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Abstract. A diffusion model is constructed for the joint distribution of absolute locus effect
sizes and allele frequencies for loci contributing to an additive quantitative trait under selec-
tion in a haploid, panmictic population. The model is designed to approximate a discrete
model exactly in the limit as both population size and the number of loci affecting the trait
tend to infinity. For the case when all loci have the same absolute effect size, formal multiple-
timescale asymptotics are used to predict the long-time response of the population trait mean
to selection. For the case where loci can take on either of two distinct effect sizes, not nec-
essarily with equal probability, numerical solutions of the system indicate that response to
selection of a quantitative trait is insensitive to the variability of the distribution of effect
sizes when mutation is negligible.

1. Introduction

A quantitative trait is a continuous random variable. Examples include the height of
a human, the oil content of a corn plant, and the number of bristles on the abdomen
of a fruit fly. The value of a quantitative trait in an individual is generally determined
by contributions from numerous loci (genes), as well as environmental factors and
genetic environmental interactions. As a result, the evolutionary dynamics of quan-
titative traits are complicated to treat mathematically, and numerous models of such
traits have been developed and analyzed.

One important class of models focuses on individual loci (Quantitative Trait
Loci, or QTL) contributing to a given trait by directly analyzing haplotype or
genotype frequencies. These include both two-locus ([35] [4] [15] [16] [5]) and
multilocus models ([19] [18] [1] [14] [17]). Many of these studies aim to determine
conditions for maintenance or non-maintenance of genetic variability at equilib-
rium in a large population under stabilizing selection [16] [35] [1] [19] [5] [17];
the dynamics of the trait mean and variance are considered in a smaller number of
studies, e.g. [16] [18] [15].

J.R. Miller: Department of Mathematics, Georgetown University, Washington, DC 20057-
1233, USA. e-mail: jrm32@georgetown.edu

M.C. Pugh: Department of Mathematics, University of Toronto, Toronto, ON M5S 3G3,
Canada

M.B. Hamilton: Department of Biology, Georgetown University, Washington, DC 20057-
1229, USA

Used Distiller 5.0.x Job Options
This report was created automatically with help of the Adobe Acrobat Distiller addition "Distiller Secrets v1.0.5" from IMPRESSED GmbH.You can download this startup file for Distiller versions 4.0.5 and 5.0.x for free from http://www.impressed.de.GENERAL ----------------------------------------File Options:     Compatibility: PDF 1.2     Optimize For Fast Web View: Yes     Embed Thumbnails: Yes     Auto-Rotate Pages: No     Distill From Page: 1     Distill To Page: All Pages     Binding: Left     Resolution: [ 600 600 ] dpi     Paper Size: [ 595 842 ] PointCOMPRESSION ----------------------------------------Color Images:     Downsampling: Yes     Downsample Type: Bicubic Downsampling     Downsample Resolution: 150 dpi     Downsampling For Images Above: 225 dpi     Compression: Yes     Automatic Selection of Compression Type: Yes     JPEG Quality: Medium     Bits Per Pixel: As Original BitGrayscale Images:     Downsampling: Yes     Downsample Type: Bicubic Downsampling     Downsample Resolution: 150 dpi     Downsampling For Images Above: 225 dpi     Compression: Yes     Automatic Selection of Compression Type: Yes     JPEG Quality: Medium     Bits Per Pixel: As Original BitMonochrome Images:     Downsampling: Yes     Downsample Type: Bicubic Downsampling     Downsample Resolution: 600 dpi     Downsampling For Images Above: 900 dpi     Compression: Yes     Compression Type: CCITT     CCITT Group: 4     Anti-Alias To Gray: No     Compress Text and Line Art: YesFONTS ----------------------------------------     Embed All Fonts: Yes     Subset Embedded Fonts: No     When Embedding Fails: Warn and ContinueEmbedding:     Always Embed: [ ]     Never Embed: [ ]COLOR ----------------------------------------Color Management Policies:     Color Conversion Strategy: Convert All Colors to sRGB     Intent: DefaultWorking Spaces:     Grayscale ICC Profile:      RGB ICC Profile: sRGB IEC61966-2.1     CMYK ICC Profile: U.S. Web Coated (SWOP) v2Device-Dependent Data:     Preserve Overprint Settings: Yes     Preserve Under Color Removal and Black Generation: Yes     Transfer Functions: Apply     Preserve Halftone Information: YesADVANCED ----------------------------------------Options:     Use Prologue.ps and Epilogue.ps: No     Allow PostScript File To Override Job Options: Yes     Preserve Level 2 copypage Semantics: Yes     Save Portable Job Ticket Inside PDF File: No     Illustrator Overprint Mode: Yes     Convert Gradients To Smooth Shades: No     ASCII Format: NoDocument Structuring Conventions (DSC):     Process DSC Comments: NoOTHERS ----------------------------------------     Distiller Core Version: 5000     Use ZIP Compression: Yes     Deactivate Optimization: No     Image Memory: 524288 Byte     Anti-Alias Color Images: No     Anti-Alias Grayscale Images: No     Convert Images (< 257 Colors) To Indexed Color Space: Yes     sRGB ICC Profile: sRGB IEC61966-2.1END OF REPORT ----------------------------------------IMPRESSED GmbHBahrenfelder Chaussee 4922761 Hamburg, GermanyTel. +49 40 897189-0Fax +49 40 897189-71Email: info@impressed.deWeb: www.impressed.de

Adobe Acrobat Distiller 5.0.x Job Option File
<<     /ColorSettingsFile ()     /AntiAliasMonoImages false     /CannotEmbedFontPolicy /Warning     /ParseDSCComments false     /DoThumbnails true     /CompressPages true     /CalRGBProfile (sRGB IEC61966-2.1)     /MaxSubsetPct 100     /EncodeColorImages true     /GrayImageFilter /DCTEncode     /Optimize true     /ParseDSCCommentsForDocInfo false     /EmitDSCWarnings false     /CalGrayProfile ()     /NeverEmbed [ ]     /GrayImageDownsampleThreshold 1.5     /UsePrologue false     /GrayImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>     /AutoFilterColorImages true     /sRGBProfile (sRGB IEC61966-2.1)     /ColorImageDepth -1     /PreserveOverprintSettings true     /AutoRotatePages /None     /UCRandBGInfo /Preserve     /EmbedAllFonts true     /CompatibilityLevel 1.2     /StartPage 1     /AntiAliasColorImages false     /CreateJobTicket false     /ConvertImagesToIndexed true     /ColorImageDownsampleType /Bicubic     /ColorImageDownsampleThreshold 1.5     /MonoImageDownsampleType /Bicubic     /DetectBlends false     /GrayImageDownsampleType /Bicubic     /PreserveEPSInfo false     /GrayACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>     /ColorACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>     /PreserveCopyPage true     /EncodeMonoImages true     /ColorConversionStrategy /sRGB     /PreserveOPIComments false     /AntiAliasGrayImages false     /GrayImageDepth -1     /ColorImageResolution 150     /EndPage -1     /AutoPositionEPSFiles false     /MonoImageDepth -1     /TransferFunctionInfo /Apply     /EncodeGrayImages true     /DownsampleGrayImages true     /DownsampleMonoImages true     /DownsampleColorImages true     /MonoImageDownsampleThreshold 1.5     /MonoImageDict << /K -1 >>     /Binding /Left     /CalCMYKProfile (U.S. Web Coated (SWOP) v2)     /MonoImageResolution 600     /AutoFilterGrayImages true     /AlwaysEmbed [ ]     /ImageMemory 524288     /SubsetFonts false     /DefaultRenderingIntent /Default     /OPM 1     /MonoImageFilter /CCITTFaxEncode     /GrayImageResolution 150     /ColorImageFilter /DCTEncode     /PreserveHalftoneInfo true     /ColorImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>     /ASCII85EncodePages false     /LockDistillerParams false>> setdistillerparams<<     /PageSize [ 576.0 792.0 ]     /HWResolution [ 600 600 ]>> setpagedevice



762 J.R. Miller et al.

A host of other models have been used to analyze the moments of the distribution
of phenotypes and breeding values in a population, under a wide variety of assump-
tions. The oldest such model is the infinitesimal model, the key assumption of which
is that a large, effectively infinite number of equivalent loci each make a small,
effectively infinitesimal contribution to the trait under study [12] [3]. Other models
incorporating varying amounts of detail at the locus level may be kept tractable by
assuming distributions of phenotypes, breeding values and/or allelic effects to be
Gaussian [26] [25] [28], by assuming selection to be weak relative to other forces
(e.g. recombination) [2] [32] [28] [35], or conversely by assuming selection to be
strong [33] [17]. As with the two-locus and multilocus models mentioned above,
much analysis of these models aims to predict response to selection or the amount
of genetic variability maintained at equilibrium.

