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1. Intr oduction

This article is an expandedversionof notesfor my lecturesat the summerscool on "Poissongeometry
in mathematics and physics' at Keio University, Yokohama, June 5{9 2006. The plan of theselectures
wasto give an elemenary introduction to the theory of Dirac structures, with applications to Lie group
valued momert maps. Special emphasiswas given to the pure spinor approach to Dirac structures,
developed in Alekseev-Xu[7] and Gualtieri [20]. (See[11, 12, 16] for the more standard approach.) The
connectionto moment mapswasmadein the work of Bursztyn-Crainic [10]. Parts of theselecture notes
are basedon a forthcoming joint paper [1] with Anton Alekseevand Henrique Bursztyn.

I would like to thank the organizersof the school, YoshiMaedaand Guiseppe Dito, for the opportunit y
to deliver theselectures, and for a greatly enjoyable meeting. | alsothank Yvette Kosmann-Sdwarzbac
and the refereefor a number of helpful commerts.

2. Volume forms on conjuga cy classes

We will beginwith the following FACTwhich at rst sight may seemquite unrelated to the theme of
theselectures:

FACT Let G be a simply connectedsemi-simplereal Lie group. Then every conjugacy
classin G carries a canonical invariant volume form.

By de nition, a conjugacy classCis an orbit for the conjugation action,
Ad:G! Di (G); Ad(g):a= gag :
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2 E. MEINRENKEN

It is thus a smooth Ad-invariant submanifold of G. By the existenceof a “canonical volume form, we
mean that there exists an explicit construction, not depending on any further choices.

More generally, the above FACTholds for simply connectedLie groups with a bi-invariant pseudo-
Riemannian metric. In the semi-simple case, such a metric is provided by the Killing form. The
assumption that G is simply connectedmay be relaxed as well { the precise condition will be given
below. Without any assumptionon 1(G), the conjugacy classesmay be non-oriertable, but they still
carry canonical invariant measures.

Exercise 2.1 (&) Shaw that SO(3) has a conjugacy classdi eomorphic to RP(2). This is the sim-
plest example of a non-orientable conjugacy class.
(b) Let G be the conformal group of the real line R (the group generatedby dilations and transla-
tions). Show that G doesnot admit a bi-invariant pseudo-Riemannianmetric, and that G has
conjugacy classesnot admitting invariant measures.

The above FACTdoesnot appear to be well-known. Indeed, it is not obvious how to usethe pseudo-
Riemannian metric to producea measureon C, sincethe restriction of this metric to Cmay be degenerate
or even zero. Recall on the other hand that any co-adjoint orbit O g carries a canonical volume
form, the Liouvil le form for the Kirillo v-Kostant-Souriau symplectic form ! on O:

(1) (LD =h [ 20:

Here ! 2 X(O) denotesthe vector eld generatedby 2 g under the co-adjoint action. Letting
n= %dim O, the Liouville form is %! " or equivalently the top degreepart of the dierential form
exp! . Oneis tempted to try somethingsimilar for conjugacy classes.Unfortunately, conjugacy classes
neednot admit symplectic forms, in general:

Exercise 2.2. Shawv that the group Spin(5) (the connected double cover of SO(5)) has a conjugacy
class isomorphic to S*. The 4-spheredoes not admit an almost complex structure, hence also no
non-degenerate2-form.

Nevertheless,our construction of the volume form on C will be similar to that of the Liouville form
on coadjoint orbits. Let

B:g g! R

be the Ad-invariant inner product on g, corresponding to the bi-invariant pseudo-Riemannianmetric
on G. There is an Ad-invariant 2-form ! 2 2(C), given by the formula

2) 1(Lh,=8 Bt ,; g2C

This 2-form wasintro duced by Guruprasad-Huebstimann-Je rey-W einsteinin their paper [21] on mod-

uli spacesof at connections,and plays a key role in the theory of group valued moment maps [4]. Its

similarity to the KKS formula (1) becomesevidert if we useB to identify g with g: The KKS 2-form is
de ned by the skew-adjoint operatorad = [; ], while the GHIJW 2-form is de ned by the skew-adjoint

operator %(Adg Adg 1). An important dierence is that the GHJW 2-form may well be degenerate.
It can even be zero:

Exercise 2.3. Shaw that the GHIJW 2-form vanisheson the conjugacy classCif and only if the elemens
of C squareto elemeris of the certer of G. For G = SU(2), there is one such conjugacy class(besides
the certral elemers themsehes): C= fA 2 SU(2)j tr(A) = Og.

To proceedwe needa certain di erential form on the group G. Let “; R 2 1(G) g denotethe
left-, right-invariant Maurer-Cartan forms. Thus - = g dgand R = dgg ! in matrix represenations
of G.
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Theorem 2.4. Suppse G is a simply connected Lie group with a bi-invariant pseudo Riemannian
metric, correspnding to the salar product B on g. Then there is a well-de ned smaoth, Ad-invariant
dier ential form 2 ( G) suchthat

_ 1=2 Adg +1 1 1 Adg L. L
®3) g=det™ —— exp 3B g,

at elementsg 2 G suchthat Adg +1 is invertible.

Note that the 2-form in the exponertial becomessingular at points whereAd 4 +1 fails to be invertible.
The Theorem ensuresthat thesesingularities are compensatedby the zeroesof the determinant factor.
We can now write down our formula for the volume form on conjugacy classes.

Theorem 2.5. With the assumptionsof Theorem 2.4, the top degree part of the di er ential form

(4) e ¢

de nes a volume form on C. Here! 2 2(C) is the GHIJW 2-form on C, and ¢: C! G denotesthe
inclusion.

Since is an even form, the Theorem says in particular that dim Cis even. Although Formula (4)
is very explicit, it is not very easyto evaluate in practice. In particular, it is a non-trivial task to work
out the top degreepart “by hand’, and to verify that it is indeed non-vanishing! Also, the complicated
formula for may seemrather mysterious at this point.

What | would like to explain, in the rst part of theselectures, is that the di erential form isa
pure spinor on G, and that Theorem 2.5 may be understood asthe non-degeneracyof a pairing between

two pure spinors,e ' and . onC.

Remark 2.6. For the caseof a compact Lie group, with B positive de nite, Theorem 2.5was rst proved
in [6], using a cumbersomeevaluation of the top degreepart of (4). The general casewas obtained in

[1].

The volume forms on conjugacy classesare not only similar to the Liouville volume form on coadjoint
orbits, but are actually generalizationsof the latter:

Exercise 2.7. Let K be any Lie group. The semi-direct product G = k o K (where K actson k by
the co-adjoint action) carries a bi-invariant pseudo-Riemannianmetric, with assaiated bilinear form
B on g= k o kgiven by the pairing betweenk and k . Show that the inclusion k | G restricts to
a di eomorphism from any K -coadjoint orbit O onto a G-conjugacy classC. Furthermore, the GHIW
2-form on C equalsthe KKS 2-form on O, and the volume form on C constructed above is just the
ordinary Liouville form on O.

3. Cliff ord algebras and spinors

This Section summarizesa number of standard facts about Cliord algebrasand spinors. Further
details may be found in the classicmonograph[15].

