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Time-Dependent Finite-Volume Model of
Thermoelectric Devices
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Abstract—Thermoelectric modules are an important alternative
to heat engines in the harvesting of waste heat. Electrical–thermal
analogs are often employed when studying heat conduction and
this approach can be extended to develop a model for thermoelec-
tric effects. In this article, the coupled thermoelectric partial dif-
ferential equations are discretized using the finite-volume method;
the discretization respects the coupling between the heat sink and
the thermoelectric material. The new model is especially useful
when an accurate picture of transients in a thermoelectric device
is required. Results from the 1-D finite-volume model are shown
to agree with experimental results as well as 3-D simulations using
COMSOL.

Index Terms—Finite-volume methods, modeling, thermoelectric
devices, thermoelectric energy conversion, thermoelectricity.

I. INTRODUCTION

WASTE heat is produced as a byproduct in power genera-
tion, industrial processes and electrical machines. Large

amounts of waste heat are produced by industry; low-grade
heat (heat sources roughly under 100 ◦C) is also available from
natural sources [1]. Recovering this heat into usable electricity
would save a significant amount of resources through increasing
efficiency and lowering fuel costs as well as being beneficial to
the environment [2]. One prominent technology in waste heat
recovery is the thermoelectric generator, which uses materials
with a high thermoelectric figure of merit to convert heat to
electricity [3]. Despite relatively low efficiency, their solid-state
nature allows them to be used in applications where a heat
engine would be impractical, such as those located in remote or
hostile environments [4]. Recent experimental and application
interest in thermoelectric materials has been in thin films [5],
[6] and the design of microscale energy converters [7]–[10].
Modern thermoelectric devices for specialist applications are
often cascaded or multi-stage [11], [12] to optimize efficiency,
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meaning that the Seebeck coefficient must be modeled as
having a temperature dependence. This highlights the need for
accurate models to guide design and experiment.

Due to the ease with which electrical circuits can be used to
study the heat equation, circuit models are commonly applied
to thermoelectric problems. Examples found in the literature
range from lumped equivalent circuits [13]–[15] to distributed
circuits [16], [17]. Many of these are overly simplified and do
not properly account for the physics of the device, including
the temperature dependence of the Seebeck coefficient. The
proper way to account for unmodeled physics is to discretize
the partial differential equations describing the electrical and
thermal characteristics of the thermoelectric device and then
if required convert the series of ordinary differential equations
into circuits using dependent sources, independent sources and
discrete passive components. Though any partial differential
equation, after discretization, can be converted into a circuit
model by adding dependent sources, the main concern is that
most circuit models are derived from empirical equations in-
stead of using a first-principles approach. Additionally, many
simulators cannot handle dependent sources (particularly if
there is a nonlinearity), resulting in the scope of some models
being limited by the capabilities of software packages.

This work starts with the partial differential equations
(PDEs) for the full system: two heat equations (one for the heat
source, the other for the heat sink) coupled to a pair of PDEs
in the thermoelectric material (one for the temperature and
one for the electric field). The PDEs are discretized using the
finite-volume method, which is chosen for this work because
it easily handles PDEs like (4)–(6) that involve flux terms. By
taking this approach, all assumptions are known and the model
can be easily related back to the governing equations. In the
discretization process, one can adjust the model’s accuracy and
complexity by how fine a discretization is chosen and by how
one approximates the boundary conditions and the transport
coefficients. Furthermore, PDEs are time-dependent and the
discretization yields a model that naturally contains the time-
dependence of the physics through its ordinary differential
equations (ODEs). An equivalent circuit model could then be
created from the system of ODEs to provide a circuit that could
be imported or used for visualization purposes, though creating
such a model would not be necessary if only simulated results
are desired.

Results of the model are computed using Matlab’s ODE
solver and compared to experiment and 3-D finite-element
simulations. It is found that, using a 1-D model, both the tran-
sient behavior and steady-state voltage profile are accurately
modeled.
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Fig. 1. Typical TE module. A commercial module may have roughly 50
couples in a square cross-sectional arrangement.

Fig. 2. Three-dimensional rectangular prism. Region I: heat source, region II:
thermoelectric material, region III: heat sink.