The long-term response to selection of a quantitative trait depends on numer-
ous genetic details, including the initial allele frequencies at loci contributing to the
trait, allelic effects (i.e. the size of the contributions of QTL to the trait), linkage
between loci, and gene interactions [11] [34]. As discussed above, much theoretical
work on long-term selection assumes that the population trait mean is at or near
equilibrium and concerns the maintenance of genetic variation under mutation-
selection balance (e.g. [26] [31]). A smaller body of work concerns the approach to
a selection limit as existing genetic variation is depleted (e.g. [18], [16] [34] [22]
[30] [7]). Here we address this latter problem; however, the model developed here
should be modifiable to include mutation.

We present a diffusion model for the evolution of a quantitative trait. It is a
“mesoscale” model in that it explicitly incorporates finite (i.e. non-infinitesimal)
allelic effects, but does not allow the tracking of allele frequencies at individual
QTL during evolution. The model leads to a partial differential equation (PDE)
for the joint distribution of allele frequency and effect size; there is no assump-
tion that the distributions of these two variables are independent, in contrast to the
model in [22]. The strength of selection on individual loci depends on the fitness
function chosen as well as on allele frequencies and can in general vary with time.
When selection is absent, the model reduces to the classical Wright-Fisher diffusion
equation of population genetics [8] [10].

The PDE in our model includes a nonlocal term which represents the trait mean
at any given time as the integral of contributions from all loci. Since this integral
evolves along with the distribution of allele frequencies and effect sizes, no assump-
tion is made that the mean is at or near an optimum value. On the other hand, the
coupling of loci through the trait mean limits the interpretation of the model. In
(e.g.) the Wright-Fisher equation, we may interpret the solution either as a distri-
bution of allele frequencies for one locus in multiple independent populations or as
a distribution over multiple loci in a single population. In the present model only
the latter interpretation is reasonable.

By treating the PDE as a perturbation of the Wright-Fisher model, it is possi-
ble to obtain asymptotic approximations for solutions and thereby to predict the
dynamics of the trait mean from initial data. We carry out a formal analysis of this
type for the case where all loci have equal effects. In particular, we obtain analyt-
ical expressions for the leading-order behavior of the trait mean, which include a
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prediction of the selection limit as genetic variance is exhausted. The predictions are
likely to be most accurate for a trait which is experiencing weak selection following
a lengthy period of evolution in neutrality.

Below, we first sketch a derivation of the diffusion model as a limit of an under-
lying discrete stochastic process and discuss its interpretation in the context of that
process. We develop multiple-time-scale asymptotic expressions to describe the
long-time behavior of certain aspects of the model under weak selection, and check
the validity of the asymptotics by comparison with numerical solutions of the full
diffusion system. We then use numerical solutions to examine the influence of locus
effect size variance on the dynamics of the trait mean, for specific models in which
loci can take on either of two effect sizes.

2. The model

We now describe the discrete evolutionary model that our model, described below,
is designed to approximate. The discrete model is of a single panmictic population
of constant sizeN , with n unlinked, diallelic haploid loci contributing to a particular
trait. We ignore any environmental contributions to the trait. We also assume strict
additivity of allelic contributions to the trait value of individuals, i.e. that epistasis
is absent.

The alleles at locus i are denoted by Ai and ai , with the convention that Ai
contributes to a higher trait value than ai . The fraction of Ai alleles at the ith locus
is denoted by pi . The average effect of locus i, that is, one-half the mean difference
in phenotype between haploid individuals carrying Ai and those carrying ai , is
denoted by αi , with units identical to those of the trait. Then under strict additivity
the population phenotypic mean z̄ is given (up to an additive constant called the
midpoint which we decree to be 0) by

z̄ =
n∑

i=1

piαi + (1 − pi)(−αi) =
n∑

i=1

(2pi − 1)αi . (1)

All pairs of loci are in gametic phase equilibrium if the distributions of alleles at
loci i and j are independent for i �= j . If this holds and z̄Ai is the mean phenotype
of individuals carrying the Ai allele (i.e. the genotypic value of the Ai allele) and
z̄ai is the mean phenotype of those carrying the ai allele then 2αi = z̄Ai − z̄ai .

To model natural selection, we require a relative fitness function w(z), giving
the expected number of offspring for an individual with trait value z as a fraction
of the expected number of offspring for an individual with the optimal trait value,
denoted zopt . The relative fitness function w(z) is assumed to satisfy the following
conditions:

w(z) depends only on |z− zopt |
w(z) ≥ 0 for all real z

w(zopt ) = 1.

In what follows, we will employ a Gaussian fitness function

w(z) = e−(z−zopt )
2/2Vs . (2)
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The coefficient 1/2Vs in (2) determines the strength of selection; note that as Vs →
∞, all phenotypes become equally fit.

We require an expression for the probability p′
i that an individual in generation

τ + 1 will carry allele Ai , given allele frequencies at all loci in generation τ . This
probability depends on the allele frequencies pj (τ), and the effect sizes αj at all
loci (j = 1, . . . , n), as well as on the fitness function w. To derive an expression
for p′

i , we start by noting that the population contains a total of Npi(τ ) alleles of
type Ai and N(1 − pi(τ )) alleles of type ai after τ generations. A sample, with
replacement, of sizeN from the existing alleles will be passed to the next generation
(τ + 1). LetwAi and z̄Ai (respectively,wai and z̄ai ) denote the mean fitness and the
mean phenotype of individuals with allele Ai (ai). Then the expected proportion
p′
i of Ai alleles in generation τ + 1 must be proportional to both Npi and wAi ;

similar considerations apply to q ′
i , the expected proportion of ai alleles. Since the

total number of alleles must equal N in every generation, it follows that

p′
i = piwAi

piwAi + (1 − pi)wai
and q ′

i = 1 − p′
i . (3)

To compute p′
i , one needs to evaluate wAi and wai . To evaluate wAi , say, one

needs to identify each member of the population with the Ai allele and compute
that member’s fitness. The average of those fitness values is wAi . This calculation
would have to be done for each locus and at each generation. To simplify compu-
tations, we do not use the exact expression (3). Rather, we make the assumption
that all pairs of loci are in gametic phase equilibrium. This allows us to use the
approximate expression

p′
i ≈ pi

′approx = piw(z̄Ai )

piw(z̄Ai )+ (1 − pi)w(z̄ai )
, (4)

valid in the limit of weak selection. A justification of this approximation is given in
Appendix B. Using equation (1) for the overall trait mean z̄, it also follows under
gametic phase equilibrium that

z̄Ai = z̄− (2pi − 1)αi + αi = z̄+ 2(1 − pi)αi,

z̄ai = z̄− (2pi − 1)αi − αi = z̄− 2piαi. (5)

Substituting (5) into (4) yields

p′
i = piw(z̄+ 2(1 − pi)αi)

piw(z̄+ 2(1 − pi)αi)+ (1 − pi)w(z̄− 2piαi)
. (6)

This expression is easier to compute than (3) since it depends only on the allele
frequencies and on the effect sizes.

Evolution in the discrete model outlined above is a stochastic process, in which
the number of Ai alleles in generation τ + 1 is a binomial random variable with N
trials and probability p′

i of success (i.e. of drawing an Ai allele) at each trial. We
wish to derive a deterministic model for the expected or mean behavior of this pro-
cess. It should be possible, using standard techniques, to derive a (continuous-time)
system of n ordinary differential equations (ODEs) that approximates the expected
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behavior of each allele frequency in the discrete model [10]. However, such a system
will quickly become unwieldy as n increases. Instead, we now describe a diffusion
model that explicitly accounts for QTL effects and allele frequencies but does not
track allele frequencies at the n individual loci.

