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1 Ownership

These notes are built up on those of Rob Almgren who taugh t an analogous

course in 2003. Whatev er y ou learn of v alue from them is due to him. All

mistak es and sources of confusion are to b e blamed on me.

2 General classi�cation

A partial di�eren tial equation (PDE) is an equation expressing a relationship

among partial deriv ativ es of an unkno wn function. If the function is u (a

scalar or a v ector), and it dep ends on v ariables x; y; : : : (it m ust dep end on

more than one v ariable to ha v e p artial deriv ativ es), then the most general

PDE w ould ha v e the form

F
�

x; y; : : : ; u; u x ; uy ; : : : ; uxx ; uxy ; uyy ; : : : ; uxxx ; : : :
�

= 0 (1)

where the argumen ts include all deriv ativ es of u up to some �nite order.

In addition to the PDE (1), w e need to sp ecify a domain 
 � Rn
,

where n is the n um b er of indep enden t v ariables, and b oundary c onditions

that u and some appropriate com bination of its deriv ativ es should satisfy

on the b oundary of 
 . If one of the v ariables is time, then some part of the

b oundary conditions ma y b e called initial or terminal c onditions .

Example: Rob ert Merton (1969) considered the problem of \Lifetime p ort-

folio selection under uncertain t y ." The indep enden t v ariables are t , repre-

sen ting time throughout an p erson's life, and w , represen ting his or her total

w ealth. Then the optimal in v estmen t/consumption strategy is determined

1
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b y the \utilit y" u(w; t ) whic h satis�es the PDE

u t - � u + rwu w +
1 - p

p
1

u p=(1- p)
w

-
� 2

2
u 2

w

uww
= 0;

on the domain w > 0 and t < T where T is time of death (assumed kno wn).

T erminal conditions are giv en at t = T. The parameters �; r; etc. represen t

v arious �nancial co e�cien ts.

1

This PDE is highly nonlinear, since the �rst deriv ativ e uw app ears with

v arious exp onen ts, and the second deriv ativ e uww app ears in a denomina-

tor; in addition, the solution has singular b eha vior near the b oundaries.

There are no go o d n umerical metho ds for solving suc h an equation; Merton

obtained analytical solutions b y exploiting a scaling symmetry and reducing

the problem to an ODE.

2.1 Simple forms

F ortunately , most problems arising in ph ysical sciences (and ev en in �nance)

do not ha v e suc h horrible structures. W e will therefore de�ne a more re-

stricted class of problems than the general (1).

A PDE is quasiline ar if the highest deriv ativ es app ear linearly . F or the

simplest case of t w o indep enden t v ariables x; y (one of whic h ma y repre-

sen t time), and restricting atten tion to second-order PDEs (at most t w o

deriv ativ es), a quasilinear equation ma y b e written

a(x; y; u; u x ; uy ) uxx + b(x; y; u; u x ; uy ) uxy + c(x; y; u; u x ; uy ) uyy

= F(x; y; u; u x ; uy )

where a(�); b(�); c(�); F(�) ma y b e arbitrary nonlinear functions.

It is semiline ar if it is quasilinear, and the co e�cien t functions on the

highest deriv ativ es do not in v olv e u or its lo w er deriv ativ es:

a(x; y ) uxx + b(x; y ) uxy + c(x; y ) uyy = F(x; y; u; u x ; uy )

It is line ar if u app ears only linearly:

a(x; y ) uxx + b(x; y ) uxy + c(x; y ) uyy = F(x; y ):

1 � is a utilit y discoun t rate, r is a riskless in terest rate, p is a utilit y exp onen t, and �
is a risk-adjusted excess return rate.
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A linear equation has the prop ert y that if u1 and u2 are solutions, then

u1 + u2 is also a solution. Also, if � is a n um b er then �u 1 is also a solution.