II. FINITE-VOLUME MODEL

In the design of thermoelectric devices for power generation,
optimal performance comes with having the largest thermal re-
sistance with the smallest electrical resistance while achieving
a reasonable open circuit voltage [18]. This leads to the typical
“sandwich” design, with many thermocouples electrically in se-
ries and thermally in parallel, capped at either end by thermally
conducting plates. A diagram of a typical thermoelectric (TE)
module is shown (from a side perspective) in Fig. 1. From a
modeling viewpoint, the combination of a small height with
a large cross-sectional area imposes a high aspect ratio on
the problem, minimizing fringing effects on the electrical and
thermal fields.

For these reasons, for our model we assume no variations
of temperature or the electric field in two of the three spatial
dimensions, allowing the geometry to be approximated by a
single slab with no-flux boundary conditions along the side
walls, as shown in greater detail in the following section. We
then discuss in Section II-D how the parameters in the slab
model can be scaled to simulate a full many-element module,
and show in Section III that this method does indeed lead to
accurate results.

A. PDEs and Boundary Conditions

The geometry we will be working with is a rectangular prism
of thermoelectric material capped by a heat source and sink
(see Fig. 2). Regions I and III represent the heat source and
sink, respectively. Region I is also referred to as the “high-side”
and region III as the “low-side”. Region II represents the ther-
moelectric material. There is thermal and electrical insulation
along the length of the prism (top, bottom, front, and back in
Fig. 2). A heat flux is imposed at the leftmost end, marked
“A” in the figure. An electrical current is imposed where the
heat source meets the thermoelectric material, marked “B” in
the figure. Electrical ground is located at the boundary marked
“C” in the figure and finally, the right-most end, marked “D”
in the figure is set to an ambient temperature. Taking x as the

lengthwise coordinate, the boundary conditions at A, B, C, and
D are assumed to be independent of y and z.

In regions I and III the dynamics are governed by the heat
equation (diffusion according to Fourier’s law)

ρICvI
∂T

∂t
= ∇ · (kI∇T ) (1)

where T is the temperature, ρI is the density of region I,
CvI is its specific heat, and kI is the thermal conductivity. If
region III is a different material, these parameters will have
different values. In the thermoelectric region, region II, the
dynamics are governed by

ρIICvII
∂T

∂t
=σE ·E− σαE · ∇T

+∇ ·
[
(kII + σα2T )∇T − σαTE

]
(2)

∂ρ

∂t
=∇ · (−σE+ σα∇T ). (3)

Here, E is the electric field, ρ is the charge density, σ is the
electrical conductivity, and α is the Seebeck coefficient.

With reference to Fig. 2, the boundary conditions are:

1) At A, q · n = −q0.
2) At B, J · n = −J0 and the temperature and heat flux are

continuous across the interface.
3) At C, a voltage V0 is imposed and the temperature and

heat flux are continuous across the interface.
4) At D, A temperature Tamb is imposed.

It is assumed that the material properties are constant within
each region although spatially-dependent properties could be
easily handled. Also, except for the Seebeck coefficient α, the
material properties are assumed to be independent of temper-
ature and voltage. The Seebeck coefficient is assumed to be a
function of temperature, α = α(T ); see Fig. 9 for an example
of its temperature dependence.

B. FVM Discretization of the One Dimensional Equations

The boundary conditions at A, B, C, and D are assumed to
be independent of y and z. This, combined with the no-flux
boundary conditions on the lateral sides means that (1)–(3) have
solutions that depend only on x and that solutions that depend
on x, y, and z will converge to steady states that depend only on
x. For this reason, rather than studying the fully 3-D problem
given by (1)–(3), in the following we consider the 1-D reduction
(described below)

ρICvI
∂T

∂t
=

∂

∂x

(
kI

∂T

∂x

)
(4)

ρIICvII
∂T

∂t
=σE2 − σαE

∂T

∂x

+
∂

∂x

[
(kII + σα2T )

∂T

∂x
− σαTE

]
(5)

ε
∂E

∂t
= J0 − σE + σα

∂T

∂x
(6)
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Fig. 3. i− 1st, ith, and i+ 1st meshes. The node in the center is xi. The
boundaries are located at xi−1/2 and xi+1/2.

where (6) has been obtained by integrating (3) and setting
the constant to J0 and E is now the x-component of the
unidirectional electric field, E = (E, 0, 0). The mathematics
in the remainder of this section will be concerned with the
numerical solution of the 1-D equations.

