
Mat1062: Computational Methods for PDEMary PughJanuary 10, 2008
1 OwnershipThese notes are built upon those of Rob Almgren who taught an analogous
ourse in 2003. Whatever you learn of value from them is due to him. Allmistakes and sour
es of 
onfusion are to be blamed on me.
2 Boundary ConditionsWe now want to dis
uss in detail methods for solving the linear di�usionequation for u(x, t)

ut = Duxx (1)We shall suppose that the domain is XL ≤ x ≤ XR, and that initial data
u0(x) is given at t = 0:

u(x, 0) = u0(x), XL ≤ x ≤ XR.and that suitable boundary 
onditions are given on x = XL and x = XRfor t > 0. We will 
onsider boundary 
onditions that are Diri
hlet, Neu-mann, or Robin. Diri
hlet boundary 
onditions spe
ify the value of u atthe endpoints:
u(XL, t) = uL(t), u(XR, t) = uR(t)where uL and uR are spe
i�ed fun
tions of time. Neumann 
onditions spe
ifythe derivative ux at the endpoints:

ux(XL, t) = uL(t), ux(XR, t) = uR(t).1
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onditions spe
ify a linear 
ombination of u and ux at theendpoints:
a u(XL, t) + b ux(XL, t) = uL(t), c u(XR, t) + d ux(XR, t) = uR(t)where a, b, c, and d are �xed 
onstants usually determined by materialproperties.

3 Space DiscretizationFor given XL and XR, we 
hoose a number N. Our grid spa
ing is
h =

XR − XL

Nand we pla
e grid points at lo
ations
xj = XL + j h, j = 0, 1, . . . ,N,so that x0 = XL and xN = XR. We represent our solution by a ve
tor U(t)of length N + 1, whose 
omponents are
Uj(t) ≈ u

(

xj, t), j = 0, . . . ,N.That is, the jth 
omponent of the ve
tor, Uj(t) is supposed to approximatethe PDE's solution at the xj grid point: u(xj, t).Ideally, we would like to 
hoose XL, XR, N, and h, so that importantpoints in the solution fall exa
tly on grid points. For example, if the initialdata has a 
orner or a dis
ontinuity, our pi
tures will look better if there isa grid point right there (though the solution won't be mu
h a�e
ted).We take the initial data to be an exa
t sample of the true initial data:
Uj(0) = u0

(

xj

)

.The idea is that we will approximate the spatial derivative operator on theright side of (1) by a linear operator L (that is, a matrix), operating on theve
tor U. Then we de�ne U(t) to satisfy a linear ODE Ut = LU, whi
hwe 
an solve by standard methods. Inhomogeneous boundary 
onditionsintrodu
e inhomogeneous terms into this system, as we dis
uss below.
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3.1 Dirichlet Boundary ConditionsLet us 
onsider the 
ase of Diri
hlet boundary data. Then the end values
U0(t) and UN(t) are spe
i�ed by the boundary value fun
tions and so thereare only N − 1 unknowns: U1(t) . . .UN−1(t).We 
an write the di�erentiation operation from last time as







uxx(x1)...
uxx(xN−1)






∼

1

h2

















1 −2 1

1 −2 1. . . . . . . . .
1 −2 1

1 −2 1

































U0

U1...
UN−1

UN

















.However, these expressions are not quite what we want. The ve
tor on theleft is of size N − 1 and will determine the interior grid values. The ve
toron the right is of size N+1; it involves both the interior grid values and theboundary values. We need to express derivatives at the interior grid pointsin terms only of interior grid values and the Diri
hlet boundary 
onditions.This means that we need to eliminate U0 and UN from the above.Substituting the boundary values u0 = uL(t), uN = uR(t), we 
an writethe derivative as the inhomogeneous linear operator
D2U = M2U + R2,where M2 is a (N−1)×(N−1) tridiagonal matrix and R2 is an (N−1)-ve
tor
ontaining the boundary data:

M2 =
1

h2

















−2 1

1 −2 1. . . . . . . . .
1 −2 1

1 −2

















, R2(t) =
1

h2

















uL(t)

0...
0

uR(t)

















R2 depends on time through the boundary values. In pra
ti
e, it is oftenmore 
onvenient to store the boundary values in their natural lo
ations atthe endpoints of a linear grid, and then the derivatives 
an be 
omputed bydoing the (N − 1) × (N + 1) multipli
ation above.Of 
ourse, this matrix never a
tually exists in the 
omputer, nor do weever a
tually do a matrix multiply as written above: sin
e most entries are
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ation"really means \apply the linear operator," whi
h we do by taking di�eren
es.Then the spatial derivative operator
Lu = Duxxhas the dis
rete approximation

LU = MU + R (2)where M is a (N − 1) × (N − 1) symmetri
 tridiagonal matrix, and R is an
(N − 1)-ve
tor:

M = DM2

R = DR2.