The qualitativ e b eha vior of a PDE is determined b y ho w its highest

deriv ativ es en ter the equation. F or a second-order, quasilinear equation the

co e�cien ts on the second deriv ativ es de�ne a quadratic form

G(p; q) = a p2 + b pq + c q2 =
�
p q

�
Q

�
p
q

�
; Q =

�
a 1

2b
1
2b c

�

where p; q are only dumm y v ariables. It is then natural to classify the

equation dep ending on the t yp e of the matrix Q :

� The PDE is el liptic if Q is p ositiv e de�nite or negativ e de�nite:

G(p; q) has the same sign for all nonzero p; q . The paradigmatic ex-

ample of a linear elliptic equation is Poisson 's e quation with G = I :

uxx + uyy = F(x; y )

If F = 0 then it is L aplac e's e quation. Elliptic equations generally do

not ha v e a time v ariable, and come from equilibrium problems.

� The PDE is hyp erb olic if Q is inde�nite: G(p; q) tak es opp osite signs

for di�eren t v alues of p; q . The classic example is the wave e quation

uyy - uxx = 0:

In this case, y w ould represen t time. Hyp erb olic equations tend to b e

asso ciated with transp ort phenomena.

� The PDE is p ar ab olic in the in-b et w een case that Q is semide�nite:

G(p; q) is alw a ys either � 0 or alw a ys � 0, but do es tak e zero v alues.

The classic example is the di�usion e quation

uy = uxx :

Again, y w ould represen t time. Note that the �rst-order term uy

comes from the righ t-hand side F(x; y; u; u x ; uy ) .

These de�ne broad categories that w e often apply qualitativ el y to more

general problems.

A v aguer but broader classi�cation is time-dep endent vs. stationary :
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� Time-dep enden t problems are conceptually similar to ODEs in lots of

dimensions (in�nitely man y). The time deriv ativ e or deriv ativ es are

generally determined as an explicit function of the space deriv ativ es,

and the problem can b e marc hed forw ard in time. In addition to the

accuracy of the discrete form ulation, the main issue is stability .

� Stationary problems m ust b e solv ed across the en tire domain at once.

The main issue in solving them is ho w to solv e the large systems of

sim ultaneous equations that result from the discretization. Problems

of this form often app ear as parts of other problems; for example,

solving an implicit discretization of a parab olic equation is equiv alen t

to solving an elliptic problem at eac h step.

Here are a few more examples of PDEs. They are single equations or sys-

tems, dep ending on whether the unkno wn u has one or sev eral comp onen ts.

Reaction-di�usion u(x; t ) is a v ector represen ting concen tration of some-

thing or another, p erhaps with sev eral comp onen ts. It solv es the semilinear

parab olic equation

u t = �u + f (u)

where f (u) is a v ector of reaction rates in terms of lo cal concen trations, and

the Laplacian op erator � = r 2 = @xx + @yy (2-D) or @xx + @yy + @zz (3-D).

Incompressible 
uid dynamics The inc ompr essible Euler e quations

for v elo cit y u and pressure p are

u t + u � r u = - r p

div u = 0:

In 3-D, there are four comp onen ts in all: u = ( u1 ; u2 ; u3) and p . Although

this system do es not fall within our classi�cation ab o v e, w e sa y that it is

partly h yp erb olic, b y virtue of the transp ort b eha vior, and is partly elliptic,

b ecause of the need to solv e for the pressure �eld (whic h is in equilibrium

to acoustic w a v es). The app earance of the time deriv ativ e is deceptiv e: this

is m uc h more complicated system than a simple ev olution problem.

The Navier-Stokes e quations add a di�usion term:

u t + u � r u = - r p + � � u

div u = 0;
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whic h mak es the system parab olic as w ell.

