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1 OwnershipThese notes are the joint property of Rob Almgren and Mary Pugh.
2 General classificationA partial di�erential equation (PDE) is an equation expressing a relationshipamong partial derivatives of an unknown fun
tion. If the fun
tion is u (as
alar or a ve
tor), and it depends on variables x, y, . . . (it must depend onmore than one variable to have partial derivatives), then the most generalPDE would have the form

F
(

x, y, . . . , u, ux, uy, . . . , uxx, uxy, uyy, . . . , uxxx, . . .
)

= 0 (1)where the arguments in
lude all derivatives of u up to some �nite order.In addition to the PDE (1), we need to spe
ify a domain Ω ⊂ R
n,where n is the number of independent variables, and boundary 
onditionsthat u and some appropriate 
ombination of its derivatives should satisfyon the boundary of Ω. If one of the variables is time, then some part of theboundary 
onditions may be 
alled initial or terminal 
onditions.

Example: Robert Merton (1969) 
onsidered the problem of \Lifetime port-folio sele
tion under un
ertainty." The independent variables are t, repre-senting time throughout an person's life, and w, representing his or her totalwealth. Then the optimal investment/
onsumption strategy is determinedby the \utility" u(w, t) whi
h satis�es the PDE
ut − ρ u + rwuw +

1 − p
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u
p/(1−p)
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u2
w

uww

= 0,1



2 Mary Pugh Mat1062 Jan. 6, 2009on the domain w > 0 and t < T where T is time of death (assumed known).Terminal 
onditions are given at t = T . The parameters ρ, r, et
. representvarious �nan
ial 
oeÆ
ients.1This PDE is highly nonlinear, sin
e the �rst derivative uw appears withvarious exponents, and the se
ond derivative uww appears in a denomina-tor; in addition, the solution has singular behavior near the boundaries.There are no good numeri
al methods for solving su
h an equation; Mertonobtained analyti
al solutions by exploiting a s
aling symmetry and redu
ingthe problem to an ODE.
2.1 Simple formsFortunately, most problems arising in physi
al s
ien
es (and even in �nan
e)do not have su
h horrible stru
tures. We will therefore de�ne a more re-stri
ted 
lass of problems than the general (1).A PDE is quasilinear if the highest derivatives appear linearly. For thesimplest 
ase of two independent variables x, y (one of whi
h may repre-sent time), and restri
ting attention to se
ond-order PDEs (at most twoderivatives), a quasilinear equation may be written

a(x, y, u, ux, uy)uxx + b(x, y, u, ux, uy)uxy + c(x, y, u, ux, uy)uyy

= F(x, y, u, ux, uy)where a(·), b(·), c(·), F(·) may be arbitrary nonlinear fun
tions.It is semilinear if it is quasilinear, and the 
oeÆ
ient fun
tions on thehighest derivatives do not involve u or its lower derivatives:
a(x, y)uxx + b(x, y)uxy + c(x, y)uyy = F(x, y, u, ux, uy)It is linear if u appears only linearly:

a(x, y)uxx + b(x, y)uxy + c(x, y)uyy = F(x, y).A linear equation has the property that if u1 and u2 are solutions, then
u1 +u2 is also a solution. Also, if µ is a number then µu1 is also a solution.1ρ is a utility dis
ount rate, r is a riskless interest rate, p is a utility exponent, and βis a risk-adjusted ex
ess return rate.



Mat1062 Jan. 6, 2009 Mary Pugh 3The qualitative behavior of a PDE is determined by how its highestderivatives enter the equation. For a se
ond-order, quasilinear equation the
oeÆ
ients on the se
ond derivatives de�ne a quadrati
 form
G(p, q) = ap2 + b pq + cq2 =

(

p q
)

Q

(

p

q

)

, Q =

(

a 1
2
b

1
2
b c

)where p, q are only dummy variables. It is then natural to 
lassify theequation depending on the type of the matrix Q:� The PDE is ellipti
 if Q is positive de�nite or negative de�nite:
G(p, q) has the same sign for all nonzero p, q. The paradigmati
 ex-ample of a linear ellipti
 equation is Poisson's equation with G = I:

uxx + uyy = F(x, y)If F = 0 then it is Lapla
e's equation. Ellipti
 equations generally donot have a time variable, and 
ome from equilibrium problems.� The PDE is hyperboli
 if Q is inde�nite: G(p, q) takes opposite signsfor di�erent values of p, q. The 
lassi
 example is the wave equation
uyy − uxx = 0.In this 
ase, y would represent time. Hyperboli
 equations tend to beasso
iated with transport phenomena.� The PDE is paraboli
 in the in-between 
ase that Q is semide�nite:

G(p, q) is always either ≥ 0 or always ≤ 0, but does take zero values.The 
lassi
 example is the di�usion equation
uy = uxx.Again, y would represent time. Note that the �rst-order term uy
omes from the right-hand side F(x, y, u, ux, uy).These de�ne broad 
ategories that we often apply qualitatively to moregeneral problems.A vaguer but broader 
lassi�
ation is time-dependent vs. stationary :� Time-dependent problems are 
on
eptually similar to ODEs in lots ofdimensions (in�nitely many). The time derivative or derivatives aregenerally determined as an expli
it fun
tion of the spa
e derivatives,and the problem 
an be mar
hed forward in time. In addition to thea

ura
y of the dis
rete formulation, the main issue is stability.



4 Mary Pugh Mat1062 Jan. 6, 2009� Stationary problems must be solved a
ross the entire domain at on
e.The main issue in solving them is how to solve the large systems ofsimultaneous equations that result from the dis
retization. Problemsof this form often appear as parts of other problems; for example,solving an impli
it dis
retization of a paraboli
 equation is equivalentto solving an ellipti
 problem at ea
h step.Here are a few more examples of PDEs. They are single equations or sys-tems, depending on whether the unknown u has one or several 
omponents.
Reaction-diffusion u(~x, t) is a real-valued fun
tion of spa
e representing
on
entration of something or another. It solves the semilinear paraboli
equation

ut = ∆u + f(u)where f(u) is a real-valued fun
tion giving the rea
tion rates in terms of lo
al
on
entrations, and the Lapla
ian operator ∆ = ∇2 = ∂x1x1
+ . . . ∂xnxn if

~x ∈ R
n. In two and three dimensions, one would write ∆ = ∂xx + ∂yy (2-D)or ∂xx + ∂yy + ∂zz (3-D).Rea
tion di�usion equations 
an be written for more than one spe
ies.In this 
ase, one would have ~u(~x, t) whi
h would be a real-valued ve
tor;ea
h 
omponent representing the 
on
entration of a parti
ular spe
ies. Theirevolution would be modelled by a 
oupled system of rea
tion di�usion equa-tions:

ujt
= Dj∆uj + fj(~u) 1 ≤ j ≤ n. (2)Note that the rea
tion rate fj 
an depend on all of the spe
ies and thatea
h spe
ies 
an have a di�erent di�usion rate Dj. Su
h rea
tion-di�usionsystems 
an have very interesting dynami
s.

Incompressible fluid dynamics The in
ompressible Euler equationsfor velo
ity ~u and pressure p are
~ut + ~u · ∇~u = −∇pdiv ~u = 0.In 3-D, there are four 
omponents in all: ~u = (u1, u2, u3) and p. Althoughthis system does not fall within our 
lassi�
ation above, we say that it ispartly hyperboli
, by virtue of the transport behavior, and is partly ellipti
,
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ause of the need to solve for the pressure �eld (whi
h is in equilibriumto a
ousti
 waves). The appearan
e of the time derivative is de
eptive: thisis mu
h more 
ompli
ated system than a simple evolution problem.The Navier-Stokes equations add a di�usion term:
~ut + ~u · ∇~u = −∇p + ν∆~udiv ~u = 0,whi
h makes the system paraboli
 as well.

Compressible fluid dynamics The 
ompressible Euler equations arethe �rst-order quasilinear 
onservation law
~ut + div(~F(~u)

)

= 0, (3)where ~F(~u) is a ve
tor-valued fun
tion of the solution ve
tor ~u, whose 
om-ponents in
lude velo
ity (three 
omponents if in 3-D), pressure, density,temperature, et
. With appropriate assumptions on F(·), these are hyper-boli
 problems even though they are �rst-order. As an example, in onedimension (div = ∂x), for a s
alar u, taking the simplest nonlinear fun
tion
F(u) = 1