The key idea in the derivation of the diffusion model is that the trait mean z̄
can be expressed as a sum not over loci as in (1), but rather over effect sizes and
allele frequencies. To do so, let �(p, α, τ) denote the number of loci with allele
frequency p and effect size α after τ generations. Then we have

z̄(τ ) =
∑

p

∑

α

α(2p − 1)�(p, α, τ ). (7)

The summation in (7) amounts to an indexing of loci by allele frequency and effect
size, rather than by arbitrary integers.

A standard formal derivation (as in, e.g., [10]) of a nonlocal diffusive PDE from
the discrete stochastic process described above is given in Appendix A. This model
is obtained in terms of dimensionless variables

Ṽs = Vsn

Nz2
0

, α̃ = αn

z0
, z̃opt = zopt

z0
, ˜̄z = z̄

z0
, t = τ

N
, (8)

where z0 is a characteristic trait scale (e.g. the phenotypic standard deviation of the
founding population). It is expected to be valid in the limit as both the population
size N and the number of loci n become large, with n/N being assumed small
and with the selection coefficient 1/2Vs being on the order of n/N ; thus selec-
tion is assumed to be weak. (Note that in nearly all biologically relevant situations
N � n.)

In the following, we will drop tildes and not explicitly distinguish between the
dimensional variables and the dimensionless variables. We will refer to ˜̄z (hence-
forth z̄) as the trait mean, for example.

The dependent variables in the model are functions φ(p, α, t) (defined for p ∈
(0, 1)), φ0(α, t) and φ1(α, t). Together, φ(p, α, t), φ0(α, t)δ0(p) and φ1(α, t)δ1(p)

form a joint probability density for allele frequency p ∈ [0, 1] and effect size α at
time t ; the point masses represent the proportions of loci that have become fixed at
p = 0 and p = 1. The trait mean z̄ is defined by

z(t) =
∑

α

∫ 1

0
(2p − 1) α φ(p, α, t) dp +

∑

α

αφ1(α, t)− αφ0(α, t). (9)

The dependent variable φ satisfies the PDE

φt = −(Mφ)p + 1
2 (V φ)pp, (10)

where the coefficientsM(p, α, z̄(t)) and V (p, α, z̄(t)) are determined by the selec-
tion coefficient 1/2Vs and z̄(t), the trait mean at time t :

M = 2

Vs
αp(1 − p)(zopt − z̄(t)), (11)

V = p(1 − p). (12)
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Since z̄ is defined as an integral involving φ, the PDE (10) is nonlocal. Finally, the
point masses φ0 and φ1 are given by

φ0(α, t) = φ0(α, 0)−
∫ t

0

∑

α

lim
p→0+

([
Mφ(p, α, s)− 1

2∂p(V φ(p, α, s))
])
ds

(13)

φ1(α, t) = φ1(α, 0)+
∫ t

0

∑

α

lim
p→1−

([
Mφ(p, α, s)− 1

2∂p(V φ(p, α, s))
])
ds.

(14)

A few remarks on the model (9)–(13) are in order. First, the PDE (10) involves
no derivatives with respect to α. This is because in our model a locus will not
change its effect size as time passes, but allele frequencies at a locus can and in
general will change. For example, suppose that the A allele frequency at a locus
with effect size α increases by �p in time �t ; this would increase the number of
loci with allele frequency p +�p and effect size α at time t +�t , but would not
affect the distribution of allele frequencies for loci with effect size different from
α. The coupling between loci with different effect sizes arises only through the trait
mean z̄(t), which (as equation (9) indicates) is a type of average over all loci.

Second, if a QTL has become fixed (i.e. has allele frequency p = 0 or 1) at
a particular time then it will remain fixed — there is no mutation in the present
model. This may be thought of as an absorbing boundary condition for the PDE
(10). Since loci that have become fixed continue to contribute to the trait mean, it is
necessary to keep track of the “mass” that has been absorbed through the boundaries
p = 0 and p = 1. This motivates the definition (13) of the point masses φ0(α, t)

and φ1(α, t): i.e., the proportion of loci that have become fixed at p = 0 or p = 1
between times 0 and t is given by integrating the flux through the boundary over
time.

The trait mean is a population-level quantity. And so, because of the coupling
of loci through the trait mean in the coefficients (11), we view the diffusion (10)
as describing the behavior of a single population. In particular, the conditional
probability integral

∫ b
p=a φ(p, α, t) dp∫ 1
p=0 φ(p, α, t) dp

should be interpreted as describing the probability that a locus with effect size α in
this single population will have an allele frequency in (a, b) at time t . This inter-
pretation is quite different from that in the classical models, where φ can be viewed
as a probability distribution over replicate populations. Moreover, it means that the
effects of genetic sampling (i.e. of sampling due to finite population size) and of
sampling due to the fact that only finitely many loci contribute to the trait are not
included in the present model. This point is discussed further in section 6.

In addition to the trait mean z̄(t), another interesting time-dependent quantity is

S2(t) =
∑

α

∫ 1

0
4α2p(1 − p)φ(p, α, t) dp. (15)
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This is the nondimensionalized total additive genetic variance,S2 = nσ 2
G/z

2
0, where

σ 2
G is the (dimensional) total additive genetic variance and z0 and n are the charac-

teristic trait scale and the number of loci contributing to the trait. Because the model
does not include mutation, the absorbing boundary conditions mean that we expect
allele frequencies at all loci to eventually go to 0 or 1: φ(p, α, t) → 0 as t → ∞.
Therefore, in the long-time limit the trait mean z̄(t) should tend to a constant value
and the total additive genetic variance S2(t) should tend to zero.

3. Numerical simulations

In this section, we present numerical simulations of solutions of the system (9)–(13).
The absorbing boundary conditions pose an immediate computational difficulty.
Equation (10) shares with classical models the property that in some regimes solu-
tions are expected to grow rapidly near the absorbing boundaries. For this reason,
we compute solutions of a closely related initial value problem and then transform
these solutions to solutions of (9)–(13).

We define the new variable

ψ(p, α, t) := V (p, α, z̄(t))φ(p, α, t)

for p ∈ (0, 1). Equation (10) then becomes

ψt(p, α, t) = ψ(p, α, t)

V (p, α, z̄(t))

d

dt
V (p, α, z̄(t))

−V (p, α, z̄(t))
(
M(p, α, z̄(t))

V (p, α, z̄(t))
ψ(p, α, t)

)

p

(16)

+ 1
2V (p, α, z̄(t)) ψpp(p, α, t).

The numerical simulations solve the system (16), where the trait mean z̄(t) is com-
puted with ψ/V wherever φ appears in the formula (9) with p ∈ (0, 1). Given
initial data φ(p, α, 0), we compute z̄(0) and then V (p, α, 0) to determine the ini-
tial data ψ(p, α, 0). We impose Dirichlet boundary conditions on the solution:
ψ(0, α, t) = ψ(1, α, t) = 0 for all α and t . This is reasonable since φ is bounded
above by a probability distribution, and so we should have

∫ 1
0 φ dp < ∞ for all t .

Since M and V vanish linearly at the boundary, we find that φ should satisfy

lim
p→0+

Mφ = lim
p→1−

Mφ = lim
p→0+

V φ = lim
p→1−

V φ = 0. (17)

As an additional diagnostic, we compute the total additive genetic variance
S2(t) at each timestep.

The scheme is fourth-order accurate in space, using finite differences on a fixed,
nonuniform mesh to approximate the p-derivatives. The mesh was chosen to have
higher resolution nearp = 0 andp = 1. The time-stepping is second-order accurate
in time. It uses a Crank-Nicolson time-stepping for the diffusive term, extrapolation
for the source term, and an extrapolated leapfrog method for the advection term.
This computes the solution at the interior meshpoints. To compute the density of
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loci being fixed at p = 0 and p = 1 (the mass of the delta functions) a pair of ODEs
were solved using Richardson extrapolation. The ODEs are solved simultaneously
with the diffusion equation (16) because fixed loci continue to contribute to the
trait mean z̄(t), which in turn appears in the coefficients of the diffusion equation.
The code was written and executed in Matlab on a PC; the code is available upon
request.

