R w e can

de�ne the F ourier transform whic h is another function on R

bu(� ) =
1

p
2�

Z

R
u(x)e- ix� dx:

This is de�ned for a wide class of functions u , for simplicit y's sak e let's

assume all our functions ha v e �nite L1
norm:

R
ju(x)j dx < 1 . The F ourier

in v ersion form ula states

u(x) =
1

p
2�

Z

R
bu(� )ei�x d�:

Similarly , if one has a function fvm g de�ned on Z then its F ourier transform

is

bv(� ) =
1

p
2�

1X

m =- 1

vm e- im�

1
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whic h is de�ned for all � in [- �; � ] and

bv(- � ) = bv(� ) . The F ourier in v ersion

form ula is

vm =
1

p
2�

Z�

- �
bv(� )eim� d�

and P arsev al's theorem is

1X

m =- 1

jvm j2 =
Z�

- �
jbv(� )j2 d�

If the function is de�ned on hZ then b y a c hange of v ariables,

bv(� ) =
1

p
2�

1X

m =- 1

vm e- ihm� h;

for � 2 [- �=h; �=h ] and the in v ersion form ula is

vm =
1

p
2�

Z�=h

- �=h
bv(� ) eihm� d�

and P arsev al's theorem is

jjbvjj2h =
Z�=h

- �=h
jbv(� )j2 d� =

1X

m =- 1

jvm j2h = jjvjj2h

Note that if ! 2 R then ! = � + N2�=h for some � 2 [- �=h; �=h ] and

some N 2 Z . If w e then sample the function exp(i!x ) on hZ w e �nd

ei!mh = ei (� + N2�=h ) mh = ei�mh :

In short, the grid hZ cannot \see" high frequencies ! suc h that j! j > �=h .

2.2 von Neumann Analysis

Let's return to the forw ard-time, forw ard-space sc heme for u t + ux = 0:

un + 1
m - un

m

k
+

un
m + 1 - un

m

h
=) un + 1

m = ( 1 + � )un
m - �u n

m + 1

where � = k=h . W e kno w that this sc heme is not con v ergen t and so, b y the

Lax-Ric h tm y er theorem, it m ust b e unstable. W e write eac h of the terms in

terms of its F ourier transform

un + 1
m = 1p

2�

R�=h
- �=h bun + 1(� ) eihm� d�

un
m = 1p

2�

R�=h
- �=h bun (� ) eihm� d�

un
m + 1 = 1p

2�

R�=h
- �=h bun (� ) eih (m + 1)� d�
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hence

Z�=h

- �=h
bun + 1(� ) eihm� d� =

Z�=h

- �=h

�
(1 + � ) - �e ih�

�
bun (� ) eihm� d�

from whic h w e conclude

bun + 1(� ) =
�

(1 + � ) - �e ih�
�

bun (� ) = � h (� )bun (� ); for - � � h� � �

and so w e see that adv ancing the solution of the �nite di�erence sc heme

b y one step is the same as m ultiplying its F ourier transform b y the factor

� h (� ) . Going all the w a y bac k to the initial data

bun (� ) = � h (� )n cu0(� ); for - � � h� � �:

W e no w analyse factor

� h (� ) = 1 + � - � cos (h� ) - i� sin (h� );

=) j� h (� )j2 = 1 + 2� (1 + � )(1 - cos (h� )) � 1

Indeed, this factor is greater than 1 for all � 2 [- �=h; �=h ] except � = 0.

Y ou will sho w in a homew ork problem that for an y �nite-di�erence sc heme

if j� h (� )j > 1 then the sc heme is not stable. Sp eci�cally , the forw ard-time,

forw ard space sc heme for u t + ux = 0 is not stable.

W e no w rep eat this analysis for the three sc hemes for the di�usion equa-

tion u t = Du xx . First, w e consider the explicit sheme

un + 1
m - un

m

k
= D

un
m + 1 - 2un

m + un
m - 1

k2 =) � h (� ) = 2� cos (h� ) + 1 - 2�

where � = kD=h 2
. Note that � h (� ) is an ev en function in � , it equals 1 at

� = 0, and is decreasing in � on [0; �=h ]. Its minim um v alue is at h� = � �

max

� 2 [- �=h;�=h ]
� h (� ) = 1; min

� 2 [- �=h;�=h ]
� h (� ) = 1 - 4�

It follo ws immediately that if � > 1=2 then the sc heme is unstable. In Figure

1 y ou can see � h (� ) for a v ariet y of v alues of � .