Each region is divided into subintervals (or meshes). For
simplicity, in the following we assume that all subintervals
are of the same length: each mesh is of length Δx, centered
about xi with endpoints xi−1/2 and xi+1/2 (see Fig. 3). Using
different mesh-lengths in different regions or using nonuniform
meshes within regions would lead to minor changes in the
following.

Functions of x such as T (x, t) and E(x, t) are averaged over
subintervals, replacing each function with a vector of values.
For example, the ith entry of T (t) is

T i(t) :=
1

Δx

xi+1/2∫
xi−1/2

T (x, t)dx. (7)

The PDEs are averaged over subintervals as well, for exam-
ple the average of the heat (1) is

ρICvI
dT i

dt
=

1

Δx

(
kI

∂T

∂x

∣∣∣∣
xi+1/2

− kI
∂T

∂x

∣∣∣∣
xi−1/2

)
. (8)

Because the material properties were assumed constant in
region I there was no approximation in writing ρCvdT/dt =
ρCvdT/dt. If they were functions of space then an approx-
imation would be made: the average of a product would be
approximated by the product of the averages. If the functions f
and g are smooth enough then fg = fg +O(Δx2). Averaging
the nonlinear terms in the thermoelectric (5), (6) is handled in
this way.

No approximations have been made in obtaining (8). How-
ever, its right-hand side cannot be determined exactly in terms
of the average T . Instead, it is approximated via

kI
∂T

∂x

∣∣∣∣
xi+1/2

≈ 1

Δx
(kIT i+1 − kIT I−1). (9)

Proceeding in this way, the heat (4) in regions I and III is
approximated by the ODE

ρICvI
dT i

dt
=

kI
Δx

[(
T i+1 − T i

Δx

)
−
(
T i − T i−1

Δx

)]
(10)

and the thermoelectric (5), (6) in region II are approximated by
the ODEs

ρIICvII
dT i

dt
=σE

2
i − σαiEi

T i+1 − T i−1

2Δx

+
kII
Δx

[
T i+1 − 2T i + T i−1

Δx

]

+
σα2

i

Δx

[
T i+1 + T i

2

T i+1 − T i

Δx

−T i + T i−1

2

T i − T i−1

Δx

]

− σαi

Δx

[
T i+1 + T i

2

Ei+1 + Ei

2

−T i + T i−1

2

Ei + Ei−1

2

]
(11)

ε
dEi

dt
= J0 − σEi + σαi

T i+1 − T i−1

2Δx
. (12)

Above, αi is shorthand for α(T i). Because the mesh is uniform,
the approximate (10)–(12) are second-order accurate, O(Δx2),
if the solutions of the PDEs have bounded third derivatives.

If regions I, II, and III have been divided into NI , NII ,
and NIII subintervals of length Δx, respectively, the finite-
volume discretization yields a system of NI + 2NII +NIII

ODEs. As discussed in the next section, this system of ODEs
is supplemented by two more ODEs in order to discretize the
boundary conditions at the interfaces B and C correctly.

C. Discretizing the Boundary Conditions

1) Boundary Conditions at A and D: The boundary condi-
tions at the ends, A and D (see Fig. 2) are straightforward. At A,
a heat flux is imposed: −k(∂T/∂x) = q0. If xi−1/2 = A then
the heat flux at xi−1/2 in (8) is simply q0. This leads to the ODE

ρICvI
dT i

dt
=

kI
Δx

[(
T i+1 − T i

Δx

)
− q0

]
(13)

for that subinterval. Similarly, if xi+1/2 = D then the tem-
perature Tamb is the temperature at xi+1/2; this is used in
approximating the heat flux at xi+1/2 in (8), leading to

ρIIICvIII
dT i

dt
=

kIII
Δx

[
Tamb − T i

Δx/2
− T i − T i−1

Δx

]
. (14)

2) Example of Boundary Conditions at an Interface: Before
addressing the boundary conditions at B and C, let us examine
the simpler case of the heat equation across an interface at
which the thermal resistance changes. At the interface, the
temperature and heat flux are continuous. In Fig. 4, there is an
interface at xi−1/2; the thermal resistance in the interval to the
left is kI and is kII in the interval to the right.