3.1. The Cliord algebra. Let W be a vector space, equipped with a non-degeneratesymmetric
bilinear form h;i. Let m = dimW. The Clior d algeba over (W;h; i) is the assaiative unital
algebra, linearly generatedby the elemenis w 2 W subject to relations

WiWo + Wowg = hwy;woi 1, wi 2 W
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Elemerts of the Cliord algebra CI(W) may be written aslinear combinations of products of elemerns
w; 2 W. There is a canonical ltration,

Cl(W) = cI{™(w) ciYw) cl@w)=R
with Cl(k)(W) the subspacespannedby products of k generators. The assaiated graded algebra
gr(CI(W)) is the exterior algebra” (W).

The Cliord algebra has a Z,-grading compatible with the algebra structure, in such a way that
the generatorsw 2 W are odd. With the usual sign convertions for Z,-graded ("super’) algebras,the
de ning relations may be written [wy;w,] = hwi;wqi 1 where [ ; ] denotesthe super-comnutator. A
module over the Clior d algeba CI(W) is a vector spaceS together with an algebrahomomorphism

% CI(W)! End(S):
Equivalently, the module structure is described by a linear map % W ! End(S) sud that
%w) %w°) + %wO)%w) = hw; wi 1
for all w;w®2 W. A Cliord module S is called a spinor module if it is irreducible, i.e. if there are no
non-trivial sub-modules.

3.2. The Pin group. Let :CI(W)! CI(W) be the parity automorphism of CI(W), equal to +1
on the even part andto 1 on the odd part. The Clior d group ( W) is the subgroup of the group
CI(W) of invertible elements, consisting of all x such that the transformation

(5) y 7t (x)yx *

of CI(W) presenesthe subspaceW  CI(W). Let A, 2 GL(W) denote the induced transformation of
W.

Prop osition 3.1. The homomorphismA: ( W) ! GL(W) haskernelR andrangeO(W). Thus, the
Clior d group ts into an exactsequene,

1! R ! (W) ! OW) ! 1L
Exercise 3.2. Show that any w 2 W with B(w;w) 6 Oliesin ( W), with A, the re ection de ned by w.
Sinceany elemen of O(W) may be written asa product of re ections (E.Cartan-Dieudonne theorem),

concludethat any elemen in ( W) is a product g = w;  wg with B(w;;w;) 6 0. Usethis to prove
the above Proposition.

Let x 7! x> denote the canonical anti-homomorphism of CI(W), i.e. (w1  wg)” = wx  w; for
wi 2W. Theng>g2 R forallg2 ( W). Letting

Pin(W) = fg2 (W)jg'g= 1g
one obtains an exact sequence,
1! 2z, ! Pin(wW) ! OWw) ! L
Thus Pin(W) is a double cover of O(W). Its restriction to SO(W) is denoted Spin(W).

3.3. Lagrangian subspaces. For any subspaceE W, we denote by E? the spaceof vectors or-
thogonal to E. The subspaceE is called Lagrangian if E = E?. Let Lag(W) denote the Lagrangian
Grassmannian i.e. the set of Lagrangian subspaces.If Lag(W) 6 ;, the bilinear form h; i is called
split. Sincewe are working over R, the non-degeneratesymmetric bilinear forms are classi ed by their
signature, and h; i is split if and only if the signature is (n; n). That is, (W;h; i) is isometric to R™",
the vector spaceR?" with the bilinear form

heisei= g i) =120
with a+ signfori=j nanda signfori=j > n.



Exercise 3.3. For any invertible matrix A 2 GL(n) let
Ear = f(Av;V)jv2 R"g R™:

(a) Show that E4 is Lagrangian if and only if A 2 O(n).
(b) Show that every Lagrangian subspaceE is of the form E, for a unique A 2 O(n).

We will assumefor the rest of this Section that the bilinear form h; i on W is split, of signature
(n;n). The exerciseshows that the Lagrangian GrassmannianLag(W) is di eomorphic to O(n). In
particular, it is a manifold of dimensionn(n  1)=2, with two connected components

Exercise 3.4. Show that E;F 2 Lag(W) are in the same component of Lag(W) if and only if n +
dim(E\ F) is even.

The orthogonal group O(W) = O(n; n) acts transitiv ely on Lag(W), as doesits maximal compact
subgroup O(n) O(n). (By Exercise3.3, already the subgroup O(n; 0) acts transitiv ely.)

Remark 3.5. Compare with the situation in symplectic geometry: If (Z;! ) is a symplectic vector space
(thus Z = R?" with the standard symplectic form ! ), a subspaceE is called Lagrangian if it coincides
with its ! -orthogonal spaceE' . The symplectic group Sp(Z;! ) acts transitiv ely on the set Lag(Z) of
Lagrangian subspacesas doesits maximal compact subgroup U(n), and Lag(Z) = U(n)=0(n). Thus
Lag(Z) is connectedand has dimensionn(n + 1)=2.

For any pair of transverselLagrangian subspaces ; F, the pairing h; i de nes an isomorphismF =
E . Equivalertly, one obtains an isometric isomorphism

W=E E
where the bilinear form on the right hand sideis de ned by extension of the pairing betweenE and E .

Exercise 3.6. Shaow that for any given E 2 Lag(W), the open subsetfF 2 Lag(W)j E\ F = Og is
(canonically) an ane space,with ~2E its spaceof motions. Show that the closure of this subsetis a
connectedcomponert of Lag(W). Which of the two componerts is it?

The sub-algebraof CI(W) generatedby a Lagrangian subspaceE 2 Lag(W) is just the exterior
algebra™E. Given a Lagrangian subspaceF transverseto E, and using the commutator relations to
‘write elemerts of F to the left', we seethat

(6) Cl(w) = ~(F) "(E);

thus CI(W) = (W) as a Z,-graded vector space,and also as a Itered vector space(but not as an
algebra). If w 2 W, the isomorphism intertwines the operator [w; ] (graded commutator) on CI(W)
with the cortraction operators (w) on " (W).

Lemma 3.7. (@) The Clior d algeba CI(W) hasno non-trivial two-sided ideals.
(b) For E 2 Lag(W), the left-ideal CI(W)E is maximal.

Proof. We use the following simple fact: If a non-zero subspaceof an exterior algebra” (S) is stable
under all contraction operators (u); u2 S , then the subspacecontains the scalars.

a) Supposel is a proper 2-sidedideal in CI(W). Then | isinvariant under all [w; ] with w 2 W. The
above isomorphism (6) takesscalarsto scalars,and intertwines[w; ] with contractions. Hencel = O.

b) Let | be a proper left-ideal containing CI(W)E. By the isomorphism (6), we have a direct sum
decomposition

Cl(W)=~"(F) CI(W)E:

On " (F), the operators|w; [forw 2 E = F coincidewith the contractions (w). Sincel \ ~(F) is stable
under these operators, it must be zero (or elseit would cortain the scalars). Thus| = CI(W)E.
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Corollary 3.8. For any non-zer Cli or d module S over CI(W), the action map % CI(W) ! End(S)
is injective.

Proof. The kernel of the map %is a 2-sidedideal in CI(W), henceit must be zero.