W e no w consider the fully implicit sc heme

un + 1
m - un

m

k
= D

un + 1
m + 1 - 2un + 1

m + un + 1
m - 1

k2 =) � h (� ) =
1

1 + 2� - 2� cos (h� )
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Again, � h (� ) is an ev en function in � , it equals 1 at � = 0, and is decreasing

in � on [0; �=h ]. Its minim um v alue is at h� = � �

max

� 2 [- �=h;�=h ]
� h (� ) = 1; min

� 2 [- �=h;�=h ]
� h (� ) =

1
1 + 4�

> 0 > - 1

In this w a y , w e see that the sc heme is stable for all � and the factor � h (� ) > 0
for all � 2 [- �=h; �=h ].

Finally , w e consider the Crank-Nicolson sc heme

u n + 1
m - u n

m
k = D

u n + 1
m + 1 - 2u n + 1

m + u n + 1
m - 1

2k 2 + D
u n

m + 1 - 2u n
m + u n

m - 1
2k 2

=) � h (� ) = 1+ � cos (h� )- �
1+ � - � cos (h� )

As ab o v e,

max

� 2 [- �=h;�=h ]
� h (� ) = 1; min

� 2 [- �=h;�=h ]
� h (� ) =

1 - 2�
1 + 2�

> - 1

In this w a y , w e see that the sc heme is stable for all � .

If y ou do the stabilit y analysis of the � -sc heme

un + 1
m - un

m

k
= �D

un + 1
m + 1 - 2un + 1

m + un + 1
m - 1

k2 + ( 1 - � )D
un

m + 1 - 2un
m + un

m - 1

k2

y ou will �nd that it's stable for all � if � � 1=2. And that it's stable for

� � � � otherwise.

3 Stability via ODE schemes

Here are notes that discuss stabilit y b y �rst analyzing the b eha viour of

certain one-step shemes for ODE. In the follo wing, the \trap ezoid" sc heme

is the Crank-Nicolson sc heme applied to ODE.

The main idea is to lo ok at ho w the solutions of the discrete sc heme

b eha v e as n ! 1 and k ! 0, with nk = t , without r efer enc e to the true

solution. F or a problem whic h is linear, or lo cally linear (as most are), this

is the same as asking whether small c hanges in the initial data giv e rise to

small c hanges in the solution.

Stabilit y for discretizations of nonlinear ODEs is an extremely ric h sub-

ject; there are sev eral de�nitions of stabilit y , with subtle di�erences among

them. But since w e are really in terested in linear PDEs, let us mak e a
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Figure 1: T op plot: forw ard Euler metho d, middle plot: bac kw ard Euler

metho d, b ottom plot: Crank-Nicolson metho d. All three plots sho w � h (� )
as a function of h� . Dotted line: � = 1; dot-dash line: � = 3=4, dashed

line: � = 1=2, solid line: � = 1=4. In the plot for the forw ard Euler metho d,

note that for � > 1=2 there is alw a ys an in terv al of frequencies that will

gro w exp onen tially . In the plot for the bac kw ard Euler metho d, note that

all frequencies dissipate monotonically in time ( � h (� ) > 0 for all � ). In

the plot for the Crank-Nicolson metho d, note that if � > 1=2 the high

frequencies do decrease in time but they oscillate as they do so. (There is

\disp ersiv e smo othing" if � > 1=2 .)
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tremendous simpli�cation. W e shall consider only line ar problems whose

solutions de c ay in time. (Because are in terested in the di�usion equation.)

F or our purp oses no w, let us sa y that a discrete metho d is stable if no

solutions of the di�erence form ula gro w in time.

Supp ose our system of ODE is

du
dt

= A u + B;

where A and B are constan t in time. Let us supp ose that w e ha v e an eigen-

v alue decomp osition AX = X� , where � is diagonal with en tries (� 1; : : : ; � N ) ,

and w e supp ose that X is of full rank so that A = X�X - 1
. Since w e only

are in terested in problems whose solutions deca y in time, w e supp ose that

eac h � j < 0 , and hence A is in v ertible.

Then w e can de�ne u in terms of a new v ector y as u = Xy - A - 1B:
Subsituting in to the ODE, w e �nd that y solv es dy=dt = �y , whic h is a

collection of indep enden t scalar equations.