In Figure 1, we present the solution to (9)–(13) using a single value of the QTL
effect sizeα (specifically,α = 1.25), with uniform unfixed initial data (φ(x, α, 0) =
1 for 0 < p < 1) and no initial fixation (φ0(α, 0) = φ1(α, 0) = 0). The free param-
eters are taken as Vs = 2 and zopt = .1. The simulation was continued until the
time at which just 0.5% of loci remained unfixed: tf = 5.3, corresponding to 5.3N
generations. The solution φ is shown at five approximately equally spaced times
between 0 and tf . Note that the distribution of allele frequencies φ(x) is slightly
skewed toward p = 1 for all times t > 0 computed. This skewness reflects the
action of selection. The initial data is symmetrical about p = 1/2 and so the ini-
tial trait mean is zero. Therefore, if the optimum trait value zopt were equal to 0

  
 

 

φ

1p0

t=4.8
unfixed =0.01

φ

1p0

t=3.6
unfixed =0.03

φ

1p0

t=2.4
unfixed =0.09

φ

1p0

t=1.2
unfixed =0.30

φ

1p0

t=0.0
unfixed =1.00

Fig. 1. The solution to the system (9)–(13) shown at five times. We assumed only one value
of the QTL effect size: α = 1.25, and chose parameters 1/2Vs = 1, zopt = .1. The initial
data is φ(p, 1.25, 0) = 1 for 0 < p < 1, and φ0(1.25, 0) = φ1(1.25, 0) = 0. For five times,
we present the solution φ(p, 1.25, t) (plotted as a graph) and the fixations φ0(1.25, t) and
φ1(1.25, t) (presented as spikes located atp = 0, 1 of the respective heights). The front-most
plot is at time t = 0; 100% of the loci are unfixed. The plot one further back is at t = 1.2;
30% of the loci are unfixed, 32% and 38% are fixed at p = 0 and p = 1 respectively. The
third plot is at t = 2.4; 9% of the loci are unfixed, 42% and 49% are fixed at p = 0 and
p = 1 respectively. The fourth plot is at t = 3.6; 2.7% of the loci are unfixed, 45% and 52%
are fixed at p = 0 and p = 1 respectively. The fifth plot is at t = 4.8; 0.8% of the loci are
unfixed, 46% and 53% are fixed at p = 0 and p = 1 respectively.
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there would be no selective pressure to change the trait mean, only to reduce trait
variance. The solution would thus remain symmetrical about p = 1/2 at all times.
Since the optimum trait value zopt is in fact positive, however, alleles that increase
an individual’s phenotypic value are favored over alleles that decrease it, resulting
in skewness of the distribution φ with a bias towards fixing at p = 1. If zopt were
negative, the bias would be towards p = 0. As will be seen in Section 4, if no
selection were present the system would become linear and, since the horizontal
initial data is precisely the leading eigenfunction of the relevant linear operator, no
higher modes would be excited and thus no skewness would develop. The skewness
of the solution is thus a nonlinear effect due to coupling of loci through the trait
mean z̄ and the fitness function w. When the simulation was rerun with zopt = 1
and all other parameters and initial data the same as for Figure 1, more pronounced
skewness as well as concavity could be seen, reflecting the stronger action of selec-
tion. In addition, it took only 4.4N generations to reduce the percentage of unfixed
loci to 0.5.

Figure 2 plots the trait mean z̄(t) as a function of time for the α = 1.25 simula-
tion (see Figure 1) and for an analogous simulation withα = 0.25.As expected, z̄(t)
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Fig. 2. The trait mean z̄(t) is plotted as a function of time for three solutions. The upper solid
line corresponds to the QTL effect size α = 1.25 simulation shown in Figure 1. The bottom
solid line corresponds to the α = 0.25 simulation. The dashed line corresponds to a simula-
tion which has two values ofα:α = 1.25 andα = 0.25. TheVs and zopt are as in the other two
simulations and the initial data is φ(p, 1.25, 0) = 1/2 (and φ0(1.25, 0) = φ1(1.25, 0) = 0)
and φ(p, 0.25, 0) = 1/2 (and φ0(0.25, 0) = φ1(0.25, 0) = 0).



770 J.R. Miller et al.

approaches an equilibrium much closer to the optimum value zopt = .1 for the larger
value of α. This partly reflects the stronger action of selection for α = 1.25, but also
reflects the fact that the total additive genetic variance was greater at t = 0 when
α = 1.25 than when α = 0.25: S2(0) = 4(1.25)2/6 versus S2(0) = 4(0.25)2/6.
Thus the solution with α = 1.25 advanced further before “running out of steam”
at 99.5% fixation.

The dotted line in Figure 2 presents z̄(t) for the solution to (9)–(13) with half
of all loci having effect size α = 1.25 and half having α = 0.25. The initial data is
uniform in p for both values of α and the parameters 1/2Vs and zopt are unchanged.
Nonlinear effects are also apparent in Figure 2: the trait mean z̄(t) for the two-α
case is much closer to the trait mean for α = 1.25 than to an average of the trait
means for α = 1.25 and α = 0.25. This is further demonstrated in Figure 3. Here,
the response of the trait mean to selection was normalized by dividing z̄(t) by the
square root of the total additive genetic variance of the founding population and
then plotted. The responses for the α = 1.25 simulation and the 50 :50 simulation
were very similar, while the response was less for the α = .25 simulation. This
must reflect a weaker selection intensity for the latter case [11].

Since there is no mutation in the present model to replenish genetic variation, it
is possible for the trait mean to fall short of the optimum as the initial supply of such
variation is exhausted. Figure 4 illustrates how initial genetic variance and allele
frequencies affect the advance of the trait mean toward its optimum; we note that in
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Fig. 3. The trait mean z̄(t), divided by the square root of S2(t = 0), is plotted as a function
of time for three solutions. The upper solid line corresponds to the QTL effect size α = 1.25
simulation shown in Figure 1. The bottom solid line corresponds to the α = 0.25 simula-
tion. The dashed line corresponds to a simulation which has two values of α: α = 1.25 and
α = 0.25. Parameters, distributions of α and initial data are as in Figure 2.
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most of the numerical runs whose outcomes are depicted, initial genetic variance
was insufficient to attain the optimum even in the absence of any drift. Here the
fraction [z̄(tf )− zopt ]/[z̄(0)− zopt ] of the initial distance to the optimum covered
during the course of evolution (to 99.5% fixation) is plotted against initial genetic
variance (S2) for runs where initial allele frequencies were distributed uniformly
(data denoted by ◦) or according to the distribution φ(p, 0) = 5(1 − p)4 (data
denoted by ×). In Figure 4 we see that the curves for the two types of initial allele
frequency distributions are close to each other and that there is a strong dependence
of progress toward the optimum on initial variance when the latter is small. Thus
for the conditions tested, initial genetic variance influenced the amount of progress
made toward the optimum more than did initial allele frequency. This confirms
results obtained using a different model by Hill and Rasbash [22].

Finally, Figure 5 plots the total additive genetic variance S2 (normalized by
dividing by S2(t = 0)) as a function of t for the three numerical runs for which trait
means are plotted in Figures 1 and 2. The three curves in Figure 5 are indistinguish-
able from one another and from the corresponding curve obtained from the same
initial data with zero selection (replacing the Gaussian fitness function (2) with the
constant function w(Z) ≡ 1) suggesting that at the low selection strengths appro-
priate for the present model, variance dynamics are consistent with the exponential
decay of heterozygosity expected at a locus under neutrality and random mating
(this is a basic result in population genetics; see for example Chapter 7 of [20]).
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Fig. 4. Progress toward the optimum as a fraction of initial distance from the optimum,
plotted against initial genetic variance (S2). Runs with uniform initial data are denoted by
◦, runs with quartic initial data by ×. Values of α ranged from .125 to 2.5 for each initial
distribution.
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Fig. 5. Normalized trait variance as a function of time for the solutions of the system
(10)–(13) for which parameters, distributions of α and initial data are as in 2 and 3. The three
curves are indistinguishable from one another and from the corresponding curve obtained
with zero selection.