3.4. The spinor module. A Cliord module S over CI(W) is called a spinor module if it is irreducible,
i.e. if there are no non-trivial sub-modules.

Example 3.9. If E 2 Lag(W) is Lagrangian, the quotient S := CI(W)=CI(W)E is a spinor module. The
irreducibilit y is immediate from the fact that CI(W)E is a maximal left-ideal.

We will seebelow that all spinor modules over CI(W) are isomorphic.
Prop osition 3.10. Let S be a spinor module, and E 2 Lag(W). Then the subspce
SE=f 2Sj%w) =08w2Eg
of elements xed by E is 1-dimensional.

of F with B(e;;f1)= !. Dene p2 CI(W) asa product

y oy ,
p= ef'= @1 f'eg)

i=1 i=1
One easily veri es that p hasthe following properties:
(7) pP=p; Ep=0; pF=0; p 12 CI(W)E:

Sincep? = p the operator %p) 2 End(S) is a projection operator. By Ep = 0 its rangeliesin SE, and
by p 12 CI(W)E it acts asthe identity on SE. Hence

SF = %p) S:
Since %is injective, we have %p) 6 0, hence SE 6 0. Pick a non-zeroelemetr 2 SE. Then
S = %CI(W)) = %" (F)) by irreducibilit y, and sincethe left ideal CI(W)E acts trivially on . Since
pF = 0, and hencep” (F) = Rp we obtain
8 SF = %p)S = %p) %" (F)) = R%p) = R:
Equation (8) provesthat SE is 1-dimensional.

The kernel and range of any homomorphism of Cli ord modules are sub-maodules. Hence, any non-
zero homomorphism of spinor modules is an isomorphism. In particular, this applies to the action
map
(9) CI(W)=CI(W)E SE1 S;x 71 %x):
for any spinor module S. Thus:

Corollary 3.11. Any two spinor modulesS;; S, over CI(W) are isomorphic. Furthermore, the isomor-
phism is unique up to non-zerm salar, i.e. the space Homcyw)(S1; S) is 1-dimensional.

As a consequencethe projectivization P(S) of the spinor module is canonically de ned (i.e. up to
a unique isomorphism). In other words, the Cli ord algebra CI(W) has a unique irreducible projective
module. The map taking E to SE de nes a canonical equivariant embedding

Lag(W) ! P(S)
asan orbit for the action of O(W). The image can be characterizedasfollows. Given 2 S, let N w

be its “null space’,
N =fw2 Wj%w) = 0g:



If wi;w, 2 N then
0= %w1)%wz) + %wz)%w1) = %R[wi;wz]) = B(wi;wp):
Hence,if 6 0 the subspaceN is isotropic.

De nition 3.12 [14, 13] A non-zerospinor 2 S is called a pure spinor if N is Lagrangian. Let
Pure(S) denote the set of pure spinors of S.

Note that the pure spinorsde ning a given Lagrangian subspaceE are exactly the non-zeroelemerts
of the line SE. We can summarizethe discussionin the following commutativ e diagram, equivariant for
the action of Pin(W):

Pure(S) IS
? ?
? ?
y y
Lag(W) I P(S)

Exercise 3.13 Shaw that for any spinor module, the map % CI(W) ! End(S) is an isomorphism.

Exercise 3.14. Any maximal left ideall  CI(W) de nes a spinor module CI(W)=I. Provethat the set
of maximal left ideals is canonically isomorphic to P(S), and that the inclusion of Lag(W) is just the
mapE! | = CI(W)E.

3.5. The bilinear pairing on spinors. Let S be a spinor module over CI(W). Then the dual space
S is again a spinor module, with Cli ord action given as

% (x) = %(x7) :

We obtain a 1-dimensionalline Ks = Homg w)(S ;S). The evaluation map de nes an isomorphism of
Cliord modules,

S=S Ks:
Tensoringwith S, and composing with the duality pairing S S ! R, we obtain a pairing
S S! Kg; (o)

This pairing was introduced by E. Cartan [14, 13], and more transparently by Chevalley [15]. By
construction, the pairing satis es

(; %x) )= (%x"); )
for all x 2 CI(W). In particular,
(10) ;9 )= (G )
for all g 2 Pin(W), where the dot indicates the Cliord action. This just follows sinceg>g= 1 by

de nition of the Pin group.

Exercise 3.15 Let S = CI(W)=CI(W)E. Shaw that there is a canonical isomorphismKg = A"(E ),
where n = %dimW. (Hint: S is identied with the submodule of CI(W) generated by the line
AM(E) CI(W).) Choosea Lagrangian subspacecomplemenary to E to identify S= "E . Show that
that (; )= ( > " ) usingthe wedgeproduct in "E .

Prop osition 3.16 (E. Cartan). [13, Section111]and [15 Theorem I11.2.4]. If ;  are pure spinors,
then the Lagrangian subsmcesN ;N are transverseif andonly if (; )6 0.
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Proof. Let E = N . For any Lagrangian complement F = E to E, there is a unique isomorphism
of spinor modules S = "E taking to the pure spinor 1 2 “E . In this model, Ks = ~"E , and
(; )= [n]- Supposethat (; )6 0,thus ;6 0. Forw2 E fOg we have

(%W) )n 3= w( [n)) 8 O

It followsthat N \ E = f0g. Conversely if N is transverseto N , we may take F = N . Then
27"F  f0g, and in particular (; )= [;6 0.

In particular, pure spinorsin S = CI(W)=CI(W)E, for any pair of transverselLagrangian subspaces
de ne a non-zeroelemer of A"E , i.e. a volume form on E.

4. Linear Dira ¢ geometr y

The eld of Dirac geometrywasinitiated by T. Courant in [16]. One of the original motivations of this
theory wasto describe manifolds with “pre-symplecticfoliations', arising for instance as submanifolds of
Poissonmanifolds. The term "Dirac geometry' stemsfrom its relation with the Dirac brackets arising
in this context. One of the key features of Dirac geometry is that it treats Poissongeometry and pre-
symplectic geometry on an equal footing. More recertly, it was obsened by Hitchin [22] that complex
geometry can be understood in this framework as well, leading to the new eld of generalizedcomplex
geometry [22, 20].

As in Courant's original paper, we will rst discussthe linear case.

4.1. Linear Dirac structures. LetV beany vectorspace,andV =V V equippedwith the bilinear
form h; i given by the pairing betweenV and V :

hvy 1; Voo 2i = h vl + h o v

forv; 2 V and ; 2 V . Specializing the constructions from the last sectionto the caseW = V, we note
that V hastwo distinguished Lagrangian subspacesV and V . We will call the corresponding spinor
modules over CI(V),

CI(V)=CI(V)V =~V ; CI(V)=CI(V)V ="V
the contravariant and covariant spinor modules, respectively. The star operator for any volume form on
V de nes an isomorphism betweenthese two spinor modules.

De nition 4.1. A linear Dirac structure on a vector spaceV is a Lagrangian subspaceE 2 Lag(V).

As we have seen,a linear Dirac structure E may be described by a line SE of pure spinors, using e.g.
the covariant or contravariant spinor module.