Th us let us consider only the simple linear scalar problem f (u) = - �u ,

with � > 0 (w e tak e � = - � ). The ODE is

u t = - �u;

whose exact solution is

u(t ) = u0e- �t :

This is an exp onen tial whic h deca ys on a time scale of 1=� .

Forward Euler

vn + 1 = vn - k� v n = ( 1 - k� ) vn ;

so the solution is

vn = v0� n ; with � = 1 - k�:

The sup erscript on vn
is an index, while on � n

it is an exp onen t. By our

de�nition, the sc heme is stable if and only if j� j � 1, whic h requires

k �
2
�

:
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function ode( sigma, dt, tmax )
% ode( sigma, dt, tmax ) Plot discrete solution of ODE

nstep = floor(tmax/dt);
tmax = nstep*dt; % make tmax be exact multiple of dt

% Uncomment just one of these statements
eta = 1 - sigma*dt; % Forward Euler
%eta = 1 / ( 1 + sigma*dt ); % Backward Euler
%eta = (1 - 0.5*sigma*dt)/(1 + 0.5*sigma*dt); % Trapezoid

t = linspace( 0, tmax, nstep+1 );
u = zeros(1,nstep+1); % allocate storage for whole array
u(1) = 1;
for i=1:nstep; u(i+1) = eta*u(i); end

% Exact exponential solution
t0 = linspace( 0, tmax, 101 ); u0 = exp(-sigma*t0);

plot( t, u, '-ok', t0, u0, 'k' ); xlabel('t'); ylabel('u(t)' )

When � is large, w e need a small time step for stabilit y . This is true for

al l explicit metho ds. The reason for the instabilit y is clear (Figure 2, p. 9):

When � is large, the solution heads to w ard zero, but o v ersho ots.

Setting n = t=k , w e ma y also write

vn = v0e- � k t ;

where the deca y rate for a solution computed with time step k is

� k = -
1
k

log � = -
1
k

log (1 - k� ) � � + O(� 2k); �k ! 0;

Solutions of the discrete problem appro ximate solutions of the con tin uous

problem, as long as �k is small; that is, the the time step m ust b e small

relativ e to the in trinsic time scale of the solution itself. This is alw a ys true

for explicit metho ds.

Backward Euler

vn + 1 = vn - k�v n + 1; so vn + 1 =
1

1 + k�
vn
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Again vn = v0� n
, but no w

� =
1

1 + k�

(see Figure 5). Since � < 1 for al l k > 0 (for � > 0 ), the sc heme is stable

for al l timesteps k . This is a c haracteristic of w ell-constructed implicit

metho ds, and the reason for their use. No w the discrete gro wth rate is

� k = -
1
k

log

1
1 + k�

=
1
k

log (1 + k� ) � � + O(� 2k); �k ! 0:

Since � > � k > 0 , solutions to the bac kw ard Euler form ula alw a ys deca y in

time, though not as fast as the con tin uous solution. In order for the discrete

solution to appro ximate the con tin uous solution, w e still need k < 1=� .

When k is large for a giv en � , � is v ery near zero, so the discrete solution

deca ys v ery rapidly . The discrete solution \fails gracefully ."

Trapezoid
vn + 1 = vn - 1

2k� (vn + 1 + vn );

so vn = v0� n
with

� =
1 - 1

2k�

1 + 1
2k�

and no w

� k = � + O(k2); k ! 0:

The metho d is again stable for al l k > 0 (Figure 5). F or large �k , � is near

- 1; the solutions oscillate in time rather than deca ying (Figure 4, p. 11).

Nonetheless, they do not gro w. The appro ximation is one higher order in k
near k = 0 than with Euler, since this is a second-order metho d.

Leapfrog
vn + 1 = vn - 1 - 2k�v n

Because this is a t w o-lev el form ula, the discrete system has two exp onen tial

solutions. Lo oking for solutions in the form vn = � n
, w e get the quadratic

� 2 + 2k�� - 1 = 0;

whose solutions are

� = - k� �
q

(k� )2 + 1:
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Figure 2: F orw ard Euler metho d with � = 2; 8; 12, k = 0:2. F or �k < 1 ,

the discrete solution is w ell-b eha v ed. F or 1 < �k < 2 , the discrete solution

has - 1 < � < 0 (see Figure 5, so it deca ys with oscillations. F or �k > 2 ,

� < - 1, so the discrete solution oscillates and gro ws.
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Figure 3: Bac kw ard Euler metho d with � = 2; 8; 12, k = 0:2. F or all v alues

of �k , w e ha v e 0 < � < 1 , so the solution alw a ys deca ys without oscillating.