At first these findings might appear to contradict those of Gavrilets and Hastings
[18] (see also [6]), who presented simulations indicating that when N/n is large,
the decay of genetic variance is not exponential (recall thatN � nwas assumed in
our derivation of the PDE (10)). However, Gavrilets and Hastings assumed at least
moderately strong selection and, more importantly, initial trait means close to the
optimum. Referring to the derivation of the system (10)–(13) in Appendix A, we
note that if the trait mean z̄ were equal to the optimum zopt and higher-order terms
were included in the derivation of the mean change in allele frequency M (A11),
a different PDE would result. For this PDE it is possible to follow the procedure
of Gavrilets and Hastings to derive variance dynamics like those predicted in [18]
(details not shown).

4. Multiple-scale expansions

Two biological processes are at work in the model: random drift and selection. In
equation (10), random drift is modeled by the diffusive term (V φ)pp and selection
is modeled by the advective term (Mφ)p. Each process has its own characteris-
tic timescale. The timescale of random drift may be taken to be 1, which serves
as a diffusion coefficient in the definition of V (11). The timescale of selection is
then determined by the value of α/Vs , together with zopt . To see this, suppose that
zopt = 0; then α/Vs functions as a speed of propagation in the advection term of
equation (10). (We remind the reader that hereVs andα are dimensionless variables.
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Using the rescaling (8), the timescale of selection in terms of dimensional variables
is αNz0/Vs .)

If selection is weak relative to random drift,

α/Vs � 1,

then there is a separation in timescales. This motivates the use of a two-timescale
asymptotic expansion (see for example [23, §6]) to approximate the model dynam-
ics in the case of weak selection. We now outline such an analysis for the case when
all loci share a single effect size α.

To begin, we use the slower timescale (selection) as an expansion parameter:

ε = α/Vs

and assume that there is a separation in timescales: ε � 1. We introduce two time
variables, one for each timescale:

τ = t T = εt

The distribution φ and trait mean z̄ are then written in terms of the new time
variables and expanded in ε:

φ(p, τ, T ) = φ0(p, τ, T )+ εφ1(p, τ, T )+ ε2φ2(p, τ, T )+H.O.T .

z̄(τ, T ) = z̄0(τ, T )+ εz̄1(τ, T )+ ε2z̄2(τ, T )+H.O.T . (18)

“H.O.T.” is short-hand for “higher-order terms”. (Throughout this section, we are
abusing notation in the following manner. In other sections, φ0(α, t) and φ1(α, t)

represent fixation at p = 0, 1. In this section, φ0(p, τ, T ) and φ0(p, τ, T ) refer to
functions that are part of the multiple scale expansion ansatz.Additionally, through-
out this section τ is referring to a new time variable and is unrelated to the original
timescale, used for the discrete problem, early in Section 2.)

At the O(1) level, the system (9)–(13) reduces to the Wright-Fisher linear diffu-
sion equation ([13], [36], [24])

∂τφ0(p, τ, T )− Lφ0(p, τ, T ) := ∂τφ0(p, τ, T )

− 1
2∂pp (p(1 − p)φ0(p, τ, T )) = 0, (19)

where L will be referred to as the Wright-Fisher operator, with the constraint

lim
p→0+

pφ0 = lim
p→1−

(1 − p)φ0 = 0. (20)

We assume thatp(1−p)φ2
0 is integrable on [0, 1], a condition satisfied by all contin-

uous functions that satisfy (20) (and hence by all biologically reasonable solutions
of 19). The solution of equation (19) with the constraint (20) was described by
Kimura [24]. Specifically, the operator L has eigenvalues λi = (i + 1)(i + 2)/2
(i = 0, 1, . . . ) and eigenfunctions ψi which are scaled and translated Gegenbauer
polynomials, which form an orthonormal set inL2([0, 1])with respect to the weight
w(p) = 6p(1 − p) [27]. The solution to (19) can therefore be written as a linear
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combination of Wright-Fisher eigenfunctions with coefficients that vary slowly in
time:

φ0(p, τ, T ) =
∞∑

i=0

ai(T )e
−λiτψi(p). (21)

A standard procedure (see for example [23]) can then be used to find the values of
the coefficients ai(T ).

Keeping just the first m+ 1 Gegenbauer polynomials ψ0 . . . ψm in the expan-
sion (21) for φ0, approximations were obtained for m = 2, 4, and 6 with the aid
of the symbolic mathematics package Maple (Maple 9 worksheets available upon
request). Ifm = 2, the expansions involve projecting onto the first three eigenfunc-
tions:

ψ0(p) = 1, ψ1(p) = 2
√

5(p − 1
2 ), ψ2(p) =

√
14( 1

4 − 5(p − 1
2 )

2).

For example, at O(1), in the case where no loci are initially fixed we have form = 2

φ0(p, t) = a00e
−t + a10e

−3tψ1(p)+ a20e
−6tψ2(p) (22)

z0(t) =
√

5α
3 a10 S2

0 (t) = 2α2

3 a00e
−t (23)

for constants a00, a10, a20 determined by the initial data φ(p, 0). Also, above we
provide the O(1) portion of the total additive genetic variance S2, as computed by
integrating φ0 against 4α2p(1 − p).

When t is large, (22) indicates that φ0 will be dominated by a steadily decaying
horizontal profile and that S2

0 (t) will decay at the same rate. Additionally, if the
initial data is even about p = 1/2 (a10 = 0) then z̄0 = 0. This is because the trait
mean is computed by integrating φ0 (plus δ-functions at p = 0 and p = 1) against
(p − 1/2). Since this weight is odd about p = 1/2, the integral will only pick up
the even parts of φ0.

We note a subtlety in the interpretation of z̄0: this quantity does not depend on t .
This is reasonable when one recalls the standard interpretation of the Wright-Fisher
equation (19) [13], [36], [24]. In this interpretation, when ε = 0, z̄0 represents the
mean or expected behavior of the trait mean in the absence of selection. Although
the trait mean of a particular population will in general change over time in response
to random drift, the expected trait mean averaged over all possible populations will
not change. In our interpretation, the fact that z̄0 is constant likewise reflects the
absence of stochastic effects due to genetic sampling. However, it is not clear that
the full system gives an unbiased representation of the mean behavior over replicate
populations, because of the nonlinearity that arises from coupling of loci through
the trait mean. (In contrast to the behavior of the trait mean, genetic variance must
decline even in the absence of selection, since the model does not include mutation
or migration; thus S2

0 (t) does decay to 0 as t → ∞ even when ε = 0.)
The coefficient of ε for the trait mean is:

z̄1(t) = − a00α
9

(
2
√

5αa10 − 6zopt
) (

1 − e−t
)

(24)
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The effect of selection is apparent at the O(ε) level in that z̄1(t) (unlike z̄0) is
time-dependent. Furthermore, even if the initial data is even about p = 1/2, z̄1 will
in general differ from 0 at times t > 0. This is because selective pressure will cause
allele frequencies to shift preferentially toward one extreme (p = 0 or p = 1),
breaking any symmetry about p = 1/2. Such behavior is reflected in the skewness
of the plots of solutions given in Figures 1 and 2.

To check the validity of the asymptotics and to determine parameter regimes
in which the asymptotics provide a useful approximation to solutions of the full
system (9)–(13), asymptotic approximations for S2(t) and for the trait mean z̄(t)
were compared with those obtained from numerical solutions of the full system
for a single value of α, several initial p-distributions, and a range of selection
parameters Vs and zopt . The comparisons indicate that the two-time-scale asymp-
totic approximations can predict future values of the trait mean and total additive
genetic variance from initial data accurately for the cases of weak selection.

In addition, comparisons of the asymptotics with data for a series of runs with
various initial x-distributions provided evidence that the absolute value of the differ-
ence between the asymptotically predicted and numerically computed values of
z̄(tf ) and S2(tf ) decayed like ε2 as ε → 0, giving O(ε) convergence of the as-
ymptotics and numerical data as expected. Specifics regarding runs with initial
data

φ(p, 0) = 1 − 2(p − 1/2)3

with zopt = 0 are given in Table 1. (Recall that each numerical run was stopped
when 0.5% of initially unfixed loci remained unfixed. This stopping time is tf .)
Here, asymptotic estimates of z̄(tf ) with m = 2 failed to show O(ε) convergence.
Using m = 6, however, gave the expected rate of convergence and matched the
numerically computed z̄(tf ) with relative error < .001 for all but the two largest
values of ε tried; see Table 1.