Examples 4.2. Considerthe contravariant spinor represeration ~V . Here are someexamplesof pure
spinors and assaiated Lagrangian subspacesN :

(@ = 1corresppndsto N =V,

(b) For any 2-form ! 2 A2V , the exponertial = e ' is a pure spinor, with N the graph

Grp =fv j =1(v;)o

(¢) Any volumeform 2 APV nOdenesapurespinor = ,with N =V .

(d) If isavolumeformand 2 72V,theelemen =e () (where : 2V ! End(“V ) isthe
algebrahomomorphism extending the contraction operatorsv 7! (v)) is a pure spinor, with N
the graph

Gr =fv jv= (; )o:
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For any Lagrangian subspaceE V=V V , dene its rangeran(E) to be the projection onto V.
One obsenesthat S = ran(E) carries a well-de ned 2-form,
(11) P's(visv2) = h 1;vei = h o o5 vgi
where v; i 2 E arelifts of v; 2 ran(E). The kernel of this 2-form is ker! s = fv 2 Vj (v;0) 2 Eg.
Conversely E may be recovered from S together with the 2-form ! g 2 ~2S , asE = f(v; )jv 2
S; js=1!s(v;)g.

Let ann(S) V bethe annihilator of S, and choosea non-zeroelemert 2 AP ann(S) 7V .
Exercise 4.3. Show that

=e's 27V

is a pure spinor with N = E. (Here we have chosenan arbitrary extensionof! s to a 2-form on V.
Note that the element  does not depend on this choice.) Conversely show that every cortravariant

pure spinor hasthe form = e ' , for uniquely givenS; 2 A ann(S);! 2 ~?S .

Put di erently, a contravariant pure spinor is equivalert to a Lagrangian subspaceE together with
a volume form on V=ran(E).

Exercise 4.4. Work out a similar description for covariant pure spinors.

4.2. Dirac maps. Let A:V ! VObe a linear map. We say that two elemerns w = v 2 V and
wl=v0 02 VO0are A-related, and write

wooawe
if v0= A(v) and = A (9. Then the pull-back map of contravariant spinors has the property,

Ww)(A Y= A (%w) 9

forw awland 22 ~(V9 . From this, we seethat the pull-back of a contravariant pure spinor °is
again a pure spinor unlessA %= 0. Hence,if F Vis a Lagrangian subspace,and SF° (V9
the pure spinor line in the contravariant spinor module, then A SF is either zero, or is a pure spinor
line corresponding to somelagrangian subspaceF V.

Exercise 4.5. SupposeSF = A SF°. Show that
(12) F=fw2Vjw2F%w A w:
Similarly, in the covariant spinor represeration we have
WWIY(A )= A (%w) )
forw A wland 2 ~V. Hence,if E V is a Lagrangian subspace,and SE is the pure spinor

line in the covariant spinor represernation, then A (SF) is either zero, or is the pure spinor line for a
Lagrangian subspaceE? V.

Exercise 4.6. SupposeSE’ = A (SE). Shaw that
(13) E°= fwP2 Viow2 E:w A w%:

De nition 4.7. Let V;V°be vector spaceswith linear Dirac structures E;EC A linear mapA: V! VO
is called a Dirac map if the spacesE ; E° are related by (13). It is a strong Dirac map if the induced
mapA :S=A"(V)! S°= A (V9 satises A(SE) = (SOE°.

Strong Dirac maps are also called Dir ac realizations in the literature.
Exercise 4.8. Show that a Dirac map A is a strong Dirac map if and only if E\ (ker(A) 0)= 0.

Example 4.9. Let 2 ~2v; 02 ~2y0pe 2-forms, with %= A . Then the map A is a strong Dirac
map relativeto E®= Gr o and E = Gr .
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Example 4.10. Let E be a linear Dirac structure on V. Recall that S = ran(E) carriesa unique 2-form
I', with

E=fv jv2S; js=!(v;)g
View (S;!) as a Dirac space,with Dirac structure de ned by the graph Gr, S S . Then the
inclusionmap s:S! V is a strong Dirac map.

Exercise 4.11 Let V carry the Dirac structure E. Then the collapsingmapV ! fOgis (trivially) aDirac
map. Shaw that it is a strong Dirac map if and only if the 2-form ! on S = ran(E) is non-degenerate,
if and only if E = Gr for a bi-vector

SupposeE ; F 2 Lag(V) are Lagrangian subspaces.Then E; F aretransverseif andonlyif h ; i 6 O,
where 2 "V isacortravariant pure spinorde ning F and 2 (V) isacovariant pure spinor de ning
E. (This is equivalent to Proposition 3.16.) The following result says that Lagrangian complemens
may be “pulled bad' under strong Dirac maps.

Prop osition 4.12. SupmseA:V ! VUYis a strong Dirac map relative to Lagrangian subspoes E
V; E® VO Let °2 ~A(VY be a covariant pure spinor, with N o = FO transverseto E® Then
= A Oisnon-zew, and N = F is transverseto E. Equivalently, if is a contravariant pure spinor
with N = E we have
(; A 960

Proof. Let 2 "~V bea covariant pure spinorde ning E. Then A ( ) 2 ~(V9 is a pure spinor de ning
EC SinceE% F?are transverse,

06h %A i=m % i
This shavsthat = A Ois a pure spinor, with N = F transverseto E.

4.3. The map O(V)! Lag(V). Supposenow that V itself carriesa non-degeneratesymmetric bilinear
form B. Let V denote the samevector space,but with the bilinear form B. There is an isometric
isomorphism .

V. VI V=V Vv w7l (v w) 2B(v+w;):
This identies O(V V) = O(V), and in particular yields an inclusion of the subgroup O(V):

Oo(V)! O(V), ATIA = g ? 1

If we useB to identify V andV , the matrix on the right is easily computed to be,
A+D)=2 (A 1)
(A 1= (A+1)=2
Its action on V describesa new Lagrangian subspace,
F=A(V):
Let (V)! (V) betheinclusionofCliord groupsde ned by the homomorphismCI(V) CI(V V)=
CI(V). This lifts the map O(V) ! O(V), and restricts to a homomorphism of Pin groups. For any lift

A2 (V) of A, weobtain alift A 2 (V) of A . The pure spinor 12 ~(V ) de nes the Lagrangian
subspaceV  V, hence

(14) A

= %A )1
represens F = A (V). The situation is described in the following diagram:
I
(f)/) ! Purg(V)
? ?
y y

o(Vv) I Lag(V)
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where the lower map is A 7! A (v) and the upper map is A 7! %A )(1). SincePin(V) (V)isa
double cover of O(V), there is a lift A2 Pin(V) that is unique up to sign. One has an explicit formula
for the resulting , valid for det(A + 1) 6 O:

(15) = det™ (251 exp(d | ((v) " V).

See[5] for a proof. Here we have usedB to identify V. = V, and v;;V' are baseswith B(v;;V) = { .
The sign of the squareroot dependson the choice of lift A.
Similarly, the action of A onV de nes a Lagrangian subspacetransverseto F,

E=A (V)

Given an orientation on V, the assa@iated Riemannian volume form is a pure spinor de ning V
hence

= %A )

is a pure spinor de ning E.