The heat flux is continuous at xi−1/2, hence,(
k
∂T

∂x

)
I

=

(
k
∂T

∂x

)
II

(15)
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Fig. 4. Material to the left has length ΔxI and has thermal resistance kI ; the
material to the right has length ΔxII and thermal resistance kII . The interface
is located at xi−1/2.

Fig. 5. Paths for the electrical and heat fluxes.

where the I subscript indicates the limiting value as x increases
to xi−1/2; the II subscript indicates the limit from the other
side. Recalling that T i−1 is the average temperature over the
interval to the left and T i is the average over the interval to the
right, the flux continuity at the discretized level is

kI
TI−1/2 − T i−1

ΔxI/2
= kII

T i − Ti−1/2

ΔxII/2
(16)

where Ti−1/2 is the temperature at xi−1/2. The continuity of
the temperature at xi−1/2 was implicit when Ti−1/2 was used
in (16) to represent the both the limit from the left and the limit
from the right. The temperature at the interface is determined
by the continuity of flux; solving (16) yields

Ti−1/2 =

ΔxI

kI
T i +

ΔxII

kII
T i−1

ΔxI

kI
+ ΔxII

kII

. (17)

This approximation is well known to electrical engineers as the
one made in circuit theory for resistor dividers. Using (17) in
(16) yields an approximation of the flux at xi−1/2 in terms of
the average temperatures on either side of the interface(

k
∂T

∂x

)
I

=

(
k
∂T

∂x

)
II

≈
2
(
Ti − Ti−1

)
ΔxI

kI
+ ΔxII

kII

. (18)

The expression (18) can then be used in any ODE that requires
the heat flux at xi−1/2. Approximating the heat flux in a
different way than in (16) would have led to a different formula
for Ti−1/2 and a different expression for (18).

3) Boundary Conditions at the Interfaces B and C: The
paths for the electrical and heat fluxes are shown in Fig. 5. In

Fig. 6. Dashed line denotes a Gaussian Surface, ∂V , enclosing the inter-
face B. The electric field and current are approximately unidirectional with
x-components E− and J− on the “wire” side of B and components E+ and
J+ on the thermoelectric material side of B.

a real thermoelectric device, the electrical current would enter
and leave via soldered wires while the heat flux flows through
the top and bottom plates. Regions I and III represent the mate-
rials in the path of the heat flux and are included in the model
because they contribute significantly to the transient response,
while the electrical domains outside of the thermoelectric ma-
terial are not modeled because they contribute very little. This
presents a unique difficulty because in the model the interface is
between a pair of PDEs for T and E (5), (6) that hold in a region
in which there are electrical material properties (region II)
and a single PDE for T , (4), that holds in a region in which
the electrical material properties are technically undefined. For
this reason, in the discretization rather than choosing to have
a subinterval that straddles the interface we take the interface
to be flanked by two subintervals. Each flanking subinterval is
fully within region I/III or region II and it is clear what material
properties to use and which PDEs to average. We focus on the
interface at B; the interface at C is handled in a similar manner.
From the PDEs (4) and (5) the continuity of heat flux at the
interface B is

(
kI

∂T

∂x

)
I

=

(
(kII + σα2T )

∂T

∂x
− σαTE

)
II

. (19)

If the electric field at B were known then the discretization
of (19) would yield an equation that could be solved for the
temperature at B, ultimately leading to an expression for the
heat flux at the interface in terms of the average temperatures
on either side and the electric field at the interface.

This raises the question of how to approximate the electric
field at the interface B when the electrical boundary condition
at B is that a current, J0, is imposed. Fig. 6 shows a Gaussian
surface enclosing the interface B. The left side is a wire which
we approximate as having zero electric field E = (0, 0, 0) and
a forcing current density of J = (J0, 0, 0). The right side is
the thermoelectric material which we approximate as having a
unidirectional electric field E = (E+, 0, 0) and current density
J = (J+, 0, 0).