Table 1. Comparison of asymptotically predicted and numerically computed values of
z̄(tf ) using initial data cubic in p, α = .5, 1/2Vs from 101 to 10−4, and zopt = 0. Log-
arithms are base 10. Here abserr := |z̄asymp(tf ) − z̄num(tf )|, relerr := |z̄asymp(tf ) −
z̄num(tf )|/|z̄num(tf )|, where z̄num and z̄asymp are respectively the numerically computed and
asymptotically predicted values of z̄. m denotes the order of the Gegenbauer polynomials
used in the asymptotics.

ε log(abserr) (m = 2) log(abserr) (m = 6) log(relerr) (m = 6)

10 −1.3739 −1.2305 1.8127
1 −2.2213 −2.9089 −1.1628

0.1 −2.1599 −4.8703 −3.2539
0.01 −2.1476 −6.865 −5.2615

0.001 −2.1463 −8.8673 −7.2650
0.0001 −2.1461 −10.861 −9.2589



776 J.R. Miller et al.

5. Insensitivity to multiple effect sizes

In Section 3, we presented simulations of a population where all QTL have only
one effect size, α. In such a population, the mean of the distribution of locus effect
sizes is α and the variance is 0. We now present a more detailed study of response
of the trait mean to selection in a population where not all QTL have the same effect
size.

To do this, a series of numerical solutions to (9)–(13) was computed. Each run
used an effect size distribution with two values of α, as such distributions are the
simplest possible distributions of α with nonzero variance. We denote the two val-
ues of effect size by α1 and α2, with α1 ≤ α2. The fraction of loci with the high
value of α, P(α = α2), was chosen from 1/2, 1/3 and 1/5.

For each set of runs, an initial distribution of allele frequencies p was specified
for loci with each effect size. This initial p-distribution was always uniform for loci
with the low effect size α1, i.e. we specified the conditional probability densities

φ(p, α1, 0)/
∫
φ(ξ, α1, 0) dξ ≡ 1

for all runs. For loci with the high effect size α2, the initialp-distribution was varied
among three different profiles, i.e. we specified the conditional probability densities

φ(p, α2, 0)/
∫
φ(ξ, α2, 0) dξ) = g(p),

with g(p) varying among the uniform distribution

gunif (p) ≡ 1,

a quartic profile concentrated near p = 1
2 ,

gpeak(p) = 21

16
− 3(p − 1

2 )
2 − 5(p − 1

2 )
4

and a quartic profile concentrated near p = 0 and p = 1,

gvalley(p) = 80(p − 1
2 )

4.

The parameters were 1/2Vs = .1 and zopt = .1. A set of runs was performed,
varying the mean ᾱ = p1α1 + p2α2 and the coefficient of variation

cv(α) =
√
p1(α1 − ᾱ)2 + p2(α2 − ᾱ)2/ᾱ

of the α-distribution among the values

ᾱ ∈ {.05, .125, .375, .75, 1.5, 3, 5}, cv(α) ∈ {0, .05, .1, .25, .5, 1}.
Each pair (ᾱ, cv(α)) determines a pair of effect sizes, (α1, α2), giving a total of 42
runs. Each run was continued until a time t = tf at which only 0.5% of originally
unfixed loci remained unfixed. Here we will focus on the case where the fraction
of loci with the high value of α is 1/2 and initial distributions of allele frequencies
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p are uniform for both values of α. Results for other initializations were similar
(data not shown).

The values of z̄(tf ) for the various runs were compared with the values of the
initial total additive genetic variance S2(0). One should expect a closer approach
to the optimum trait value (i.e. z̄(tf ) closer to zopt ) when the initial total additive
genetic variance S2(0) is larger [12], as shown by the simulations for a single effect
size in Section 3. For this initial data, S2(0) = 4ᾱ2(1 + cv(α)2)/6. To keep the
relation between ᾱ and S2(0) transparent, we therefore studied the relation between
S2(0) and z̄(tf ) for fixed values of cv(α).

In Figure 6, we plot the final trait mean z̄(tf ) versus S(0) :=
√
S2(0) for

four values of cv(α). This figure suggests that the final trait mean depends on the
mean and variance of the distribution of effect sizes only insofar as these quantities
influence the total additive genetic variance of the initial population.

0 0.5 1 1.5 2 2.5
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

S(0)

R
(t

f)

Fig. 6. The results of twenty-four two-α simulations of (9)–(13). (Results of eighteen addi-
tional simulations followed the same pattern but are omitted from the graphics for clarity.)The
model parameters are 1/2Vs = .1 and zopt = .1. The QTL effect size is α1 with probability
p1 = 1/2 and is α2 with probability p2 = 1/2. The initial distributions are: φ(x, αi, 0) = pi
for 0 < x < 1 and φ0(αi, 0) = φ1(αi, 0) = 0 for i = 1, 2. The effect sizes are chosen to
achieve a given mean ᾱ and coefficient of variation cv(α) and the solution is computed the
time tf when all but 0.5% of the QTL are fixed. For each value of cv(α), we then plot z̄(tf )
as a function of S(0), the square root of initial total additive genetic variance, to see how
close z̄(tf ) is to z̄opt . Solid lines with circles denote runs with cv(α) = 0, dot-dashed lines
with x’s cv(α) = .25, dashed lines with stars cv(α) = .5, and dot-dashed lines with circles
cv(α) = 1.
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6. Discussion

We have introduced a diffusion model (9)–(13) for the joint distribution of absolute
locus effect sizes and allele frequencies for loci contributing to an additive quan-
titative trait in a haploid, panmictic population. It is a “mesoscale” model in that
it explicitly incorporates a finite number of loci with finite (i.e. non-infinitesimal)
effects, but does not track the evolution of allele frequencies at specific individual
loci. The model is designed to approximate a particular discrete model exactly in
the limit as both population size and the number of loci affecting the trait tend to
infinity. We have studied the long-time behavior of solutions to the diffusion sys-
tem, using formal multiple-timescale asymptotics, for the case when all loci have
the same effect size. Finally, we have presented numerical solutions of the system
for the case where loci can take on either of two distinct effect sizes, varying the
proportion of loci taking on each effect size. We confined our attention in the pres-
ent work to these arguably unrealistic distributions of effect sizes because our aim
was to explore the influence of the mean and variance of locus effect size on the
response of the population trait (phenotypic) mean to selection, and distributions
with two effect sizes are the simplest distributions with nonzero variance.

The long-time behavior of solutions to the diffusion system can be studied in
the case of weak selection by using the case of no selection as a base case. When
no selection is present, the diffusion system (9)–(13) reduces in form, though not
in interpretation, to the linear Wright-Fisher equation (19) [13], [36]. Kimura [24]
showed that the solution to (19) is an infinite sum of decaying eigenmodes, i.e.
of allele frequency distributions each going to fixation at a characteristic rate. The
formal asymptotics presented here indicate that weak selection alters this picture
by changing (or modulating) the rates at which the various modes decay, on a
slow time scale determined by the strength of selection relative to random drift.
Moreover, numerical simulations indicate that an approximation consisting of a
linear combination of a small number of modulated decaying modes can be used to
make accurate predictions of the response to selection in the full model (9)–(13).
The accuracy of the predictions appears to depend on the higher moments of the
allele frequency distribution at the time when the approximation is fitted to numer-
ical data as well as on the intensity of selection; data with larger higher moments
requires more terms in the approximation to obtain predictions with a fixed amount
of accuracy.

Through numerical solution of the diffusion system for the case of two dis-
tinct effect sizes, we found that the slope and shape of the curve relating initial
total additive genetic variance to the “final” value of the population trait mean was
essentially independent of the coefficient of variation of effect size when more than
five loci contributed to the trait and all model parameters, as well as the form of the
initial data, were held constant. This confirms the results of [22] in suggesting that
knowledge of the genetic architecture of a quantitative trait will not aid in predicting
response to selection when selection is weak and mutation is negligible.