Remark 4.13 If the scalarproduct B onV is de nite, the inclusion O(V) ! Lag(V) is a bijection: This
is exactly the di eomorphism Lag(V) = O(n) mentioned earlier. (This isomorphismis described in the
paper [16] under the name “generalizedCayley transform'.) Similarly, the map ( V) ! Pure(V); g 7!
%ag) 1 de nes a bijection of the set of pure spinors with the Cliord group:

Pure(V) = (n):= (R"):

5. The Cartan-Dira ¢ str ucture

5.1. Alimost Dirac structures. It isstraightforward to generalizethe above considerationsfrom vector
spacesto vector bundles, and in particular to the tangent bundle of a manifold. Thus, let

TM=TM TM

be the generalizedtangent bundle, with b erwise inner product h; i given by the pairing of 1-forms
with vector elds, and CI(TM) the corresponding bundle of Cliord algebras. Covariant spinors are
multi-v ector elds, 2 X (M) = ( M;~TM), while contravariant spinors are di erential forms, 2
(M) = (M;NT M)).

An almost Dirac structure on M is a Lagrangian sub-bundleE ~ TM . (In Section 6, we will discuss
the integrability condition turning an almost Dirac structure to a Dirac structure.) A smooth map
betweenalmost Dirac manifoldsf : M | M Cis called a (strong) Dirac map if ead tangert map (df )4
is a (strong) Dirac map.

Any almost Dirac structure may be described (at least locally) by a contravariant pure spinor 2
( M), or by a covariant pure spinor 2 X(M). Our basic examplesfor vector spacescarry over to
manifolds: Any 2-form on a manifold de nes an almost Dirac structure, as doesany bi-vector eld. If
E is an almost Dirac structure, described (locally) by a pure spinor ,and 2 ?2(M) any 2-form, one

may de ne a new almost Dirac structure E described locally by pure spinore . Onecalls E the
gaugetransformation of E by the 2-form . For instance,taking E = TM, one obtains the graph of
(TM) = Gr :

Exercise 5.1. In general,show that E is the image of E under the automorphism v v o (+ )
of TM.
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Given a pseudo-Riemannianmetric on M, any section A of the group bundle O(TM) de nes a pair
of transverselLagrangian sub-bundles

E=A(TM);,F=A (TM)
of TM. A lift A to a section of Pin(TM) de nes pure spinors ;  corresponding to E;F, where
dependson the choice of an orientation on M.
5.2. The case M = G. Let G be a Lie group. Forany 2 g, let “; R 2 X!(G) the corresponding
left-,right-invariant vector elds. The bundle GL(T G) has a unique section A with the property

ACH)= R

SupposeG carries a bi-invariant pseudo-Riemannianmetric, and let B the corresponding inner product
on the Lie algebrag. Then A is an Ad(G)-invariant sectionof O(TG) GL(TG). Hence,it determines

transverseAd (G)-invariant Lagrangian sub-bundlesE;F TG. Recallthat “; R 2 1(G) gdenote
the Maurer-Cartan forms.

Prop osition 5.2. De ne bunde mapse;f : g! TG by

L R

€)=(" ) B(——)
Ly R L R
fO)= (—5—) B(——)

The mapse;f are injective, and haverangeE;F.

Proof. Under left-trivialization of the tangent bundle TG = G g, the section A is just the adjoint
action, g! Adg. Hence,the section A is given by (14), with A replacedby Adg. Writing elemerts
1 229 g=TyG TyGas column vectors, we seethat

A(r 2)=Ff()+e(2):

The sub-bundle E is called the Cartan-Dir ac structure. (It satis es the integrability condition dis-
cussedbelow.) Since 1 = R are the generating vector elds for the conjugation action, the
generalizeddistribution ran(E) = pryy, (E) is just the distribution tangernt to the conjugacy classesC
of G. Hence,by (11) the conjugacy classesC G acquire Ad(G)-invariant 2-forms! .

Prop osition 5.3. The 2-forms ! on conjugacy classesC are exactly the GHIJW 2-forms.

We leave the proof as an exercise.Equivalertly, the inclusion maps
c:Cl G
are strong Dirac maps, relative to the (almost) Dirac structures given by the GHIJW 2-form! on Cand
the Lagrangian sub-bundleE  TG.

Let us now assumethat the adjoint action Ad: G! O(g) lifts to a group homomorphism Ad: G
Pin(g) into the Pin group. (This is automatic if G is simply connected.) The lift Ad determineslifts
A; A . Henceit de nes an invariant pure spinor = %A )1 with N = F, and given an invariant
volume form it alsode nes a pure spinor = %& ) with N = E.

Consider now a conjugacy classC, with GHIJW 2-form ! . By Lemma 4.12, the pull-back . isa

pure spinor de ning a Lagrangian sub-bundle transverseto Gr, . Equivalertly, the pairing betweenthe
two pure spinorse '; - is non-vanishing, that is

06 (e g c )= (e! ¢ iop]
is a volume form on C. We have shown the following more preciseversion of the FACT
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Theorem 5.4. Suppse that the adjoint action Ad: G ! O(g) lifts to a homomorphism Ad: G !
Pin(g), andlet 2 ( G) be the pure spinor de ned by sucha lift. Then, for any conjugacy classC in
G the top degree part of
e ¢
de nes an invariant volumeform on C.
The explicit formula (3) for = A :1is obtained as a special casefrom (15):

Prop osition 5.5. If G is connected and the adjoint action G! SO(g) lifts to a group homomorphism
G! Spin(g), the formula (3) de nes a pure spinor with N = F.

Up to a scalar function the expression(3) for can be directly obtained, as follows:

Exercise 5.6. Over the set where Adg +1 is invertible, the vector elds L"Z ¢ spanthe tangent space.

Hence,there is a unique 2-form &on this set, with

Ly R

(—5—)&+ B(—5—; )= 0.

Deducethat €% is a pure spinor de ning F, hencecoincideswith  up to a scalar function. Next, ched
that

1 1 Adg L. L
&= ZB 1+Ad ¢

is the unique solution of the de ning equation for &

6. Dira c str uctures

6.1. Couran t's integrabilit y condition. One of Courant's main discoveriesin [16] wasthe existence
of a natural integrability condition for almost Dirac structuresE  TM . Following Alekseev-Xu[7] and
Gualtieri [20], we will expressthe Courant integrability condition in terms of the spinor represenation.

The Lagrangian sub-bundle E de nes a Itration on the spinor module ( M):

(M)= M(M) D) Om):

Here ()(M) consistsof di erential forms with (wpg) (wy) = Oforallw; 2 ( E).
Let us x aclosed3-form 2 3(M) (possibly zero). Note that d + is again a di eren tial.

Lemma 6.1. Let 2 ( M) be a (locally de ned) pure spinor with N = E. Then
d+ ) 2 Om):
Proof. Let w;j 2 ( E). Since (w;) annihilates , we have

(16) (w1) (wz2) (ws)(d+ ) =[ (wi);[ (w2);[ (wa);d+ []];

using graded commutators of operatorson ( M). A calculation (cf. Exercise6.8 below) shaws that the
triple commutator of operators is multiplication by a smooth function. Thus (w1) (w2) (ws)(d + )
is a function times , and henceis annihilated by (wp).

We may now state the Courant integrability condition.