Compressible 
uid dynamics The c ompr essible Euler e quations are

the �rst-order quasilinear conserv ation la w

u t + div

�
F (u)

�
= 0; (2)

where F(u) is a v ector-v alued function of the solution v ector u , whose com-

p onen ts include v elo cit y (three comp onen ts if in 3-D), pressure, densit y ,

temp erature, etc. With appropriate assumptions on F(�) , these are h yp er-

b olic problems ev en though they are �rst-order. As an example, in one

dimension (div = @x ), for a scalar u , taking the simplest nonlinear function

F(u) = 1
2u2

giv es the inviscid Bur gers' e quation

u t + u u x = 0:

W e can also add a di�usion term to the righ t-hand side of (2) obtain the

c ompr essible Navier-Stokes e quation , whic h has parab olic nature as w ell

as h yp erb olic.

Optimal glider 
ying One mo del of the optimal strategy for a glider

aircraft 
ying in uncertain lift constructs a v alue function u(x; z; `) , where u
is exp ected time to reac h the goal, x is distance from the goal, z is altitude,

and ` is lo cal lift. This function solv es the system of partial di�eren tial

inequalities

ux + H(uz; `) +
`
�

u ` �
�`2

�
u `̀

uz(x; `; z) � -
1

` - s
min

;

where H() is a kno wn function incorp orating the glide p erformance of the

aircraft,

�` is a ro ot-mean-square lift strength, and � is a correlation length.

Eac h inequalit y is an equalit y on part of the domain, and part of the prob-

lem is to �nd the dividing line b et w een the t w o regions.

More examples can b e found ev erywhere. I ha v e giv en these just to em-

phasize that the classi�cation elliptic/parab olic /h yp erb oli c m ust b e in ter-

preted qualitativ el y as w ell as quan titativ ely . A v ast amoun t of theoretical
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w ork go es in to classifying the b eha vior of solutions to suc h equations; in

this course w e shall discuss only the simplest phenomena and metho ds. W e

shall b egin with parab olic equations to illustrate consistency , con v ergence,

and stabilit y , con tin ue with elliptic equations to discuss solving large lin-

ear systems, and �nally consider h yp erb olic equations and systems, where

the conserv ation prop erties of the ph ysical problem m ust b e re
ected in the

discretization.

3 Parabolic equations

Physical derivation

Supp ose u(x; t ) is temp erature of some medium, in one or more space di-

mensions. The in ternal energy p er unit v olume is some function H(u) of the

temp erature. Supp ose F is the v ector 
ux of energy through the material,

driv en primarily b y thermal gradien ts. By conserv ation of energy , the total

energy inside 
 c hanges only due to 
ux in or out across the b oundaries. If

c is the sp eci�c heat p er unit v olume, then this ma y b e written

d
dt

Z



H

�
u(x; t )

�
dx = -

Z

@

F� n̂ dA

where n̂ is the unit out w ard normal, @
 denotes the b oundary surface of


 , and dA is surface area. In tegrating b y parts (also kno wn as Green's

form ula), w e ma y write this as

Z



c u t dV = -

Z



div (F) dV

where c = dH=du is the sp eci�c heat p er unit v olume. Since this is true for

ev ery v olume 
 , if the in tegrands are con tin uous then they m ust b e equal

p oin t wise, and w e obtain the di�eren tial equation

cu t + div (F) = 0

whic h is satis�ed at ev ery p oin t in 
 .

T o complete the mo del, w e m ust sp ecify ho w F dep ends on u . In the

conserv ation la w (2) ab o v e, w e assumed that F w as a function of u itself,

giving a �rst-order system. No w w e shall let F dep end on deriv ativ es of u .
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The simplest mo del is the linear F ourier la w, in whic h the 
ux F is simply

prop ortional to the temp erature gradien t r u :

F(x; t; u; r u) = - � (x; t; u ) r u

where the co e�cien t of thermal conductivit y � in principle ma y dep end on

p osition, time, and the lo cal densit y itself. W e th us obtain the quasilinear

parab olic equation

cu t = div

�
� r u

�
:

If c and � are constan t in space and time, and indep enden t of u itself,

then this reduces to the linear equation

u t = D �u; (3)

where D = �=c is the di�usivity . The units of D are length

2=time . The

same equation arises from other ph ysical mo dels; for example, u could b e a

c hemical p oten tial with a driving particle 
ux F whic h c hanges the particle

densit y H(u) . In one dimension our mo del is

u t = D u xx : (4)

W e shall sp end sev eral w eeks talking ab out n umerical metho ds for equa-

tions (3,4). But b efore w e b egin, let us outline a few of their mathematical

prop erties.