Since � > �
true

, the discrete solution deca ys more slo wly than the true

solution.
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Figure 4: T rap ezoid metho d with � = 2; 8; 12 and k = 0:2. The discrete

solution is w ell-b eha v ed for all v alues of �k since j� j < 1 , though it exhibits

mild oscillations for �k > 2 , when � < 0 . F or small �k it giv es an extremely

go o d appro ximation (second-order accurate).
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Figure 5: Ampli�cation factors � as functions of �k , and �
true

= e- �k
. W e

m ust ha v e j� j � 1 for stabilit y . The forw ard Euler metho d loses stabil-

it y when �k > 2 . The trap ezoid (Crank-Nicolson) metho d has a negativ e

ampli�cation factor for �k > 2 , but it is stable for all �k > 0 . It has a

second-order accurate matc h to the true solution near �k = 0.

The general solution to the di�erence form ula is

vn = C+ � n
+ + C- � n

-

where C� are determined b y the necessary t w o lev els of initial data, and

� + = - k� +
q

(k� )2 + 1 � 1 - k� + : : : ; k ! 0

� - = - k� -
q

(k� )2 + 1 � - 1 - k� + : : : ; k ! 0:

F or all k > 0 (and � > 0 ), j� + j < 1 and j� - j > 1 (y ou can see this b y consid-

ering a righ t triangle whose sides are 1, k� , and

p
(k� )2 + 1). The solution

� n
+ is a go o d appro ximation to the solution of the ODE. The solution � n

-

is a arti�cial, unstable, solution of the di�erence form ula. Since the general

solution includes b oth mo des, that is, small p erturbations will mak e b oth

C+ and C- nonzero, the sc heme is unstable for al l k .

All t w o-lev el sc hemes ha v e t w o discrete solutions, one ph ysical and one

unph ysical. But for a w ell-constructed metho d, the unph ysical solution

de c ays in time and do es not a�ect the accuracy of the solution.
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4 Stability for PDEs

Because our PDEs are linear, their general solutions are com binations of

simple elemen tary solutions. F or stabilit y analysis of di�erence sc hemes, the

relev an t solutions are eigenve ctors: solutions whic h ha v e simple exp onen tial

b eha vior in time. F or a constan t-co e�cien t linear PDE, the eigen v ectors are

the F ourier mo des ei�x
where � is real. (If y ou don't lik e complex n um b ers,

y ou can just think of sin �x and cos �x instead.)

The F ourier mo des ha v e the form

u(x; t ) = A(�; t )ei�x ;

where, on an un b ounded domain, � ma y b e an y real n um b er. Substituting

in to the PDE u t = Du xx , w e see that w e need

A t = - D� 2 A

so

A(t ) = A(�; 0 ) e- �t ;

where the c ontinuous disp ersion r elation is

� (� ) = D� 2: (1)

In general, for a linear equation, the term \disp ersion relation" refers to the

relation giving the time b eha vior � in terms of the spatial w a v e n um b er � .

In this case it tells us that short-w a v elength mo des (large � ) deca y rapidly

(large p ositiv e � ).

Boundary conditions restrict the set of allo w able � . F or example, if the

domain has length L with Diric hlet b oundary conditions, then the solution

m ust con tain only mo des of the form sin (n�x=L ) , corresp onding to � = n�=L
for n = 0; 1; : : : .

4.1 Space discretization

On a spatially discrete grid with step h , our semi-discr ete appro ximation

is the collection of ODEs

dU j

dt
=

D
h2

�
Uj + 1 - 2Uj + Uj - 1

�
;
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with appropriate mo di�cations at the endp oin ts to include the b oundary

conditions.

W e ma y again analyze this system using F ourier analysis. Consider a

single F ourier mo de with w a v e n um b er �

Uj (t ) = A(t ) ei�x j = A(t ) ei�jh = A(t ) ! j ; with ! = ei�h
.

Since the discrete solution should b e b ounded in space, w e need � real

and j! j = 1 (an imaginary comp onen t of � w ould corresp ond to j! j < 1
or j! j > 1 , and exp onen tial gro wth as x and j either increase or decrease).