De nition 6.2. An almost Dirac structure E ~ TM is called integrable relative to the closed3-form
if, for any (locally de ned) pure spinor with N = E,

(17) gr’ (d+ ))=0:
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Note that this condition doesnot depend on the choice of , since
gr’ d+ )f ) =fgr(d+ ) ):
By (17), E is integrableif andonly if d+ ) 2 @(M). Since and (d+ ) have opposite parity,
this is in fact equivalent to the condition
(18) d+ ) 2 Om):

De nition 6.3. A Dirac manifold is a triple (M;Eyn ; wm ), consisting of a manifold M, an almost Dirac
structure Ey, and a closed 3-form \ sud that Ey is integrable relative to . A smooth map

:M I M P9betweentwo Dirac manifolds is called a (strong) Dirac map if each dy : Ty M ! T M 0
is a linear (strong) Dirac map, and in addition

MO= M-
Remark 6.4. The integrability condition may be rephrasedas (d + ) = (w) for some section
w 2 ( TM). It is not always possibleto choose in such a way that (d+ ) = 0. As shown by

Alekseev-Xu [7], the obstruction is the "modular class'of E.
6.2. Examples.

Examples 6.5. (@) Let! bea2-formand =e'.Then(d+ ) =( d + )~ liesin ®O(M)
if and only if d! = . From now on, we will view any manifold M with 2-form ! as a Dirac
manifold, taking Ey = Gr, . Observethat : M ! ptisastrong Dirac map if and only if ! is
symplectic (closedand non-degenerate).

(b) More generally, if E is integrable with respectto , and is any 2-form, then E is integrable
with respectto + d .
(c) Let beabi-vector eld and y avolumeformonM. Then =e () y satises

@@+ ) = 3 dsen TO)EX Y )

Here [ ; ]sen iS the Schouten bracket on multi-v ector elds, X 2 X(M) is the vector eld
denedbyd() wm= (X) wm, !isthebundle mapfrom~T M to ATM,andY . isthe
vector eld Y. = 1(( ) ). The Courant integrability condition reducesto the condition

i dsnt 1()=0;
de ning a twisted Poisson structure. These structures were introduced by Klimcik-Strobl [24]
and further studied by Sewera-Weinstein[30]. It wasargued by Kosmann-Sdwarzbad-Laurent-

Gengoux[26, Theorem 6.1] (seealso [7, Example 6.2]) that the sum X + Y . plays the role of
the modular vector eld for a twisted Poissonstructure.

(d) Take = 0,andlet 1;:::; « 2 (M) be a collection of pointwise linearly independert 1-
forms,and K TM be the codimensionk distribution given asthe intersection of their kernels.
Then = 1~ ~ | ispurespinordening E = K ann(K). The integrability condition
d 2 @) holdsifandonlyifd = ~ foral-form . This is oneversionof the standard

(Frobenius) integrability condition for distributions.

(e) The Courant integrability condition has an obvious generalization to complex almost Dirac
structures E TM C. Given an almost complex structure on M, i.e. a linear complex
structure on the tangert bundle, J 2 (End( TM)), J2= Idtw, oneobtains a linear complex
structure J=J ( J )2 (End( TM)); J°= Idtu.LetE TM C bethe +i eigerbundle
of J. It turns out that E is Courant integrable if and only if the almost complex structure J
is integrable, i.e comesfrom complex coordinate charts with holomorphic transition functions.
This is the motivating example for the genearlized complex geometry, developed by Hitchin [22]
and Gualtieri [20].
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Exercise 6.6. In Example 6.5(e), give a pure spinor 2 ( M) Cdening E.
Exercise 6.7. (See[18].) Work out a formula for
el d e O=d+[()d+ 3[():[()d]+
(The resulting expressioncontains terms at most quadratic in .) Usethis to show
de ) m)= ( 3 lsn*+ X ) m
for any volume form . Similarly show that
SCRERERE O E S CRI!
Exercise 6.8. (a) Verify that the following formula de nes a bilinear map[; ]: (TM) (TM)!
(TM):
(Iweswel) = [ (wa);[ (w2);d+ ]I:
This is the de nition of the (non skew-symmetric) Courant bracket[; Jon ( TM) asa derived
bracket SeeRoytenberg [29], Alekseev-Xu[7] and Kosmann-Stwarzbad [25].
(b) Concludethat for any wi;w,;wz 2 ( TM), the operator
[ (wa);[ (w2);[ (ws);d+ ]I

on ( M) is multiplication by the smooth function Y (w1;wz;ws).
(c) Shaw that for any almost Dirac structure E ~ TM, the restriction of Y to sectionsof E de nes
an anti-symmetric tensor Yg 2 ~3E .

Prop osition 6.9. The almostDirac structure E is integrableif and only if ( E) is closal under Courant
bracket[; J. In this case, the restriction [; ]g¢ of the Courant bracketto ( E) de nes a Lie algeboid
structure on E: That is, it is a Lie bracket, the projection map a: (E) ! X(M) is a Lie algeba
homomorphism, and
[wo; fwole = flwg;wole + vi(f)ws;, w2 (E)

where vi = a(wq).
Proof. SinceE is Lagrangian, we have [wz;ws3] 2 ( E) for all wp;wz 2 ( E) if and only if

Y (w1 wo,wz) = [ (we); (Twz; wa])] = hwy; [wo; ws]i = 0
for all wy;wy; w3 2 ( E). The remaining claims are left as an exercise.

The theory of Lie algebroids[17, 28] shows that the generalizeddistribution ran(E) = prry (E) is
integrable i.e. de nes a generalizedfoliation. Moreover, the leavesS M of this foliation carry 2-forms
l's2 2(S), de ned pointwise by (11).

For E = Gr the graph of a Poissonbi-vector eld (i.e. = 0), this is just the usual foliation by
symplectic leavesS M, with ! s the symplectic 2-forms. More generally, in the twisted Poissoncase

[ ; lssn+ 1 = Oonestil obtains a foliation. The 2-forms on the leaves are again non-degenerate
(sinceE\ TM = f0g), but are not closedin general:

Prop osition 6.10. Let E TM be a Dirac structure (relative to a closal 3-form 2 3(M)). Then
the 2-forms ! s on the leavesS M satisfydl s = ¢ .

Proof. Givenany point x 2 S, we may passto a neighbourhood of x to reduceto the caseM =S N,

with s the inclusion asS fyg for somey 2 N. View ! s asaformonS N, anddene :=¢'s .
Then |js is a nowhere vanishing section of the top exterior power of T Njs = ann(S) T Mjs. By
assumption, there exists a vector eld v and a 1-form sucthat (d+ ) = (v) + . This yields:

0=¢<(d+ v )= dis+ (V)! +d (v
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Restricting to S, and taking the componert in (3T S AT Njs) we nd (¢ d's) js = 0.
Hence ¢ = d!s.

6.3. Integrabilit y of the Cartan-Dirac structure. Let us now return to the exampleof a Lie group
G with an invariant inner product B on g. Supposethat G admits an invariant orientation and that
Ad: G! O(g) lifts to the Pin group. Let ; 2 ( G) be the pure spinors de ning the almost Dirac
structures E; F. By construction, both and are Ad-invariant di erential forms.