Properties of the di�usion equation

F or simplicit y , w e shall fo cus on the one-dimensional v ersion (4).

Conservation F or an y �xed in terv al [a; b], a smo oth solution of (4) will

satisfy

d
dt

Zb

a
u(x; t ) dx =

Zb

a
Du xx (x; t ) dx = Du x(x; t )

�
�
�
b

x= a
: (5)

This do es not sa y that \stu� " is conserv ed in the sense that it nev er c hanges,

but that w e can accoun t for the total c hange in an in terv al b y lo oking at

what crosses the endp oin ts. Stu� do esn't app ear or disapp ear from the

in terior b ecause there are no sources or sinks in equation (4).
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The analogue for equation (3) is as follo ws. Let 
 2 Rn
b e a b ounded

set with a reasonably smo oth b oundary . Then

d
dt

Z



u(x; t ) dx = D

Z



r�r u(x; t ) dx = D

Z

@

r u(x; t )�n̂ = D

Z

@


@u
@̂n

(x; t )

where n̂ is the unit out w ard normal. And so the c hange in mass is equal to

the total 
ux through the b oundary of 
 .

Maximum principle Supp ose u(x; t ) has a smo oth in terior lo cal max-

im um, when view ed as a function of x for a �xed t . Then the second

deriv ativ e uxx � 0. Th us the time deriv ativ e u t is also � 0, and the lo c al

maximum c annot move upwar ds . Similarly , at a lo cal minim um uxx � 0
and so u t � 0, and the lo c al minimum c annot move downwar ds . If M is

an upp er b ound at time t 0 then the graph of u cannot get an y higher later

on

max

x2 R
u(x; t 0) � M =) max

x2 R
u(x; t ) � M; for t � t 0 .

Similarly , if m is a lo w er b ound at time t 0 then the graph of u cannot get

an y lo w er later on

m � max

x2 R
u(x; t 0) =) m � max

x2 R
u(x; t ); for t � t 0 .

Note that w e are considering the heat equation on all space, allo wing us to

ignore what migh t happ en at the b oundary , and w e are assuming that the

solution is smo oth.

In terms of ph ysical problems for whic h u is a densit y it follo ws imme-

diately that if the initial data is ev erywhere nonnegativ e, then the solution

will nev er b ecome negativ e at a later time.

In addition, b ecause the di�usion equation is linear and has constan t

co e�cien ts it follo ws that an y space or time deriv ativ e of u also satis�es the

di�usion equation. Therefore, since the deriv ativ es do not get larger than

their initial v alue, the solution only b ecomes smo other as it ev olv es in time.

In fact the solution instan tly b ecomes in�nitely smo oth. This justi�es the

in v o cation of deriv ativ es ab o v e.

It will b e v ery nice if the n umerical sc heme can preserv e these prop erties.

But to put this principle in p ersp ectiv e, let us describ e an alternativ e source

for a parab olic PDE, arising in pricing of �nancial deriv ativ es.
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Black-Scholes equation If V is the mark et price of a traded con tract

whose v alue dep ends on the price of an underlying asset S, then, under a

suitable mo del for the dynamics of S, V(S; t) m ust satisfy

@V
@t

+ 1
2 � 2 S2 @2V

@S2
+ ( r - q) S

@V
@S

- rV = 0:

where � , r , q are parameters of the mo del for S (v olatilit y , in terest rate, and

dividend yield). This equation is linear, but has nonconstan t co e�cien ts de-

p ending on the indep enden t v ariable S. By c hanging v ariables to x = log S,

the co e�cien ts b ecome constan t, and a few more simple c hanges reduce it

to the form (4), in whic h D is a ratio of v olatilit y to in terest rate.