The charge conservation equation and Gauss’s law are

∇ · J+
∂ρ

∂t
= 0,∇ ·E =

ρ

ε
(20)

where ρ is the electric charge density; the free charge density
is assumed to equal the charge density. Taking the integral of
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over the volume V shown in Fig. 6 and using the Divergence
theorem yields∫
∂V

J · ndS +
d

dt

∫
V

ρdV = 0, ε

∫
∂V

E · ndS =

∫
V

ρdV (21)

where n is the outward unit normal to the surface ∂V . Combin-
ing the two equations yields∫

∂V

J · ndS + ε

∫
∂V

∂E

∂t
· ndS = 0. (22)

By symmetry, the contributions to the surface integrals from
the top and bottom of ∂V cancel. Taking the sides of ∂V to the
interface, and using that J and E depend on x and t only, (22)
becomes

J+ − J− + ε

(
dE+

dt
− dE−

dt

)
= 0. (23)

Because E− = 0, J− = J0, and J+ = σE+ − σα(∂T/∂x),
(23) becomes

ε
dE+

dt
= J0 − σE+ + σα

∂T

∂x
. (24)

Note that because E+(t) = E(B, t), this is the limit of the PDE
(6) as x approaches B from within the thermoelectric material.

At the PDE level, the heat flux balance is (19) where EII(t)
is the solution of (24). Discretizing these, the temperature at the
interface, Ti−1/2, solves

Ti−1/2 − T i−1

ΔxI/2kI
=

T i − Ti−1/2

ΔxII/2kII

− σα2
iT i

T i − Ti−1/2

ΔxII/2
− σαiT iEi−1/2 (25)

where Ei−1/2 is a solution of

ε
dEi−1/2

dt
= J0 − σEi−1/2 + σαi

T i − Ti−1/2

Δx/2
. (26)

Solving (25) for Ti−1/2 yields

TI−1/2 =

(
ΔxII

kII
T i−1 +

ΔxI

kI
T i −

σα2
iΔxI

kIkII
T

2
i

−σαiΔxIΔxII

2kIkII
T iEi−1/2

)/
(
ΔxI

kI
+

ΔxII

kII
− σα2

iΔxI

kIkII
T i

)
. (27)

Substituting (27) into the ODE (26) for Ei−1/2 results in an
ODE of the form

ε
dEi−1/2

dt
= J0 + a− bEi−1/2 (28)

where a depends on T i−1, T i, the mesh widths, and the material
properties; b depends on T i, the mesh widths, and the material
properties. This ODE is solved along with the ODES (10)–(12).

Substituting (27) into (25), the heat flux at B is approximately

2
(
T i − T i−1 − σα2

i

kII
T i(T i − T i−1)− σαiΔxII

2kII
T iEi−1/2

)
ΔxII

kII
+ ΔxI

kI
− σα2

iΔxI

kIkII
T i

.

(29)

This expression is used when discretizing the heat (4) in
region I for the subinterval to the left of B and when discretizing
the thermoelectric (5) in region II for the subinterval to the
right of B.

If there is no electrical conductivity (σ = 0) or if the Seebeck
coefficient vanishes (α = 0) then the heat flux at B (29) reduces
to the flux (18), as expected.

Something should be said about why one would want to use
the more complicated expression (29) for the heat flux rather
than choosing to ignore the additional thermoelectric terms and
use the simpler expression (18). Using (18) would mean that
one is effectively introducing heat flux at the interface B which
would not be there naturally. To see this, one calculates the
difference between (29) and (18); if this difference goes to zero
as Δx goes to zero then using either formula would be fine in
the limit. If the difference does not go to zero then using the heat
flux given by (18) is inconsistent with the PDEs in the bulk and
leads to convergence problems for the numerical simulation. In
the case that ΔxI = ΔxII = Δx, subtracting (18) from (29)
yields

err ≈ −
σαikI

(
2αikIM + Ei+1/2(kI + kII)

)
(kI + kII)(kI + kII − σα2

iT i)
T i. (30)

Above, the approximation T i − T i−1 ≈ MΔx was made
where M = [(∂T/∂x)r + (∂T/∂x)l]/2. As Δx → 0, the error
(30) will tend to the same expression but with αi replaced
by α(T (B)) and T i replaced by T (B). Because this limit is
nonzero, using (18) would lead to convergence problems.