Again, b oundary conditions restrict the set of allo w able � , but do not c hange

the o v erall picture.

Then w e readily compute

D
h2

�
Uj + 1- 2Uj + Uj - 1

�
=

D
h2 A(t ) ! j

�
! - 2 +

1
!

�
= - D A (t ) ! j 2(1 - cos �h )

h2 ;

since j! j = 1, ! - 1 = ! and ! + ! - 1 = 2 Re ! = 2 cos �h . Also,

dU j

dt
= A 0(t ) ! j :

Equating these t w o expressions, our system is equiv alen t to the ODE

A 0(t ) = - 2D
1 - cos �h

h2 A(t ); so A(t ) = A(0) e- � h t :

The discr ete disp ersion r elation is

� h (� ) = 2D
1 - cos �h

h2 : (2)

This should b e compared with the con tin uous v ersion (1); see Figure 6.

F or small �h ,

cos �h � 1 - 1
2 � 2h2 + O

�
� 4h4

�
;

so

� h (� ) � � (� ) + O
�

� 4h2
�

; �h ! 0:

No w, the w a v elength of our F ourier mo de is ` = 2�=� . So �h = 2� h=` , and

the discrete mo del is a go o d appro ximation to the con tin uous problem when

the grid spacing h is small compared to the w a v e length ( �h � 1).
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Figure 6: Con tin uous and discrete ampli�cation factors � (� ) and � h (� ) .

Ho w large can �h b e? The highest w a v en um b er that can b e represen ted

on a discrete grid has w a v elength equal to t wice the grid spacing, so that

alternate grid p oin ts ha v e v alues � 1. (Higher w a v en um b ers are mapp ed

bac k to lo w er ones b y aliasing .) Th us the maxim um v alue is �h = � . F or

0 < � � �=h , the discrete deca y rate � h (� ) satis�es � (� ) < � h (� ) < 0
(see picture). So in the semi-discrete mo del, all mo des deca y though not as

rapidly as for the con tinous PDE. Since � h (� ) is a decreasing function, it

tak es its most negativ e v alue at � = �=h , and this extreme v alue is

�
max

(h) =
4D
h2 : (3)

W e can no w use our understanding of the ODE system to predict the

stabilit y of the discrete metho ds for the PDE u t = Du xx ; w e simply use

�
max

for � . The parameter that con trols stabilit y is clearly

� = 1
4 �

max

k =
Dk
h2 :

� The forward Euler metho d is stable for �
max

k � 2; that is, for � � 1
2 .

If � > 1
2 , then the instabilit y will b e a \c hec k erb oard" of alternate-

grid-p oin t oscillations in b oth space and time, gro wing exp onen tially
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in time. F or 1 < �
max

k � 2, or

1
4 < � � 1

2 , it will displa y oscillations

on successiv e time steps, but these oscillations will deca y in time.

Recall that for the p oin t mass solution, w e had iden ti�ed � = 1
2 as the

threshhold v alue at whic h the solution ceased to b e p ositiv e. No w w e

see that in fact the whole sc heme is completely unstable for � > 1
2 .

Th us the p oin t mass analysis w as rather misleading.

� The backwards Euler metho d is stable for all ratios of k and h2
.

There will nev er b e an y oscillation in time.

� The Crank-Nicolson (trap ezoid) metho d is stable for all ratios of

k and h2
. F or �

max

k > 2 , or � > 1
2 , it will displa y oscillations on

alternate time steps, but these oscillations will deca y in time. (They

are esp ecially visible near a discon tin uit y in the initial data.)

F or the forw ard Euler metho d for the ODE, w e could alw a ys mak e the

sc heme stable b y decreasing k un til �k < 2 . F or a PDE, � dep ends on

h , so as w e decrease b oth h and k w e ma y nev er b e stable. If w e c ho ose

k = �h 2=D with � constan t as h; k ! 0, then w e will alw a ys b e stable or

alw a ys b e unstable dep ending on whether � < 1
2 or � > 1

2 . If w e c ho ose

k = �h for any �xed � , then the sc heme will alw a ys b e unstable when k
and h are small, since Dk=h 2 = D�=h ! 1 as h ! 0.

F or � � 1
2 , the sc heme will b e stable for any c hosen relationship b et w een

k and h ; the linear scaling k = �h is often a con v enien t c hoice.