Although this equation has the mathematical form as the ph ysical mo del

ab o v e, the underlying reasoning is v ery di�eren t. Conserv ation of V has

no particular signi�cance, nor do es decrease of energy; instead a principle

called absenc e of arbitr age is cen tral. This suggests that di�eren t n umerical

metho ds ma y b e appropriate for the Blac k-Sc holes equation than for ph ysical

di�usion problems.

3.1 Special solutions

Ab o v e w e ha v e describ ed fundamen tal prop erties of the structure of the

di�usion equation, esp ecially as it arises in ph ysical problems. T o gain

some insigh t in to the b eha vior of its solutions in general, let us consider t w o

particular explicit solutions.

3.1.1 Green's function

Consider the function

G(x; t ) =
1

p
4�Dt

e- x2 =4Dt : (6)

F or t > 0 , no denominators v anish, so this function is p erfectly w ell de�ned

and has deriv ativ es of all orders; it describ es a Gaussian pulse cen tered at

the origin, of total mass one, and of width

p
2Dt . (Because the solution is

not compact y supp orted w e cannot just tak e the length of the supp ort as

the width of the solution. Here, the \width" is the square ro ot of v arianceR
x2G(x; t ) dx .) Y ou ma y v erify that this function satis�es (4). (T o �nd G,

lo ok for solutions with the similarit y form u(x; t ) = U(x=
p

Dt )=
p

Dt for an
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Figure 1: Green's function (6) for the di�usion equation u t = 1
2uxx , sho wing

a curv e on whic h G is a �xed fraction of its heigh t at the origin. The �rst

few slices expand v ery rapidly a w a y from x = 0, and then slo w do wn.

unkno wn function U(� ) , obtain the ODE 2U00(� ) + �U 0(� ) + U(� ) = 0, �nd

the solution U(� ) = A exp (- � 2=4) , and then c ho ose A so mass is one.)

Note that

G(x; 0) := lim t & 0G(x; t ) =

�
0 if x 6= 0

1 if x = 0

is not a real-v alued function. Ho w ev er, b y extrap olating kno wn prop erties of

G(x; t ) for t > 0 , w e ma y sa y that G(x; 0) is some sort of unit mass, cen tered

at the origin, but of width zero|this strange ob ject is called a Dir ac delta

distribution. Of course, no ph ysical ob ject can really ha v e zero width, so

y ou ma y think of this solution as an \outer asymptotics," appro ximately

v alid on scales larger than the length scale of the initial data. I w an t to

dra w y our atten tion to t w o asp ects of this solution.

First, b ecause our PDE is linear, w e can solv e the initial-v alue problem

u t = Du xx on - 1 < x < 1 , t � 0. with u(x; 0) = u0(x) ,
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b y adding up the con tributions from eac h part of the initial data to get the

famous Green's form ula:

u(x; t ) =
Z1

- 1
G(x - y; t ) u0(y) dy:

Note that if u0(x) � 0 for all x , then, u(x; t ) � 0 for all (x; t ) since G >
0. F urthermore, if u0 � 0 is con tin uous and if u0 > 0 somewher e , then

u(x; t ) > 0 for all x and for all t > 0 no matter how smal l t is. Th us

initial data whic h is p ositiv e in a b ounded set and zero elsewhere results

in a solution whic h is instan taneously p ositiv e ev erywhere | the \sp eed of

propagation" is in�nite. Ho w ev er, for small t , the largest con tributions to

u at x come from v alues u0(y) for y near x .

Second, in (6), x app ears only in the com bination x=
p

Dt . This means

that if w e lo ok at the ph ysical lo cation of an y qualitativ e asp ect of the

solution|for example, the b oundaries b et w een whic h half of the solution

mass is con tained|then w e will see x scaling prop ortional to

p
Dt . F or

small t , this x will mo v e v ery rapidly , but for large t , the sp eed of adv ance

will b e slo w er and slo w er.