We note that when discretizing the flux balance (19) to find
the (25), we chose to evaluate the coefficients at xi rather
than at xi−1/2 = B. This yielded in an easily-solved linear
equation for Ti−1/2. Had the coefficients been evaluated at
xi−1/2 instead then this would have resulted in a nonlinear
equation for Ti−1/2 which can be explicitly solved (if α(T ) near
T i is approximated by a linear function). The difference caused
by using a nonlinear equation for Ti−1/2 was tested using the
code and found to be negligible.

In the experiments, the boundary condition at the interface C
is that the voltage equals V0. This boundary condition only
appears if one spatially integrates the computed electric field
to construct the potential. In the model, the boundary condition
used is that the current at the interface C is also J0; using
this and the continuity of temperature and heat flux results in
a second ODE of the form (28) where the ODE’s coefficients
involve the temperature averaged over the two subintervals
flanking C. When using formula (27) to find this ODE, I is
replaced by III and the i and i− 1 indices are interchanged.
The same changes are made to the formula for the heat flux (29)
before using it to discretize (4) and (5) for the two subintervals
flanking C.
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Fig. 7. Block diagram of experiment.

The FVM discretization described here could equally well
be done for the 3-D system (1)–(3). Of course, the 1-D model is
easier to code up, faster to compute, and the solutions are easier
to visualize.

D. Scaling

The model developed so far in this paper has been for a single
slab of thermoelectric material. As discussed in Section II, in
nearly all applications more than one piece of material will
be connected thermally in parallel and electrically in series.
Therefore, we would like to relate a 3-D module of many in-
dividual thermoelectric PN couples to our 1-D model. In such a
model it does not make sense to have a unified length and cross-
sectional area as the electrical and heat fluxes “see” different
geometries. A helpful method of dealing with this is to recast
the existing equations in terms of resistances and capacitances
instead of conductivities and capacities, in which case the
material property, length and cross-sectional area are all lumped
into a single bulk property independent of geometry. This way,
any thermoelectric module with cross-sectional symmetry can
be approximated as a 1-D problem with equivalent resistances
and capacitances. Examples of the discretized, recast equations
are given in Section III-B.

This leaves the problem of scaling the Seebeck coefficient
α. As shown in Fig. 6, electrical current flows in the same
direction as the heat flux in the P-type semiconductor and
against the heat flux in the N-type semiconductor to produce
a positive voltage difference. Since in a 1-D model we are
only allowed a single value for α, the logical choice is to pick
α = M(αp − αn) where M is the number of PN couples in the
device. α(T ) would then represent the temperature dependence
of a PN thermocouple in this particular arrangement rather than
a single material.

III. COMPUTATIONAL AND EXPERIMENTAL RESULTS

A. Experimental Setup

Figs. 7 and 8 show the experimental arrangement. With
reference to Fig. 8, the experimental apparatus consists of:
two power resistors (5) connected electrically in parallel to
supply a constant heat flux to the hot side of a commercial
thermoelectric Peltier cooler (2), and a heat sink (1) and fan
(4) to remove heat from the cold side. A hollow oven brick
(6) is placed over the heating elements and polyurethane foam
insulation (3) is placed beside the thermoelectric module to
provide thermal insulation. This design ensures that the amount

Fig. 8. Photograph of experimental apparatus. 1. Cold side heat sink 2.
Thermoelectric module 3. Insulation 4. Cold side fan 5. Hot side heating
elements 6. Hot side insulating brick.

TABLE I
MATERIAL PROPERTIES

of heat transferred through the brick is minimal since the brick
is a good thermal insulator and the gap between the device
and brick is small so there are no convection cells removing
the heat. This makes the no-heat-flux (adiabatic) boundary
condition on the side walls a valid assumption when comparing
results. The experimental apparatus is similar to one used in
a recent characterization experiment (refer to [19]). Using this
test apparatus, measurements were performed to determine the
Seebeck coefficient and bulk material properties.