Finally we note a number of important limitations of the diffusion model
(9)–(13). The model ignores mutation and is thus suitable for predicting response
to selection only on a short evolutionary timescale. It also ignores dominance
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and epistasis, environmental effects, gametic phase disequilibrium, pleiotropy and
population structure, and (like all diffusion models) assumes that selection is weak.
Thus its usefulness should lie in providing quantitative analytical predictions that
can be used as a basis for comparison with simulation results (e.g. of response to
selection) for models that include a broader range of genetic forces but are ana-
lytically intractable. In addition, the model ignores two kinds of (broadly defined)
sampling variation. One is variation due to genetic sampling, which can be expected
to produce different evolutionary outcomes in replicate populations with the same
initial conditions and subject to the same evolutionary forces. In ignoring such var-
iation the diffusion model resembles, for example, a Markov chain model for the
evolution of allele frequencies at a small number of loci [21, 6.1].

The other type of variation ignored by the model is variation due to “locus sam-
pling”, i.e. due to the fact that only a finite number of loci contribute meaningfully
to any given trait. To see this, suppose that all loci have the same effect size. In
this case, the solution of the diffusion model (9)–(13) is a continuous probability
distribution showing the percentage of loci expected to fall within any given range
of allele frequencies at any time. However, the expected frequencies would not be
completely realized in actual populations because these populations have only a
finite number of loci. Preliminary stochastic simulations (data not shown) indicate
that a large amount of variation in response to selection (between replicate popu-
lations) can occur due to this effect when the number of loci contributing to a trait
is low to moderate (say, 10), as may be expected for many though not all traits.

Locus sampling variation must be taken into account in hypothesis tests for the
role of selection in creating an observed phenotypic difference between two popu-
lations; this is implicit in the tests proposed by Orr [29]. Ignoring it means that the
present model would not be suitable for determining the variance of the sampling
distribution of a test statistic under a specific alternative to the null hypothesis of no
selection in such a test, although it might be suitable for determining the mean of
the sampling distribution. Rather, to determine this type of sampling variance and
related quantities it will be essential to conduct stochastic simulations of this evolu-
tion. Such simulations, ideally in conjunction with analytical studies, can determine
the amount of variation between populations that is due to finite population size
and finite locus number.
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A. Appendix — Derivation of the Diffusion Model

Below we sketch a formal derivation of the diffusion model along standard lines
[10, §4.1]. We have not undertaken a derivation from first principles, although one
should be possible along the lines of [9]. Although the derivation takes a standard
form, there is an important difference between this diffusion model and the classical
diffusion models of population genetics: the approximation to the discrete system
should be exact not in the limit of infinite population size N , but in the joint limit
N → ∞, n → ∞ where n is the number of loci with any given effect size.

We recall the discrete model (1), (2), (6) with dimensional parameters. To begin,
let z0 be a characteristic trait scale, e.g. the initial phenotypic standard deviation
for the trait in question. Take Ṽs , a dimensionless number, such that

Vs = Nz2
0Ṽs

n
(A1)

where n is the number of loci and N is the population size.
Let α̃ be the dimensionless number such that

α = α̃z0

n
. (A2)

Similarly, let ˜̄z and z̃opt be dimensionless numbers such that

z̄ = ˜̄zz0, zopt = z̃opt z0.

Finally, rescale time so that that one unit of time comprisesN generations: t = τ/N .
The reasoning for how Ṽs , α̃, and t are assumed to depend on n and N will

explained below.
Using � as defined before equation (7), we introduce the joint probability dis-

tribution of allele frequency pj = j/N and effect size α̃ at time tk = k/N :

φD(pj , α̃, tk) := 1

n
�

(
pj ,

α̃z0

n
, k

)
(A3)

(TheD is a reminder that we are considering a discrete stochastic process.) At each
time tk , the probability distribution satisfies

∑

α̃

N∑

j=0

φD
(
pj , α̃, tk

) = 1. (A4)

Similarly, we define the conditional probability φD(pi, tl |pj , α̃, tk), which is the
probability that a locus with effect size α̃ that has frequency pj at time tk will have
frequency pi at time tl . (Note that the symbol φD is doing double duty.)

Let δt = 1/N represent one generation. The Chapman-Kolmogorov equation
states that if tk ≤ tl ≤ tl + δt then

φD(pi, tl + δt |pj , α̃, tk) =
N∑

m=0

φD(pi, tl + δt |pm, α̃, tl)φD(pm, tl |pj , α̃, tk).
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Multiplying by φD(pj , α̃, tk) and summing over pj gives

φD(pi, α̃, tl + δt) =
N∑

m=0

φD(pi, tl + δt |pm, α̃, tl)φD(pm, α̃, tl). (A5)

The domain of φD is discrete: pj ∈ {0, 1/N, . . . , (N − 1)/N,N} and tk ∈
{0, 1/N, 2/N . . . }. Similarly, the range is discrete: φD takes on values in the set
{0, 1/n, 2/n, . . . , (n− 1)/n, 1}. Since there are N + 1 possible values of pj and∑
α̃

∑
j φD(pj , α̃, tk) ≡ 1, one would expect the values taken on by φD to be

proportional to 1/N . As n → ∞ and N → ∞, therefore, one would hope that
NφD would become a good approximation of a function defined for p ∈ [0, 1] and
continuous for p ∈ (0, 1) and t ∈ [0,∞).

In this direction, we introduce φ(p, α̃, t), which is a continuous function for
p ∈ (0, 1) and t ≥ 0, and δ-functions φ0(α̃, t)δ0(p) and φ1(α̃, t)δ1(p). The delta
functions represent the loci that have effect size α̃ and allele frequency 0 or 1
(reflecting fixation) at time t . It is expected that φ + φ0δ0 + φ1δ1 is the density
function corresponding to a diffusion process that approximates the original, dis-
crete process (with density φD) with an error that tends to 0 as N and n go to
infinity. For example, since φD satisfies (A4) it’s expected that φ, φ0, and φ1 will
satisfy

∑

α̃

[∫ 1

0
φ(p, α̃, t) dp + φ0(α̃, t)+ φ1(α̃, t)

]
= 1. (A6)

at each time t . As we do not prove such a diffusion process exists, from here on all
steps in the derivation are formal.

To find the PDE satisfied by the continuous density φ, we start with the contin-
uous version of the Chapman-Kolmogorov equation (A5):

φ(p, α̃, t + δt) =
∫ 1

0
φ(p, t + δt |p̃, α̃, t)φ(p̃, α̃, t) dp̃. (A7)

Let f be a smooth test function that vanishes at p = 0 and p = 1. Multiplying
(A7) by f (p) and integrating gives

∫
f (p)φ(p, α̃, t + δt) dp =

∫∫
f (p)φ(p, t + δt |p̃, α̃, t)φ(p̃, α̃, t) dp̃ dp.

(A8)

Letting δp = p − p̃, consider the Taylor expansion of f :

f (p) = f (p̃)+ δpf ′(p̃)+ 1
2 (δp)

2f ′′(p̃)+ · · ·
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Thus (A8) can be written as

∫
f (p)φ(p, α̃, t + δt) dp =

∫∫
f (p̃)φ(p̃, α̃, t)φ(p, t + δt |p̃, α̃, t) dp̃ dp

+
∫∫

f ′(p̃)φ(p̃, α̃, t)
[
(δp)φ(p, t + δt |p̃, α̃, t)] dp̃ dp

+ 1
2

∫∫
f ′′(p̃)φ(p̃, α̃, t)

[
(δp)2φ(p, t + δt |p̃, α̃, t)

]
dp̃ dp

+
∞∑

k=3

1

k!

∫∫
∂kf

∂pk
(p̃) φ(p̃, α̃, t)

[
(δp)kφ(p, t + δt |p̃, α̃, t)

]
dp̃ dp. (A9)

Integration with respect to p on the right-hand side of (A9) gives

∫
f (p)φ(p, α̃, t + δt) dp −

∫
f (p̃)φ(p̃, α̃, t) dp̃

=
∫
f ′(p̃)φ(p̃, α̃, t)E

[
(δp)|p̃, α̃, t] dp̃

+ 1
2

∫
f ′′(p̃)φ(p̃, α̃, t)E

[
(δp)2|p̃, α̃, t

]
dp̃

+
∞∑

k=3

1

k!