3.1.2 Eigenfunctions

The second class of sp ecial solutions tak es sin usoidal initial data u0(x) =
sin kx , where k is an y real n um b er. Y ou ma y easily v erify that the solution

with this initial data is

u(x; t ) = e- �t
sin kx; � = Dk 2: (7)

The form ula � = Dk 2
is called the disp ersion r elation: it giv es us the time

dep endence of w a v e-lik e solutions in terms of their spatial w a v e n um b er k .

F or an y p ositiv e v alue of D , � b ecomes v ery large as k increases, meaning

that high-fr e quency waves damp fast. Describing this b eha vior in terms

of w a v elengths and p erio ds rather than w a v e n um b ers and deca y rates, the

w a v elength � = 2�=k and the deca y time T = 1=� , so � = 2�
p

DT . This is

the same length /
p

time that w e observ ed in the Green's function.

Since the PDE is linear, a general solution ma y b e considered as a su-

p erp osition of all these p erio dic w a v es, and w e conclude that small-scale

features of the initial data are v ery rapidly smo othed out.
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Figure 2: P erio dic solutions (7) for the di�usion equation, with k = 2� so

the spatial p erio d is 1. The time deca y constan t is k2=2 � 20, so the deca y is

extremely rapid (note the time scale of the plot). By t = 0:1 the amplitude

is only ab out 1/7 of its initial v alue.

4 Numerical methods for di�usion equation

No w let us construct a n umerical mo del for the di�usion equation. W e shall

�rst talk ab out the pure initial v alue problem: �nd u(x; t ) de�ned for all

- 1 < x < 1 and for t � 0, so that u t = Du xx on this region, and so that

u(x; 0) = u0(x) where u0(x) is giv en initial data. W e shall discretize �rst in

space, then in time.

4.1 Space discretization

Th us to b egin, let us c ho ose a grid sp acing h and in tro duce grid p oin ts

xj = jh . W e w an t to appro ximate the PDE's solution, u(x; t ) , on R � [0;1 )
b y an in�nite collection of functions, fUj (t )g, on [0;1 ) suc h that Uj (t ) will

b e a go o d appro ximation for u(xj ; t ) as h ! 0.

The Uj (t ) will b e solutions of an in�nite collection of ODEs; the ODEs

are determined b y the PDE (the di�usion equation, in this case). T o do
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this, w e need to appro ximate the spatial deriv ativ e uxx (x; t ) b y a di�er enc e

formula . W e do this b y computing �rst deriv ativ es t wice, mimic king the

t w o �rst deriv ativ es (gradien t and div ergence) whic h w e used to construct

the second-order PDE (4).

First, let us note that if the Uj (t ) are a go o d appro ximation to the grid

v alues of a smo oth function u(x; t ) , then they can b e used to appro ximate

the �rst x -deriv ativ e of u(x; t ) :

ux(( j + 1
2)h; t ) �

1
h

�
u(xj + 1; t ) - u(xj ; t )

�
�

1
h

�
Uj + 1(t ) - Uj (t )

�
:

This appro ximates the �rst deriv ativ e at the \half-grid p oin t" j + 1
2 , cen tered

b et w een the p oin ts j and j + 1 at whic h w e ev aluate u itself. Next, w e tak e

the second deriv ativ e b y di�erencing this expression:

uxx (xj ; t ) = �
1
h

�
ux(( j + 1

2)h; t ) - ux (( j - 1
2)h; t )

�

�
1
h

�
Uj + 1(t ) - Uj (t )

h
-

Uj (t ) - Uj - 1(t )
h

�

=
1
h2

�
Uj + 1(t ) - 2Uj (t ) + Uj - 1(t )

�
:

T o con�rm that this expression is a go o d appro ximation to the second

deriv ativ e, let us assume that u(x; t ) is a smo oth function, and expand its

v alues at xj � 1 as a lo cal asymptotic series

2

in terms of its deriv ativ es at xj :