3.2 Neumann Boundary ConditionsFor Neumann boundary 
onditions the values at the endponts, U0(t) and
UN(t) are also unknowns. Again, we write the di�erentiation operation as







uxx(x0)...
uxx(xN)






∼

1

h2

















1 −2 1

1 −2 1. . . . . . . . .
1 −2 1

1 −2 1









































U−1

U0

U1...
UN−1

UN

UN+1

























.

Note that we've done something strange here. We refer to U−1 and UN+1whi
h are the values at XL − h and XR + h respe
tively. These grid pointsare not in our domain. They are arti�
es introdu
ed to help implement theboundary 
onditions. Su
h points are often 
alled \ghost points".The ve
tor on the left is of size N + 1 and will determine the interiorgrid values and the boundary grid values. The ve
tor on the right is of size
N + 3; it involves the interior grid values, the boundary grid values, andthe values at the two ghost points. We need to express the right-hand sidein terms of interior grid values and the boundary grid values only. This
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onditions to eliminatethe values at the ghost points. This is done as follows:
uL(t) = ux(XL, t) ∼

U1 − U−1

2h
=⇒ U−1 = U1 − 2huL(t)as a result

uxx(XL, t) ∼

U1 − 2U0 + U−1

h2
=

2U1 − 2U0

h2
−

2uL(t)
h

.Similarly, at the right-hand endpoint
0 = ux(XR, t) ∼

UN+1 − UN−1

2h
=⇒ UN+1 = UN−1 + 2huR(t)hen
e

uxx(XR, t) ∼

UN+1 − 2UN + UN−1

h2
=

2UN−1 − 2UN

h2
+

2uR(t)

h
.And so, we 
an write the derivative as the inhomogeneous linear oper-ator

D2U = M2U + R2,where M2 is a (N+1)× (N+1) tridiagonal matrix and R2 is an N+1-ve
tor
ontaining the boundary data:
M2 =

1

h2

















−2 2

1 −2 1. . . . . . . . .
1 −2 1

2 −2

















, R2(t) =
2

h

















−uL(t)
0...
0

uR(t)















A natural question to ask is why we used 
entered �nite di�eren
esabove to approximate ux(XL) and ux(XR) rather than using a left-di�eren
efor ux(XL) and a right-di�eren
e for ux(XR):
0 = ux(XL) ∼

U0 − U−1

h
0 = ux(XR) ∼

UN+1 − UN

hWe will revisit this question when we dis
uss the 
onvergen
e and a

ura
yof our s
heme.
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3.3 Robin Boundary ConditionsWe handle Robin boundary 
onditions in the same manner that we handleNeumann boundary 
onditions: by introdu
ing ghost grid points the valuesat whi
h are then determined from the boundary 
onditions.

uL(t) = a u(XL, t) + b ux(XL, t) ∼ a U0 + b
U1 − U−1

2h

=⇒ U−1 = U1 +
2ah

b
U0 −

2huL(t)
bas a result

uxx(XL, t) ∼

U1 − 2U0 + U−1

h2
=

2U1 − (2 − 2ah/b)U0

h2
−

2uL(t)
bh

.Similarly,
uR(t) = c u(XR, t) + d ux(XR, t) ∼ c UN + d

UN+1 − UN−1

2h

=⇒ UN+1 = UN−1 −
2ch

d
UN +

2huR(t)

dhen
e
uxx(XL, t) ∼

U1 − 2U0 + U−1

h2
=

2UN−1 − (2 + 2ch/d)UN

h2
+

2uR(t)

dh
.In this way, we 
an write the derivative as the inhomogeneous linearoperator

D2U = M2Uwhere M2 is a (N + 1) × (N + 1) tridiagonal matrix:
M2 =

1

h2

















−2 + 2ah/b 2

1 −2 1. . . . . . . . .
1 −2 1

2 −2 − 2ch/d

















, R2(t) =
2

h

















−uL(t)/b

0...
0

uR(t)/d

















.As a reality 
he
k, note that if a = c = 0 and if b = d = 1 then this matrixis the same matrix as for the Neumann boundary 
onditions.
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4 Time discretizationFor Diri
hlet boundary 
onditions, we have now de�ned an evolution prob-lem for a ve
tor U(t) of length N − 1:

dU

dt
= L U = MU + R(t), U(0) given. (3)For Neumann and Robin boundary 
onditions, we an evolution problemwith the exa
t same stru
ture ex
ept the ve
tor U(t) has length N+1. Theabove notation is slightly 
onfusing, sin
e L is not a matrix: we use it todenote this \aÆne linear" operation.To solve this system of ODEs, we 
hoose a time step k, de�ne timelevels tn = nk for n = 0, 1, . . . , de�ne Un ≈ U(tn),1 and give a rule for
omputing Un+1 in terms of Un, and possibly time levels earlier than n, for

n = 0, 1, . . . . (We use a supers
ript n to denote time levels.)If we want the solution value at a spe
i�
 time t = T , it will be 
onvenientif T = tM = Mk for some integer M; if not, then Mk < T < (M + 1)k forsome M and we will do an interpolation in time between UM and UM+1.There is an immense variety of s
hemes for numeri
al \integration" (solu-tion) of ordinary di�erential equations, often with very high order a

ura
yand various other desirable properties (Runge-Kutta methods, for example).When the ODE system arises from dis
retization of a PDE, the major errorsusually do not 
ome from the time integration. It is most important to havea s
heme that is simple, eÆ
ient, and espe
ially stable, as we dis
uss below.Our three basi
 methods are:Forward Euler 1

k

(

Un+1 − Un
)

∼ Ut(nk) = LUnCrank Ni
olson 1

k

(

Un+1 − Un
)

∼ Ut((n + 1/2)k) ∼
1
2
LUn + 1

2
LUn+1Ba
kward Euler 1

k

(

Un+1 − Un
)

∼ Ut((n + 1)k) = LUn+1All our formulas 
an be summarized by the expression
1

k

(

Un+1 − Un
)

= θLUn+1 + (1 − θ)LUn1We are not being quite 
onsistent in the notation. We introdu
ed 
apital U to denotethe spa
e-dis
rete values Uj(t), and in prin
iple we should introdu
e a new symbol todenote the time-dis
rete values.
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itness parameter. In the three 
ases ofmost interest, we have spe
ial names for the methods:
1

k

(

Un+1 − Un
)

=






LUn, Forward Euler (θ = 0)
1
2

(

LUn+1 + LUn
)

, Crank-Ni
olson (θ = 1
2
)

LUn+1, Ba
kward Euler (θ = 1).As you may guess from the terminology, the forward Euler method is a fullyexpli
it method, and the ba
kward Euler method is sometimes 
alled thefully impli
it method. (There are a large variety of fully expli
it methods,most notably \linear multistep" methods of whi
h se
ond-order Adams-Bashforth is o

asionally useful for PDEs.)When we substitute the expression for L, we obtain the formula for Un+1:
(

I − θkM
)

Un+1 =
(

I + (1 − θ)kM
)

Un + k
(

θRn+1 + (1 − θ)Rn
)

. (4)Note that this formula tells us exa
tly at what times we should evaluate thetime-dependent boundary 
onditions. The a
tual 
omputations we do arevery di�erent, depending on whether θ is zero or not.� If θ = 0 (forward Euler method), then this is the expli
it formula
Un+1 = Un + k

(

MUn + Rn
)

.This says, just 
ompute the time derivative in the 
urrent 
on�gura-tion, and advan
e U as though you moved at that speed for the entiretime k. Only a matrix multipli
ation is required; but sin
e the matrixis tridiagonal it is trivial: Un+1
j is given by a di�eren
e formula interms of Un

j−1, Un
j , and Un

j+1.� If θ > 0, then we must solve a linear system to get Un+1. In thisproblem, with only one spa
e dimension, this system is tridiagonal.We 
an thus obtain the solution in time O(N) by a simpli�ed versionof Gaussian elimination; pivoting is not usually ne
essary for problemsarising from di�usive PDEs. For problems in more spa
e dimensions,this linear solve 
an be
ome the most time-
onsuming part of thewhole 
omputation. Note that ea
h 
omponent Un+1
j depends on all
omponents Un

j at the previous level.