∫
∂kf

∂pk
(p̃) φ(p̃, α̃, t)E

[
(δp)k|p̃, α̃, t

]
dp̃.

The next step is to change the (dummy) variable of integration to p through-
out, to divide both sides by δt , and to take the δt → 0 limit, transforming the
above into the weak formulation of an evolution equation for φ. To do this, we
need to calculate the expected values above and determine how they depend on n
and N .

Above, δp denotes the change in allele frequency over a time interval δt for a
locus with effect size α̃ and allele frequency p at time t . At the discrete level, this
is determined by a Bernoulli process with probability p′(pj , α̃, tk) given by (6).
Using the moments for the discrete Bernoulli process, we compute the expected
values:

E
[
δp|pj , α̃, tk

] = p′(pj , α̃, tk)− pj

E
[
(δp)2|pj , α̃, tk

]
= p′(pj , α̃, tk)[1 − p′(pj , α̃, tk)]

N
+ (p′(pj , α̃, tk)− pj )

2

E
[
(δp)3|pj , α̃, tk

]
= p′(1 − p′)(1 − 2p′)

N2 + 3p′(1 − p′)(p′−pj )
N

+ (p′−pj )3.

Our expectation is that φ will be the density of a diffusion process whose moments
are approached by those of the Bernoulli process as n → ∞ andN → ∞. Accord-
ingly we use (A1) and (A2) and expand the above expected values in powers of
1/N . If we assume that n/N → 0 as N , n → ∞ (which is reasonable as typically
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the number of loci contributing to a trait is much less than the population size) then
this yields

E
[
(δp)|p, α̃, t] = 2α̃p(1 − p)(z̃opt − ˜̄z(t))

ṼsN
+ o

(
1

N

)

E
[
(δp)2|p, α̃, t

]
= p(1 − p)

N
+ o

(
1

N

)

E
[
(δp)3|p, α̃, t

]
= o

(
1

N

)
.

We expect E[(δp)k|p, α̃, t] to be o(1/N) for all k ≥ 4. It is here that the scalings
for Vs and α were key. That effect size α should scale like 1/n was determined
by other concerns (see below). Given this scaling for α, if one seeks a scaling for
Vs that would result in E[(δp)] and E[(δp)2] having nontrivial contributions but
the higher moments vanishing, this determines the scaling for Vs . We now take the
n,N → ∞ limit and find that φ satisfies

φt = −(Mφ)p + 1
2 (V φ)pp (A10)

in the sense of distributions, where

M = 2
α̃

Ṽs
p(1 − p)(z̃opt − ˜̄z(t)), (A11)

V = p(1 − p). (A12)

Since the test function f vanishes at p = 0, 1 if φ is smooth then the PDE hold in
the classical sense for p ∈ (0, 1) and t ≥ 0.

To complete the formal derivation of the diffusion system, we express the trait
mean ˜̄z(t) in terms of φ(p, α̃, t), φ0(α̃, t) and φ1(α̃, t). It follows from (A6) and
(A10) that the fractions of the loci that have effect size α̃ and are fixed at p = 0 or
p = 1 equal

φ0(α̃, t) = φ0(α̃, 0)−
∫ t

0

∑

α̃

lim
p→0+

([
Mφ(p, α̃, s)− 1

2∂p(V φ(p, α̃, s))
])
ds

φ1(α̃, t) = φ1(α̃, 0)+
∫ t

0

∑

α̃

lim
p→1−

([
Mφ(p, α̃, s)− 1

2∂p(V φ(p, α̃, s))
])
ds

and hence the total contributions to the trait mean ˜̄z(t) from loci fixed at 0 and 1
respectively are

˜̄z0(t) = 2
∑
α̃ α̃(0 − 1

2 )φ0(α̃, t),

˜̄z1(t) = 2
∑
α̃ α̃(1 − 1

2 )φ1(α̃, t). (A13)
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To obtain the contribution to the trait mean from unfixed loci, we recall the discrete
case, for which (1) and (7) apply:

˜̄zD(tk) =
n∑

i=1

(2pi − 1)
α̃

n

=
∑

α̃

N∑

j=0

(
2
j

N
− 1

)
α̃

n
�

(
j

N
,
α̃z0

n
, k

)
.

Recalling φD , the joint probability distribution (A3),

˜̄zD(tk) =
∑

α̃

N∑

j=0

(
2pj − 1

)
α̃ φD(pj , α, tk).

(In this step, it was important to take dimensional effect size to be O(1/n).) In
the derivation of the PDE, we (formally) assumed that NφD(p, α, t) has a limit
φ(p, α, t) at all p except p = 0, 1. At p = 0 and p = 1, this limit should be
captured by the δ-function weight φ0(α, t) and φ1(α, t) respectively. And so we
consider

∑

α̃

N−1∑

j=1

(
2pj − 1

)
α̃
[
NφD(pj , α̃, tk)

] ( 1

N

)
.

Since δp = 1/N , this expression has the form of a Riemann sum. Taking N to
infinity, we have the trait mean for the continuous case:

˜̄z(t) =
∑

α̃

∫ 1

0
(2p − 1) α̃ φ(p, α̃, t) dp + ˜̄z0(t)+ ˜̄z1(t)

where ˜̄z0 and ˜̄z1 are defined in (A13).
This completes the formal derivation of the model.

B. Appendix — equivalence of definitions (3) and (4) for weak selection

We now show that in the limit of weak selection, the probability p′
i based on the

mean fitness of individuals with allele Ai (see (3)) equals the probability based
on the fitness of an individual with the mean phenotype z̄Ai (see (4)). For ease of
notation, we assume i = 1.

There are Np1 individuals with allele A1. Let pji be 1 if the j th individual has
alleleAi and 0 if they have allele ai . Then their phenotype is zj := ∑

i (2pji−1)αi .
With this notation, the mean fitness of individuals with allele A1 is

wA1 = 1

Np1

Np1∑

j=1

w

(
α1 +

n∑

i=2

(2pji − 1

)
αi) =:

1

Np1

Np1∑

j=1

w(α1 + ẑj )
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where ẑj is the contribution to the j th individual’s phenotype from all loci except
locus 1. Similarly,

wa1 = 1

N(1 − p1)

N∑

j=Np1+1

w(−α1 + ẑj ).

For any ẑ, let Iẑ be the set of indices such that j ∈ Iẑ iff ẑj = ẑ. Then

wA1 =
∑

ẑ

pẑ,A w(α1 + ẑ) and wa1 =
∑

ẑ

pẑ,a w(−α1 + ẑ)

where

pẑ,A :=
∣∣Iẑ ∩ {1, . . . , Np1}

∣∣
Np1

and pẑ,a :=
∣∣Iẑ ∩ {Np1 + 1, . . . , N}∣∣

N(1 − p1)
.

Since all pairs of loci are in gametic phase equilibrium, pẑ,A = pẑ,a and so we
drop the A and a indices. In this notation, the mean phenotype of individuals with
the A1 (a1) allele is

z̄A1 = α1 +
∑

ẑ

pẑ ẑ and z̄a1 = −α1 +
∑

ẑ

pẑ ẑ.

The proportion ofA1 alleles in the next generation, p′
1, is defined in (3). We denote

this by p′
exact and let p′

approx denote the formula given in (4):

p′
exact = p1wA1

p1wA1 + (1 − p1)wa1

p′
approx = p1w(z̄A1)

p1w(z̄A1)+ (1 − p1)w(z̄a1)
.

For large Vs , the fitness function,w(z) = exp(−(z−zopt )2/2Vs), is approximately
1 − (z− zopt )2/2Vs . Using perseverance and

∑
pẑ = 1 one finds that to O(V −2

s ),

p′
exact = p1 + p1(1 − p1)

8Vs








∑

ẑ

pẑ(−2α1 + 2(ẑ− ẑopt ))
2





−



∑

ẑ

pẑ(2α1 + 2(ẑ− ẑopt ))
2









= p1 + 2p1(1 − p1)α1

∑

ẑ

pẑ(ẑopt − ẑ)/Vs

and

p′
approx = p1 + 2p1(1 − p1)α1



ẑopt −
∑

ẑ

pẑẑ



 /Vs.

Thus p′
exact − p′

approx = O(V −2
s ), as desired.
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