Uj � 1(t ) � u(xj � h; t )

� u(xj ; t ) � hu x(xj ; t ) + 1
2h2uxx (xj ; t )

� 1
6h3uxxx (xj ; t ) + 1

24 h4uxxxx (xj ; t ) + : : :

as h ! 0. W e therefore �nd

1
h2

�
Uj + 1(t ) - 2Uj (t ) + Uj - 1(t )

�
� uxx (xj ; t ) + 1

12 h2uxxxx (xj ; t ) + : : :

as h ! 0. Since the \error" term uxxxx has a co e�cien t prop ortional to h2
,

the di�erence expression on the left is a se c ond-or der ac cur ate appro xima-

tion to the second deriv ativ e.

2

An asymptotic series expresses the lo cal b eha vior of f (h) as h ! 0; eac h �xed n um b er

of terms giv es a more accurate appro ximation in that limit. This is in con trast to a p ower

series , whic h is in tended to con v erge as the n um b er of terms ! 1 , for a �xed v alue of h .

An y p o w er series is an asymptotic series, but the latter are m uc h more robust.
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W e could ha v e written do wn this second-order di�erence form ula di-

rectly , but constructing it as t w o �rst deriv ativ es tells us the prop er w a y to

handle nonconstan t co e�cien ts. If c and � are not constan t, then w e will

see that a go o d appro ximation is

1
c

�
�u x

�
x

�
�
�
x= x j

�
1
cj

1
h

�
� j + 1

2

Uj + 1 - Uj

h
- � j - 1

2

Uj - Uj - 1

h

�

where cj and �
j � 1

2
are appro ximations to c at xj and to � at xj � 1=2 . F or

example, �
j + 1

2
= ( � j + � j + 1)=2. A b ad appro ximation w ould b e

BAD:
1
c

�
�u x

�
x

�
�
�
x= x j

�
� j

cj

1
h2

�
Uj + 1 - 2Uj + Uj - 1

�
;

since w e will see that it do es not prop erly resp ect conserv ation.

4.2 Time discretization

No w that w e ha v e appro ximated the space deriv ativ es, our PDE b ecomes a

collection of ODEs for Uj (t ) . Returning to the case of constan t c, � , and

hence D , w e ma y write this system as

dU j

dt
(t ) =

D
h

�
Uj + 1(t ) - Uj (t )

h
-

Uj (t ) - Uj - 1(t )
h

�

=
D
h2

�
Uj + 1(t ) - 2Uj (t ) + Uj - 1(t )

�
;

on the lattice j = : : : ; - 2; - 1; 0; 1; 2; : : : in R .

F ollo wing our approac h to space discretization, w e c ho ose a time step

k , in tro duce time levels t n = nk , for n = 0; 1; : : : , and let un
j denote

an appro ximation to the (ODE) solution Uj (t ) at the time lev el t n = nk .

Whic h is, in turn, an appro ximation to the (PDE) solution u(x; t ) at the

grid p oin t (xj ; t n ) = ( jh; nk ) . In short:

un
j � Uj (nk ) � u(jh; nk )

Note that the sup erscript

n
is a lab el rather than an exp onent .

Once w e ha v e �gured out ho w to generate un
j for all n > 0 from a

collection of initial v alues u0
j w e will ha v e gone from u(x; t ) whic h is a

function on R � [0;1 ) to a collection of n um b ers fun
j g whic h are lo cated
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on the lattice f(jh; nk ) j j 2 Z; n 2 Ng. The hop e is that if w e do our job

w ell then as h ! 0 and k ! 0 these n um b ers will b ecome b etter and b etter

appro ximations of u(xj ; t n ) .

The simplest w a y to appro ximate a solution to the ODE y t = f (y) is

the forwar d Euler appro ximation: set yn + 1 = yn + k f (yn ) . That is, just

assume that dy=dt is constan t across the time in terv al from t n to t n + 1 ev en

though y(t ) itself is c hanging. Applied to this system of ODEs, w e get the

appro ximation

un + 1
j = un

j +
Dk
h2

�
un

j + 1 - 2un
j + un

j - 1

�
: (8)

Ev ery term on the righ t side of this equation in v olv es only grid v alues at

lev el n , and the result is an explicit form ula for grid v alues at lev el n + 1.