Now let 2 3(G) be the left-invariant 3-form

1

ZB( Ll L

HB(HIN D)

Since B is invariant, one may replace “ with R in this formula, thus is also right-invariant. In
particular, s closed (since any bi-invariant di erential form on a Lie group is closed). Letting 1 =

L R be the generating vector elds for the conjugation action, one nds

Ly R

(1) = dB(——:)
As a consequenceywe seethat the commutator of d+ with the generating sectionse( ) of E are,

[(e();d+ 1=[()+B(—5—; )d+ 1=L()):
(Here L(X) = [ (X);d] denotesthe Lie derivative in the direction of a vector eld X.) It hencefollows
that

(e( D@+ ) =[(e):;d+ ] =L()) =0
Thusd+ ) 2 ©(M). Sincethe parity of (d+ ) is opposite to that of , we obtain:
Theorem 6.11. The pure spinor satis es
(d+ ) =0
In particular, we seethat E is a Dirac structure.
De nition 6.12 The Dirac structure E on G is called the Cartan-Dir ac structure.

The integrability of E explainsour earlier obsenation that the distribution ran(E) is just the tangent
distribution for the generalizedfoliation by conjugacy classes. Furthermore, Proposition 6.10 tells us
that the GHJW 2-form ! ¢ on the conjugacy classessatis es,

Remark 6.13 The Cartan-Dirac structure was discovered independertly by Anton Alekseev, Pavol
Sewra and Thomas Strobl, around the end of the last certury.

Remark 6.14. By contrast, the almost Dirac structure F is not integrable. Instead, one has[1]
d+ ) = (e()

where 2 ~3gis the “structure constarts tensor', and () 2 ( ~3E) is de ned using the extension of
e:g! ( E) to analgebrahomomorphism”~g! ( ~(E)).

7. Gr oup-valued moment maps

The theory of G-valued moment mapswas introducedin the paper [4]. One of its main applications
is that it providesa natural framework for the construction of symplectic forms on moduli spacesof at
connections.
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7.1. Denition  of g-Hamiltonian  G-spaces. Let G be a connectedLie group with a bi-invariant
pseudo-Riemannianmetric, and let B be the corresponding invariant inner product on g. Let M be
a manifold. A G-action on M is a group homomorphism A: G ! Di (M) sudc that the action
mapG M ! M; (g;x) 7! A(g):x is smooth. Similarly, a g-action is a Lie algebra homomorphism
A:g! X(M)sudthatthemapg M ! TM; ( ;x) 7! A( )y is smooth. Wewill write 1 = A( ). For
any G-action, the generatingvector elds (de ned with the appropriate sign) give a g-action. Conversely
if M is compactand G is simply connected,any g-action integratesto a G-action.

De nition 7.1. [4] A Hamiltonian g-spacewith G-valued momert map is a g-manifold M , together with
a g-invariant 2-form! 2 ?(M) and a g-equivariant map 2 C! (M;G) sud that

(@ d = ,

o (= B(#; ); 2 g (Moment map condition.)

(c) ker(! ) = f 1(x)j Ad(yy = @ x2M (Minimal degeneracycondition.)

Remark 7.2. As pointed out in [4], (b) is the simplest G-valued analogueto the de ning property for g -
valued momert maps o:M ! g, (1)!g= dh o; i. It follows from the work of Bursztyn-Crainic
[10] and Xu [32] (seealso[1]) that (c) may be replacedby the more elegarn condition,

ker(! \)\ ker(dx ) = O:

The theory of G-valued momert mapswasdeweloped in [4], and subsequeh papers, in full analogyto
the familiar theory of g -valued momert maps. Howewer, the proofs were much more complicated than
in the g -valued theory, and for technical reasonsit was necessaryto assumethat B is positive de nite.
Unfortunately, this restriction excludesse\eral interesting examples,such asrepreseration varieties for
non-compact semi-simpleLie groups. (The Killing form of such groups is inde nite.) In the following
approad to group-valued moment maps via Dirac structures thesedi culties are no longer presen.

Theorem 7.3 (Bursztyn-Crainic). De nition 7.1 is equivalentto the following De nition 7.4.

De nition 7.4. A Hamiltonian g-spacewith G-valued momert map is a manifold M with a 2-form ! |
together with a strong Dirac map : M ! G.

Here M is viewed as a Dirac manifold with Eyy = Gr, and 3-form y = d!, while G carries the
Cartan-Dirac structure. Recallthat = y aspart of the de nition of a Dirac map from (M ; Gr, ;d! )
to (G;E; ).

Note that De nition 7.4 no longer mentions the g-action on M, the equivarianceof ! and , or the
minimal degeneracyproperty: as showvn by Bursztyn-Crainic, all of this comesfor free!

Remarks 7.5. Oneis immediately led to considerarbitrary Dirac manifolds (M;En ; m ) together with
strong Dirac maps M ! G. As showvn by Bursztyn-Crainic, one recovers the theory of g-Poisson
manifolds [2, 3]. De nition 7.4 is parallel to the de nition of Hamiltonian g-spaceswith g -valued
momert maps: These may be de ned as manifolds M with closed2-forms! and strong Dirac maps

:M ! g. Hereg carriesthe Dirac structure coming from its Kirillo v-Poissonstructure. Similarly,
Lu's notion [27] of momert maps : M ! G for PoissonG-actions on symplectic manifolds (where
G; G aredual PoissonLie groups) can be phrasedin this way.

In most casesof interest, the g-action on M exponertiates to an action of G:

De nition 7.6. Let M be a G-manifold, together with a G-invariant 2-form ! and a G-equivariant map

:M ! G. Then (M;!;) is called a Hamiltonian G-spacewith G-valued momert map, or simply
a g-Hamiltonian G-space, if is a Dirac map, and the g-action generatedby is the in nitesimal
G-action.

Example 7.7. Every conjugacy classC G, equipped with the GHIJW 2-form, is a g-Hamiltonian
G-space,with momert map the inclusion.
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7.2. Volume forms. De nition 7.4greatly simpli es many of the constructions with G-valued momert
maps. For instance, generalizingour argumerts for the FACTabout conjugacy classes,one obtains the
following

Theorem 7.8. [1] Assumethat the homomorphismAd: G ! O(g) lifts to the group Pin(g), and let
2 ( G) be the pure spinor with N = F, de ned by this lift Ad. Let (M;!1;) bea g-Hamiltonian
G-space. Then

(e! )[top] 2 ( M)
is a G-invariant volume form.

If G is connected,we seethat dim M must be even (since is an evenform in this case).

7.3. Pro ducts. Let us next considerproducts of g-Hamiltonian G-spaces.
For ordinary Hamiltonian G-spaces(M;;! ) with momert maps : M; ! g, the product is simply
the direct product M; M, with the diagonal action, the sum of the 2-forms! ; + ! , and the sum

1+ 2 of the momert maps. Similarly, if G is a PoissonLie group with dual Poisson-Liegroup G ,
the product operation for Lu's Hamiltonian G-spaceswith G -valued momernt maps takesthe sum of
the 2-forms and the pointwise product of the moment maps. In this case,the G-action is a certain twist
of the diagonal action, see[19, 27].