2
u2 gives the invis
id Burgers' equation

ut + uux = 0.We 
an also add a di�usion term to the right-hand side of (3) obtain the
ompressible Navier-Stokes equation, whi
h has paraboli
 nature as wellas hyperboli
.
Optimal glider flying One model of the optimal strategy for a gliderair
raft 
ying in un
ertain lift 
onstru
ts a value fun
tion u(x, z, ℓ), where uis expe
ted time to rea
h the goal, x is distan
e from the goal, z is altitude,and ℓ is lo
al lift. This fun
tion solves the system of partial di�erentialinequalities

ux + H(uz, ℓ) +
ℓ

ξ
uℓ ≤

�ℓ2
ξ

uℓℓ

uz(x, ℓ, z) ≥ −
1

ℓ − smin ,
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tion in
orporating the glide performan
e of theair
raft, �ℓ is a root-mean-square lift strength, and ξ is a 
orrelation length.Ea
h inequality is an equality on part of the domain, and part of the prob-lem is to �nd the dividing line between the two regions.More examples 
an be found everywhere. I have given these just to em-phasize that the 
lassi�
ation ellipti
/paraboli
/hyperboli
 must be inter-preted qualitatively as well as quantitatively. A vast amount of theoreti
alwork goes into 
lassifying the behavior of solutions to su
h equations; inthis 
ourse we shall dis
uss only the simplest phenomena and methods. Weshall begin with paraboli
 equations to illustrate 
onsisten
y, 
onvergen
e,and stability, 
ontinue with ellipti
 equations to dis
uss solving large lin-ear systems, and �nally 
onsider hyperboli
 equations and systems, wherethe 
onservation properties of the physi
al problem must be re
e
ted in thedis
retization.
3 Parabolic equations

Physical derivationSuppose u(x, t) is temperature of some medium, in one or more spa
e di-mensions. The internal energy per unit volume is some fun
tion H(u) of thetemperature. Suppose F is the ve
tor 
ux of energy through the material,driven primarily by thermal gradients. By 
onservation of energy, the totalenergy inside Ω 
hanges only due to 
ux in or out a
ross the boundaries. If
c is the spe
i�
 heat per unit volume, then this may be written

d

dt

∫

Ω

H
(

u(x, t)
)

dx = −

∫

∂Ω

F · ~n dAwhere ~n is the unit outward normal, ∂Ω denotes the boundary surfa
e of
Ω, and dA is surfa
e area. Integrating by parts (also known as Green'sformula), we may write this as

∫

Ω

cut dV = −

∫

Ω

div(F)dVwhere c = dH/du is the spe
i�
 heat per unit volume. Sin
e this is true forevery volume Ω, if the integrands are 
ontinuous then they must be equal
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cut + div(F) = 0whi
h is satis�ed at every point in Ω.To 
omplete the model, we must spe
ify how F depends on u. In the
onservation law (3) above, we assumed that F was a fun
tion of u itself,giving a �rst-order system. Now we shall let F depend on derivatives of u.The simplest model is the linear Fourier law, in whi
h the 
ux F is simplyproportional to the temperature gradient ∇u:

F(x, t, u,∇u) = −κ(x, t, u)∇uwhere the 
oeÆ
ient of thermal 
ondu
tivity κ in prin
iple may depend onposition, time, and the lo
al density itself. We thus obtain the quasilinearparaboli
 equation
cut = div(κ(x, t, u)∇u

)

. (4)If c and κ are 
onstant in spa
e and time, and independent of u itself,then the nonlinear equation (4) redu
es to the linear equation
ut = D∆u, (5)where D = κ/c is the di�usivity. The units of D are length2/time. Thesame equation arises from other physi
al models; for example, u 
ould be a
hemi
al potential with a driving parti
le 
ux F whi
h 
hanges the parti
ledensity H(u). In one dimension our model is
ut = Duxx. (6)We shall spend several weeks talking about numeri
al methods for equa-tions (5,6). But before we begin, let us outline a few of their mathemati
alproperties.

Properties of the diffusion equationFor simpli
ity, we fo
us on the one-dimensional version (6).
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Conservation For any �xed interval [a, b], a smooth solution of (6) willsatisfy

d

dt

∫b

a

u(x, t)dx =

∫b

a

Duxx(x, t)dx = Dux(x, t)
∣

∣

∣

b

x=a
. (7)This does not say that \stu�" is 
onserved in the sense that it never 
hanges,but that we 
an a

ount for the total 
hange in an interval by looking atwhat 
rosses the endpoints. Stu� doesn't appear or disappear from theinterior be
ause there are no sour
es or sinks in equation (6).The analogue for the di�usion equation in higher dimensions (5) is asfollows. Let Ω ∈ R

n be a bounded set with a reasonably smooth boundary.Then
d

dt

∫

Ω

u(~x, t)d~x = D

∫

Ω

∇ · ∇u(~x, t)d~x = D

∫

∂Ω

∇u(~x, t) · ~n dA

= D

∫

∂Ω

∂u

∂~n
(~x, t) dAwhere ~n is the unit outward normal. And so the 
hange in mass is equal tothe total 
ux through the boundary of Ω.Finally, these observations apply to the nonlinear di�usion equation (4):

