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1 Ownership

These notes are built upon those of Rob Almgren who taught an analogous
course in 2003. Whatever you learn of value from them is due to him. All
mistakes and sources of confusion are to be blamed on me.

2 Boundary Conditions

We now want to discuss in detail methods for solving the linear diffusion
equation for u(x,t)
Uy = Duyy (1)

We shall suppose that the domain is X; < x < Xg, and that initial data
up(x) is given at t =0:

u(X,O) = UO(X), XL S X S XR-

and that suitable boundary conditions are given on x = X and x = Xy
for t > 0. We will consider boundary conditions that are Dirichlet, Neu-
mann, or Robin. Dirichlet boundary conditions specify the value of u at
the endpoints:

u(XL)t) = uL(t)) u(XR)t) = uR(t)

where u;, and uy are specified functions of time. Neumann conditions specify
the derivative u, at the endpoints:

uX(XL)t) = uL(t)) uX(XR)t) = uR(t)



2 Mary Pugh Mat1062 Jan. 10, 2008

Robin boundary conditions specify a linear combination of u and u, at the
endpoints:

au(Xp,t) +bux(Xp,t) =ug(t), cu(Xg,t)+du(Xg,t) = ug(t)

where a, b, ¢, and d are fixed constants usually determined by material
properties.

3 Space Discretization

For given X, and Xg, we choose a number N. Our grid spacing is

Xr— XL

h = N

and we place grid points at locations
x; = XL + jh, j=0,1,..., N,

so that xg = Xy, and xn = Xg. We represent our solution by a vector U(t)
of length N + 1, whose components are

Uj(t) ~ u(xj,t), j=0,...,N.

That is, the jth component of the vector, U;(t) is supposed to approximate
the PDE’s solution at the x; grid point: u(x;,t).

Ideally, we would like to choose X, Xg, N, and h, so that important
points in the solution fall exactly on grid points. For example, if the initial
data has a corner or a discontinuity, our pictures will look better if there is
a grid point right there (though the solution won't be much affected).

We take the initial data to be an exact sample of the true initial data:

Uj(O) = uo(Xj).

The idea is that we will approximate the spatial derivative operator on the
right side of (1) by a linear operator L (that is, a matrix), operating on the
vector U. Then we define U(t) to satisfy a linear ODE U; = LU, which
we can solve by standard methods. Inhomogeneous boundary conditions
introduce inhomogeneous terms into this system, as we discuss below.
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3.1 Dirichlet Boundary Conditions

Let us consider the case of Dirichlet boundary data. Then the end values
Up(t) and Un(t) are specified by the boundary value functions and so there
are only N — 1 unknowns: U;(t) ... Un—1(t).

We can write the differentiation operation from last time as

1 -2 1 Uo
Unx(X1) : 1 -2 1 U
uxx(XN—l) 1 —2 1 Un_1

1T =21 Uy

However, these expressions are not quite what we want. The vector on the
left is of size N — 1 and will determine the interior grid values. The vector
on the right is of size N+ 1; it involves both the interior grid values and the
boundary values. We need to express derivatives at the interior grid points
in terms only of interior grid values and the Dirichlet boundary conditions.
This means that we need to eliminate Uy and Uy from the above.

Substituting the boundary values up = u(t), un = ug(t), we can write
the derivative as the :nhomogeneous linear operator

D,oU = MU + Ry,

where My isa (N—1) x (N—1) tridiagonal matrix and R, is an (N—1)-vector
containing the boundary data:

-2 1 ur(t)
1 1T =2 1 ]
MZ_? ) Rz(t)zﬁ
1 -2 1 0
1 =2 ug(t)

R, depends on time through the boundary values. In practice, it is often
more convenient to store the boundary values in their natural locations at
the endpoints of a linear grid, and then the derivatives can be computed by
doing the (N — 1) x (N + 1) multiplication above.