This form ula is v ery easy to implemen t: A t t = 0, set the initial grid

v alue u0
j = u0(jh ) , where u0(x) is the giv en initial data. Then for eac h

n = 1; 2; : : : , ev aluate all grid p oin ts un
j at lev el n b y ev aluating form ula

(8) in terms of the previous lev el n - 1. Once lev el n is done, then w e ha v e

all the information w e need to con tin ue on to lev el n + 1; in this w a y w e

can pro ceed forw ard as far as w e lik e. W e hop e that eac h computed v alue

un
j will b e reasonably close to the corresp onding v alue u(xj ; t n ) of the true

solution u(x; t ) , esp ecially if h and k are c hosen small enough; this desirable

prop ert y is called c onver genc e .

Before w e study con v ergence, let us consider the prop erties of the PDE

that w e iden ti�ed ab o v e, to see whether they are preserv ed in the discrete

mo del (8). As a preliminary , let us note that the sc heme ma y b e written as

un + 1
j = � u n

j + 1 + ( 1 - 2� ) un
j + � u n

j - 1; � =
Dk
h2 : (9)

Note that the parameter � is dimensionless; it is roughly the grid time step

divided b y the di�usion time on one spatial grid cell.

Conservation If a = Ah , b = Bh , and t = nk for in tegers A , B, and n
then the analogue of

Rb
a u(x; t ) dx is the sum Sn =

P B
j = A un

j h . The c hange

in this quan tit y across one time step is

Sn + 1 - Sn

k
=

D
k

BX

j = A

�
un + 1

j - un
j

�
h = D

BX

j = A

� un
j + 1 - un

j

h
-

un
j - un

j - 1

h

�

= D
un

B+ 1 - un
B

h
- D

un
A - un

A - 1

h
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(in the second sum, c hange j 7! j + 1, then the middle part all cancels).

Because the t w o terms on the righ t-hand side are the discrete appro ximation

of ux at x = a and x = b , w e see that this spatial discretization reults in the

discrete analogue of the conserv ation la w (5) whatev er the v alue of h , k , and

D . It's clear that this prop ert y is preserv ed ev en if c and � are not constan t,

as long as the \go o d" discretization describ ed ab o v e is used. (Chec k this!)

Maximum principle W e �rst note that the lo cal maxima decrease and

lo cal minima increase. Assume un
j > u n

j � 1 . Because � > 0 it follo ws that

un + 1
j = � u n

j + 1 + ( 1 - 2� ) un
j + � u n

j - 1 < � u n
j + ( 1- 2� ) un

j + � u n
j = un

j :

And so un + 1
j < u n

j ; the lo cal maxim um mo v es do wn w ards. Similarly , if

un
j < u n

j � 1 then un
j < u n + 1

j ; the lo cal minim um mo v es up w ards.

In terms of global upp er and lo w er b ounds, this will hold for discrete

mo del if and only if � � 1
2 , for only then are all the w eigh ts in the expression

(9) p ositiv e. Assume that un l � M for all j . Then if � � 1=2 the rule (9)

yields

un + 1
j = � u n

j + 1 + ( 1 - 2� ) un
j + � u n

j - 1 < � M + ( 1 - 2� ) M + � M = M:

Similarly , lo w er b ounds will b e resp ected. If � > 1=2 then y ou can �nd

p ositiv e initial data that results in solutions that b ecome negativ e a certain

lo cations at certain later times, violating the maxim um principle.

The condition � � 1=2 is a constrain t on the size of the time step k :

� =
Dk
h2 �

1
2

=) 2Dk � h2:

That is, the time step m ust b e short enough to resolv e the di�usion time

on one grid cell.