Heat capacitances were measured by weighing each compo-
nent and multiplying their mass by their specific heat capacities.
The measured values are given in Table I. The approximation
Cp ≈ Cv was made. Since no accurate value could be used for
the heat capacity of the TE module, it was treated as a free
parameter and chosen to fit the data.

The thermal resistances were measured by imposing a heat
flux and then measuring the temperatures at the interfaces
between the components. This yielded Rth = 0.1 K/W for the
resistors, Rth = 2 K/W for the thermoelectric module, and
Rth = 0.8 K/W for the heat sink. The electrical resistance of
the thermoelectric module was measured using an ohmmeter
and found to be Re = 4.4 Ω ([19] gives a value of 3.88±
0.13 Ω for a similar module). For the electrical capacitance,
an arbitrarily chosen small value was taken: Ce = 5 mF.

The Seebeck coefficient, α(T ), was determined by measur-
ing temperature differences across the thermoelectric device
and their corresponding open circuit voltage. Values for α(T )
were obtained between 307 K and 344 K and approximated as
constant outside of this temperature range. Fig. 9 presents α(T )
with the data between 307 K and 344 K interpolated using third-
order Lagrange polynomial approximation.

B. Time-Dependent Solutions

The experimental measurements yield bulk properties of
the components. As mentioned in Section II and II-D, the
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Fig. 9. Seebeck coefficient from experimental measurements.

experimental apparatus is not a simple prism like Fig. 2 al-
though the model is approximating it as such. Reducing the
bulk properties to material properties such as resistivities would
require knowing the cross-section areas of all the components.
Rather than doing this, we consider slices of the components
with each slice linked to the next. For example, if the heat sink
is approximated by NI slices then the thermal resistance of each
slice will be ΔCth := Cth/NI .

This approach requires rewriting the ODEs (10)–(12), (26) in
terms of bulk quantities such as resistances and capacitances.
For example, (11), (12) become

ΔCth
∂T i

∂t
=

W
2
i

ΔRe
− αi

W i

ΔRe

T i+1 − T i−1

2

+
1

ΔRth
(T i+1 − 2T i + T i−1)

+
α2
i

2ΔRe

(
T

2
i+1 − 2T

2
i + T

2
i−1

)
− αi

4ΔRe

[
(T i+1 + T i)(W i+1 +W i)

− (T i + T i−1)(W i +W i−1)
]
(31)

ΔCe
∂W i

∂t
= I0 −

W i

ΔRe
+ αi

T i+1 − T i−1

2ΔRe
(32)

where ΔCth = Cth/NII = AΔxρCv is the thermal capac-
itance, ΔRth = Rth/NII = Δx/(kA) is the thermal resis-
tance, ΔRe = Re/NII = Δx/(σA) is the electrical resistance,
ΔCe = NIICe = Aε/Δx is the electrical capacitance, and
I0 = AJ0 is the current. A is the cross-sectional area and Δx
is the thickness of the slice. Wi = EiΔx is used in place of
Ei, and can be thought of as the voltage difference across each
subinterval.

The time-dependent voltage was obtained by taking the
apparatus at room temperature (293K), applying an input power
of 20 W and periodically measuring the open-circuit voltage.
Fig. 10 presents the experimentally measured voltage as a
function of time.

Matlab’s ode23 solver (an explicit Runge–Kutta method) was
then used to solve the (re-formulated) system of NI +NII +
NIII + 2 ODEs (10), (26) and (31), (32) using the coefficients
used in the code are those given in Section III-A. The initial data
was T i = 293 and W i = 0 for all i and NI = NII = NIII =
20. Fig. 10 plots the

∑
W i, which approximates the voltage

across the thermoelectric material, as a function of time.

Fig. 10. Open circuit voltage versus time.

The experiment and simulation are compared with the results
of a very simplified model. In this simple model, the three re-
gions are treated as bulk objects (NI = NII = NIII = 1) that
are thermally coupled but have no thermoelectric properties:
the ODE (10) in regions I and III, the ODE (11) with σ = 0 in
region II, and the boundary conditions (16) at the interfaces B
and C. At each moment in time, the temperatures at B and C are
constructed using (17) and their difference is multiplied by αav

to produce an approximate voltage across the thermoelectric
region as a function of time (see Fig. 10). Here, αav is the
average value of α(T ) on over the interval of measurements
([307, 344]) (see Fig. 9).