Of course, this matrix never actually exists in the computer, nor do we
ever actually do a matrix multiply as written above: since most entries are
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zero, this would be a huge waste of memory and time. “Multiplication”
really means “apply the linear operator,” which we do by taking differences.
Then the spatial derivative operator

Lu = Duyy
has the discrete approximation
LU = MU+R (2)

where M is a (N — 1) x (N — 1) symmetric tridiagonal matrix, and R is an
(N — 1)-vector:

M = DM,
— DR,.

~
|

3.2 Neumann Boundary Conditions

For Neumann boundary conditions the values at the endponts, Uy(t) and
Un(t) are also unknowns. Again, we write the differentiation operation as

U_q
1T =2 1 Up
Uxx(X0) T =2 1 Uy

Unx (XN) T =2 1 Un_1
1 -2 1) | un
Uni

Note that we've done something strange here. We refer to U_; and Un4q
which are the values at X, — h and Xy + h respectively. These grid points
are not in our domain. They are artifices introduced to help implement the
boundary conditions. Such points are often called “ghost points”.

The vector on the left is of size N + 1 and will determine the interior
grid values and the boundary grid values. The vector on the right is of size
N + 3; it involves the interior grid values, the boundary grid values, and
the values at the two ghost points. We need to express the right-hand side
in terms of interior grid values and the boundary grid values only. This
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means that we need to use the Neumann boundary conditions to eliminate
the values at the ghost points. This is done as follows:

u; —u_
unt) =X, 1) ~ = = U = Uy - Zha (1)
as a result
Uu; —2Up+U_ 2U; —2U 2u, (t
(X ) ~ 0 12U o _ 2u(t)

h? h? h
Similarly, at the right-hand endpoint

Uni1 — Ung

O :uX(XR)t) ~ Zh

—  Uny1 = Un—1 + Zhug(t)

hence

Ungr —2Un+Un— - 2Uno7 —2UN L 2ug(t)

uXX(XR)t) ~ hz hz h

And so, we can write the derivative as the inhomogeneous linear oper-
ator
D,oU = MU + Ry,

where My is a (N+1) x (N+1) tridiagonal matrix and R, is an N+ 1-vector
containing the boundary data:

-2 2 —Uy (1)
] 1T =2 1 5 0
M, = h2 - ) Ra(t) = h
1T =2 1 0
2 =2 Ug(t)

A natural question to ask is why we used centered finite differences
above to approximate 1, (X,) and uy(Xg) rather than using a left-difference
for uy(X.) and a right-difference for u,(Xg):

Up— U 4
h

Uny1 — Un

0 = ux(Xy) h

0= ux(XR) ~

We will revisit this question when we discuss the convergence and accuracy
of our scheme.
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3.3 Robin Boundary Conditions

We handle Robin boundary conditions in the same manner that we handle
Neumann boundary conditions: by introducing ghost grid points the values
at which are then determined from the boundary conditions.

u; —u_
u(t) = au(Xe,t) + bue(Xe,t) ~alUp+b %
2 2
== U,1 = U1 + Lh UO — huL(t)
b b
as a result
(X0 1) U; —2Up + U_4 2U; — (2—2ah/b)Uy  2uy(t)
xx\/\L)y ~ = - .

h? h? bh

Similarly,

Unq — U
Un(t) = ¢ w(Xa,t) + d Uy (Xg, t) ~c Upn + d —H — =N=1

2h
2ch 2hug(t
= uN+l:uN—l—TuN+ ;()
hence
U; —2Up+U_ 2Un_1 — (24 2ch/d)U 2ug(t
(X, 1) ~ 0 12U~ ( /)N_|_ R()‘

h? h? dh

In this way, we can write the derivative as the inhomogeneous linear
operator

D,U = MU

where My is a (N + 1) x (N 4 1) tridiagonal matrix:

—2+2ah/b 2 —u.(t)/b
1 1 2 1 5 0
Mz—ﬁ S ,Rz(t)ZE :
1 =2 1 0

2 —2-—2ch/d ug(t)/d

As a reality check, note that if a =c =0 and if b =d =1 then this matrix
is the same matrix as for the Neumann boundary conditions.
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4 Time discretization

For Dirichlet boundary conditions, we have now defined an evolution prob-
lem for a vector U(t) of length N —1:

du
rrle LU = MU + R(t), Uu(0) given. (3)
For Neumann and Robin boundary conditions, we an evolution problem
with the exact same structure except the vector U(t) has length N+ 1. The
above notation is slightly confusing, since L is not a matriz: we use it to
denote this “affine linear” operation.

To solve this system of ODEs, we choose a time step k, define time

levels t, = nk for n = 0,71,..., define U™ ~ U(t,),! and give a rule for
computing U™t in terms of U™, and possibly time levels earlier than n, for
n=0,1,.... (We use a superscript n to denote time levels.)

If we want the solution value at a specific time t = T, it will be convenient
if T = tpm = Mk for some integer M; if not, then Mk < T < (M + 1)k for
some M and we will do an interpolation in time between UM and UM*T.

There is an immense variety of schemes for numerical “integration” (solu-
tion) of ordinary differential equations, often with very high order accuracy
and various other desirable properties (Runge-Kutta methods, for example).
When the ODE system arises from discretization of a PDE, the major errors
usually do not come from the time integration. It is most important to have
a scheme that is simple, efficient, and especially stable, as we discuss below.

Our three basic methods are:

1
Forward Buler - (u““ _ u“) ~ Ug(nk) = LU™
1
Crank Nicolson ” (U.“+1 — U“) ~ Ug((n+1/2)k) ~ JLu™+ Jrunt?
1
Backward Buler - (u“+1 - u“) ~ Uy((n+ k) = Lu™

All our formulas can be summarized by the expression

%(u““—u“) — oLU™ + (1—@)LU™

!\We are not being quite consistent in the notation. We introduced capital U to denote
the space-discrete values U;(t), and in principle we should introduce a new symbol to
denote the time-discrete values.
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where 0 with 0 < 0 < 1 is an tmplicitness parameter. In the three cases of
most interest, we have special names for the methods:

Lum, Forward Euler (6 =0)
1 (u““ - u“) ~ {1 (Luﬂ+1 n LU“) Crank-Nicolson (6 = 1)
X = N2 ) =2

Luntt, Backward Euler (0 = 1).

As you may guess from the terminology, the forward Euler method is a fully
ezplicit method, and the backward Euler method is sometimes called the
fully tmplicit method. (There are a large variety of fully explicit methods,
most notably “linear multistep” methods of which second-order Adams-
Bashforth is occasionally useful for PDEs.)

When we substitute the expression for L, we obtain the formula for U™t

(I—okM)U™" = (I+(1—0)kM)U™ + k(6R™' + (1 —0)R™). (4)

Note that this formula tells us exactly at what times we should evaluate the
time-dependent boundary conditions. The actual computations we do are
very different, depending on whether 0 is zero or not.

e If 0 =0 (forward Euler method), then this is the explicit formula
umt = U k(MU R,

This says, just compute the time derivative in the current configura-
tion, and advance U as though you moved at that speed for the entire
time k. Only a matrix multiplication is required; but since the matrix
is tridiagonal it is trivial: U]T“L] is given by a difference formula in

terms of W', WY, and U7,

e If 8 > 0, then we must solve a linear system to get U™*'. In this
problem, with only one space dimension, this system is tridiagonal.
We can thus obtain the solution in time O(N) by a simplified version
of Gaussian elimination; pivoting is not usually necessary for problems
arising from diffusive PDEs. For problems in more space dimensions,
this linear solve can become the most time-consuming part of the
whole computation. Note that each component UJT‘“L1 depends on all
components UJT1 at the previous level.