d

dt

∫

Ω

u(~x, t)d~x =
1

c

∫

∂Ω

κ(~x, t, u)
∂u

∂~n
(~x, t) dA

Maximum principle Suppose u(x, t) has a smooth interior lo
al max-imum, when viewed as a fun
tion of x for a �xed t. Then the se
ondderivative uxx ≤ 0. Thus the time derivative ut is also ≤ 0, and the lo
almaximum 
annot move upwards. Similarly, at a lo
al minimum uxx ≥ 0and so ut ≥ 0, and the lo
al minimum 
annot move downwards. If M isan upper bound at time t0 then the graph of u 
annot get any higher lateron max
x∈R

u(x, t0) ≤ M =⇒ max
x∈R

u(x, t) ≤ M, for t > t0.Similarly, if m is a lower bound at time t0 then the graph of u 
annot getany lower later on
m ≤ max

x∈R

u(x, t0) =⇒ m ≤ max
x∈R

u(x, t), for t > t0. (8)The maximum prin
iple was written to allow the possibility of initialdata whi
h is a 
onstant fun
tion: u(x, t0) = M = m for all x ∈ R. Be
ause
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h a fun
tion is a solution of the di�usion equation, we need to allowan inequality in the above. However, if the initial data is not a 
onstantfun
tion then one 
an make the stronger statementsmax
x∈R

u(x, t0) ≤ M =⇒ max
x∈R

u(x, t) < M, for t > t0. (9)
m ≤ max

x∈R

u(x, t0) =⇒ m < max
x∈R

u(x, t), for t > t0. (10)One 
an easily prove (9) and (10) by representing the solution via 
onvolu-tion against the Green's fun
tion
u(·, t) = u0 ∗ G(·, t − t0).See Subse
tion 3.1.1 for more about the Green's fun
tion.Note that above we are 
onsidering the di�usion equation on all of R,allowing us to ignore what might happen at the boundary. One has a Green'sfun
tion in R

n and so one 
an make the same statements about solutionson Rn. If one is 
onsidering the di�usion equation on a bounded domain,
Ω, then one 
annot make statements like (9) and (10) about the extremalvalues be
ause it is possible that the maximum value, say, is a
hieved at theboundary.In terms of physi
al problems for whi
h u is a density it follows imme-diately from (8) that if the initial data is everywhere nonnegative, then thesolution will never be
ome negative at a later time.In addition, be
ause the di�usion equation is linear and has 
onstant
oeÆ
ients it follows that any spa
e or time derivative of u also satis�es thedi�usion equation. Therefore, sin
e the derivatives do not get larger thantheir initial value, the solution only be
omes smoother as it evolves in time.In fa
t the solution instantly be
omes in�nitely smooth. This justi�es theinvo
ation of derivatives above.It will be very ni
e if the numeri
al s
heme 
an preserve these properties.But to put this prin
iple in perspe
tive, let us des
ribe an alternative sour
efor a paraboli
 PDE, arising in pri
ing of �nan
ial derivatives.
Black-Scholes equation If V is the market pri
e of a traded 
ontra
twhose value depends on the pri
e of an underlying asset S, then, under asuitable model for the dynami
s of S, V(S, t) must satisfy

∂V

∂t
+ 1

2
σ2 S2 ∂2V

∂S2
+ (r − q)S

∂V

∂S
− rV = 0.



10 Mary Pugh Mat1062 Jan. 6, 2009where σ, r, q are parameters of the model for S (volatility, interest rate, anddividend yield). This equation is linear, but has non
onstant 
oeÆ
ients de-pending on the independent variable S. By 
hanging variables to x = log S,the 
oeÆ
ients be
ome 
onstant, and a few more simple 
hanges redu
e itto the form (6), in whi
h D is a ratio of volatility to interest rate.Although this equation has the mathemati
al form as the physi
al modelabove, the underlying reasoning is very di�erent. Conservation of V hasno parti
ular signi�
an
e, nor does de
rease of energy; instead a prin
iple
alled absen
e of arbitrage is 
entral. This suggests that di�erent numeri
almethods may be appropriate for the Bla
k-S
holes equation than for physi
aldi�usion problems.
3.1 Special solutionsAbove we have des
ribed fundamental properties of the stru
ture of thedi�usion equation, espe
ially as it arises in physi
al problems. To gainsome insight into the behavior of its solutions in general, let us 
onsider twoparti
ular expli
it solutions.
3.1.1 Green’s functionConsider the fun
tion