Fig. 10 shows excellent agreement between the experiment
and the 1-D finite-volume model; admittedly the coefficients
used in the finite-volume model did come from the experimen-
tal apparatus rather than from CRC manuals, nevertheless the
experimental apparatus has more complicated geometry than a
prism like that shown in Fig. 2. The simple model also does
well in the early part of the dynamics, due to the behavior at
small t being dominated by the heat capacity of the heat source
and sink. However, its limiting, steady state behavior disagrees
with with the experiments and the finite-volume model. This is
not just that the simple model uses a constant for the Seebeck
coefficient, it’s also that the steady state of the simple model
is consistent with a piece-wise linear solution; a linear-in-x
temperature cannot be part of a steady state solution of the TE
equations.

C. Steady-State Solutions

As a further test of the finite-volume model, we compared
it to a 3-D finite element simulation of the thermoelectric slab
shown in Fig. 2 using COMSOL. COMSOL computes steady
states directly; to find steady states of the finite-volume model
we computed a solution of the initial value problem to a large
time and used that.

The COMSOL simulation (based on [21]) was for a prism
(see Fig. 2). The heat source and sink were copper and the
thermoelectric material was bismuth telluride. The experimen-
tally measured Seebeck coefficient for bismuth telluride (see
Fig. 9) is not that far from constant: the maximum (.0248)
is less than 0.5% larger than the average (0.0247). This pro-
duced a nearly linear voltage and temperature profile for the
steady-state solution, making it difficult to evaluate whether the
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Fig. 11. Comparison between the 1-D finite-volume model and 3-D
COMSOL results for the steady-state voltage profile within the thermoelectric
material.

finite-volume model is accurately portraying the multiphysics.
Thus, for testing purposes we used an artificial α(T ) which is
linear over the range T = (305, 345):

α(T ) = 2× 10−5(T − 300) V/K. (33)

For this choice, the maximum value α(345) = 0.0009 is 80%
larger than the average value α(325) = 0.0005.

For a steady-state simulation, the density and specific heat
of copper are not needed [see (1)] but the thermal conductivity
kI = 400 W/(mK) is needed for the flux boundary conditions
[see (19)]. For the bismuth telluride steady state one needs
σ = 1.6 S/m, kII = 1.5 W/(mK), α(T ) [see (33)], and the
imposed current J0 = 0. These values were used in COMSOL
to compute the steady state; the voltage profile within the ther-
moelectric material is shown in Fig. 11. The material properties
and volumes were then used to define bulk properties that
were used in the finite-volume model; the large-time voltage
profile is shown in Fig. 11. As can be seen, there is an almost
exact match between the two methods, thus validating our
approach.

IV. CONCLUSION

To address limitations of current thermoelectric models
such as not being time-dependent or not having temperature-
dependent transport coefficients, we have developed a 1-D
finite-volume model for thermoelectric devices. A 1-D ap-
proach was taken due to the symmetries present in most ap-
plications involving thermoelectric materials and the geometry
was divided into three regions: the high side heat exchanger,
the thermoelectric material and the low side heat exchanger.
The PDEs for the three regions were discretized using a center-
differencing finite-volume method. Particular attention was
paid to the internal boundaries where heat flux balance was
enforced in order to obtain the correct expressions for the
boundary temperatures and voltages.

The finite-volume model developed here has three important
advantages over existing models. First, the ODEs in the model
were derived directly from the governing PDEs. As a result,
the modeling equations can all be traced back to the original
physics and proper electro-thermal coupling is ensured. Sec-
ondly, the temperature dependence of the transport coefficients

and the time dependence of the temperature and voltage are nat-
urally incorporated into the model from the beginning. Finally,
the model includes the high and low side heat sinks, which are
key to the dynamics, and properly treats the heat flux balance at
the boundaries.

Using MATLAB, results from the finite-volume model were
compared to experiments and to results of a 3-D finite-element
model implemented with COMSOL. The results using a 1-D
analysis are in agreement with a 3-D result, indicating that for
conventional TE designs it is not necessary to consider a 3-D
formulation.
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