G(x, t) =
1√

4πDt
e−x2/4Dt. (11)For t > 0, no denominators vanish, so this fun
tion is perfe
tly well de�nedand has derivatives of all orders; it des
ribes a Gaussian pulse 
entered atthe origin, of total mass one, and of width √

2Dt. (Be
ause the solution isnot 
ompa
ty supported we 
annot just take the length of the support asthe width of the solution. Here, the \width" is the square root of varian
e∫
x2G(x, t)dx.) You may verify that this fun
tion satis�es (6). (To �nd G,look for solutions with the similarity form u(x, t) = U(x/

√
Dt)/

√
Dt for anunknown fun
tion U(ξ), obtain the ODE 2U ′′(ξ) + ξU ′(ξ) + U(ξ) = 0, �ndthe solution U(ξ) = A exp(−ξ2/4), and then 
hoose A so mass is one.)Note that

G(x, 0) := limtց0G(x, t) =

{
0 if x 6= 0

∞ if x = 0



Mat1062 Jan. 6, 2009 Mary Pugh 11

−2

0

2

0

1

2
0

0.2

0.4

0.6

0.8

xt

G

Figure 1: Green's fun
tion (11) for the di�usion equation ut = 1
2
uxx, show-ing a 
urve on whi
h G is a �xed fra
tion of its height at the origin. The�rst few sli
es expand very rapidly away from x = 0, and then slow down.is not a real-valued fun
tion. However, by extrapolating known properties of

G(x, t) for t > 0, we may say that G(x, 0) is some sort of unit mass, 
enteredat the origin, but of width zero|this strange obje
t is 
alled a Dira
 deltadistribution. Of 
ourse, no physi
al obje
t 
an really have zero width, soyou may think of this solution as an \outer asymptoti
s," approximatelyvalid on s
ales larger than the length s
ale of the initial data. I want todraw your attention to two aspe
ts of this solution.First, be
ause our PDE is linear, we 
an solve the initial-value problem
ut = Duxx on −∞ < x < ∞, t ≥ 0. with u(x, 0) = u0(x),by adding up the 
ontributions from ea
h part of the initial data to get thefamous Green's formula:

u(x, t) =

∫∞

−∞
G(x − y, t)u0(y)dy.Note that if u0(x) ≥ 0 for all x, then, u(x, t) ≥ 0 for all (x, t) sin
e G >

0. Furthermore, if u0 ≥ 0 is 
ontinuous and if u0 > 0 somewhere, then
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Figure 2: Periodi
 solutions (12) for the di�usion equation, with k = 2πso the spatial period is 1. The time de
ay 
onstant is k2/2 ≈ 20, so thede
ay is extremely rapid (note the time s
ale of the plot). By t = 0.1 theamplitude is only about 1/7 of its initial value.
u(x, t) > 0 for all x and for all t > 0 no matter how small t is. Thusinitial data whi
h is positive in a bounded set and zero elsewhere resultsin a solution whi
h is instantaneously positive everywhere | the \speed ofpropagation" is in�nite. However, for small t, the largest 
ontributions to
u at x 
ome from values u0(y) for y near x.Se
ond, in (11), x appears only in the 
ombination x/

√
Dt. This meansthat if we look at the physi
al lo
ation of any qualitative aspe
t of thesolution|for example, the boundaries between whi
h half of the solutionmass is 
ontained|then we will see x s
aling proportional to √

Dt. Forsmall t, this x will move very rapidly, but for large t, the speed of advan
ewill be slower and slower.
3.1.2 EigenfunctionsThe se
ond 
lass of spe
ial solutions takes sinusoidal initial data u0(x) =sin kx, where k is any real number. You may easily verify that the solution
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u(x, t) = e−σt sin kx, σ = Dk2. (12)The formula σ = Dk2 is 
alled the dispersion relation: it gives us the timedependen
e of wave-like solutions in terms of their spatial wave number k.For any positive value of D, σ be
omes very large as k in
reases, meaningthat high-frequen
y waves damp fast. Des
ribing this behavior in termsof wavelengths and periods rather than wave numbers and de
ay rates, thewavelength Λ = 2π/k and the de
ay time T = 1/σ, so Λ = 2π

√
DT . This isthe same length ∝

√time that we observed in the Green's fun
tion.Sin
e the PDE is linear, a general solution may be 
onsidered as a su-perposition of all these periodi
 waves, and we 
on
lude that small-s
alefeatures of the initial data are very rapidly smoothed out.