Thesetwo constructions work becausethe addition mapAdd:g g ! g, respectively the product
mapMult:G G ! G, are Poisson. For G-valued momert maps, the situation is slightly di erent
since the multiplication map Mult: G G ! G, asit stands is not a strong Dirac map if one simply
takes the direct product Dirac structure on G G. Instead, the product operation involvesa gauge
transformation.

De nition 7.9. Let Ey be an almost Dirac structure on M, de ned (locally) by a pure spinor y , and
2 2(M) a2-form. Then the gaugetransformation E,, is the almost Dirac structure de ned (locally)
by the pure spinore .

Note that if Ey is integrable with respectto a closed3-form y , then E, is integrable with respect
to v +d . In our case,we needa suitable gaugetransformation of Eg ¢ .= Ec Eg. Let

= 3B(pry “iprp F)2 %G G):
This 2-form hasthe property [31],
Mult  =pr; +pr, +d:

Theorem 7.10. [1] The multiplication mapMult : G G! GisastrongDiracmapfrom(G G;Eg )
to (G;Eg).

One may usethis result to de ne the fusion product of two g-Hamiltonian G-spacesM 1; M, or more
generallyto passto the diagonal action in a g-Hamiltonian G G-spaceM (e.g. M = M; My). Indeed
let (M;!;) beag-Hamiltonian G G-spacewith momert map = 1 2. Put

W= 1M =14+ (4 o)

Then (M ;! Tus; sy with diagonal G-action, is a g-Hamiltonian G-space. This follows rather easily
from Theorem 7.10, sincethe composition of two strong Dirac maps is again a strong Dirac map.

Remark 7.11 For the caseof compact Lie groups, and working with the De nition 7.1, this result was
obtained in [4] by a fairly complicated argumert. The main di cult y in this approach wasto show that
I fs js again minimally degenerate:lt is not easyto compute the kernel of ! 'S by “direct calculation'!
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7.4. Exp onentials. Let the dual of the Lie algebrag be equipped with the Kirillo v-Poissonstructure

. Its graph Gr de nes a Dirac structure. Usethe inner product B to identify g = g. Let $ 2 2(g)
be the 2-form, obtained by applying the de Rham homotopy operator to exp . Thus(Gr )® is a Dirac
structure relative to the closed3-form d$ = exp . Now let g, g be the open subsetwhere exp is a
local di eomorphism.

Theorem 7.12. [1] The restriction of exp to the subsetg, is a strong Dirac map, relative to the Dirac
structures (Gr )® on g and the Cartan-Dir ac structure on G.

Supposenow that (M;!o; o) is an ordinary Hamiltonian G-space(thus ! ¢ is a symplectic form,
and ¢:M ! g = gamoment mapin the usual sense).Let! = 1o+ ,$ and = exp o. Then
(M;!;) is a g-Hamiltonian G-spaceprovided that ¢(M) g . Again, this just follows from the
fact that the composition of two strong Dirac maps is again a strong Dirac map. Conversely suppose
U g is an open subsetwhere exp is a di eomorphism (with inversedenotedlog), and (M;! ;) isa
g-Hamiltonian G-space.Put o= log() and! g ="! 03 . Then !¢ is symplectic, and (M;! o; o)
is a Hamiltonian G-spacein the usual sense. For (M;! o; o) one has all the standard results from
symplectic geometry, which one may then translate bac to the g-Hamiltonian setting. For instance,
the Meyer-Marsden-Weinstein reduction theorem for Hamiltonian manifolds (see Bates-Lerman [9] for
a very generalversion) yields:

Prop osition 7.13 (Symplectic reduction of g-Hamiltonian manifolds). Let(M;! ; ) bea g-Hamiltonian
G-space, with proper moment map. Suppsethe action of G is proper, and that e is a regular value of
the moment map. Then G acts locally free on  *(e), and the reduced space

M=G= 1(e)=G
is a symplectic orbifold. (If e is not a regular value, M =G is a strati e d symplectic space.)
7.5. Examples.

7.5.1. Homageneus spaces. Let G be a Lie group with involution 2 Aut(G), 2 = 1, and consider
the symmetric spaceM = G=G . Let 8= 7, n G bethe semi-direct product, de ned using the action
of Z, = f1; gon G. Then M may be viewed as the conjugacy classof the elemen ( ;e) 2 d. Hence,
if g carries an invariant scalar product which is presened under the involution, the spaceM becomesa
g-Hamiltonian @-space,with momert map

M B gG 71 (g (9 1)
Since ( ;e) squaresto the group unit, Exercise 2.3 shows that the 2-form ! on M is identically zero.
Note alsothat the action of Z, @ is trivial, sothat the action of @ descendsto G.

Consider now the fusion product of M with itself. Letting ; = pr,:M M ! 8, the map
= 1 , takesvaluesin the subgroup G a:

(901G ; %G )= (W% ‘e (@)
HenceM M is a g-Hamiltonian G-space.

7.5.2. The double. Any Lie group G may be viewed as a symmetric spacefor the group G G, with
action (g1;o2):a = ghag, 1 Here 2 Aut(G G) is the involutive automorphism (g1;0) = (% 01,
xing the diagonal subgroup, and the inclusion of the rst factor identies the quotient (G G)=G
with G. Hence,given an invariant scalar product on g, the examplein Section 7.5.1 shows that G is a
g-Hamiltonian Z,n (G G)-space. Taking a fusion product of G with itself, we nd that D(G) .= G G
is a g-Hamiltonian G G-space,with action

(91:02):(a;b) = (g, *; gobg *)
and momert map (a;b) 7! (ab;a b !). The spaceD(G) is called the double of G.
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Remark 7.14. The double D (G) is the counterpart, in the g-Hamiltonian category, of the cotangen
bundle T G in the usual Hamiltonian category. In fact, as obsened in Bursztyn-Crainic-W einstein-
Zhu [11] the double D (G) G (viewed as a groupoid over G, with sourceand target maps the two
componerts of the momert map) integrates' the Dirac manifold G in a similar senseas T G g
integratesthe Poissonmanifold g . Ping Xu [32] presertis D(G) G asan exampleof a quasi-sympletic
groupoid.

Passingto the diagonalaction, G G becomesa g-Hamiltonian G-spacewith momert map the group
commutator:
(a;b) 7! aba b *:
This is called the fused double denoted D'(G). Taking a fusion product of seweral copiesof D(G) with
itself, the spaceG?" becomesa g-Hamiltonian G-spacewith momernt map

Y
(agibyiinansh) 70 aba 'h

i=1
The symplectic quotient M =G is just the represenation variety for a closedoriented surface of gerus
h:

M=G = Hom( 1() ;G)=G

Equivalertly, M =G is the moduli spaceof at principal G-bundleson . It was shovn in [4] that
the symplectic structure obtained by this nite-dimensional reduction, coincideswith that coming from

the symplectic quotient

(G* G G)=G
is the moduli spaceof at G-bundlesover an oriented surface of gerush with r boundary componerts,
with restrictions to the jth boundary componert (@) ; = S! in the given conjugacy classes. (Note
Hom( 1(S'); G)=G) = G=Ad(G) is the set of conjugacy classes.)

Remark 7.15. We stressthat no compactnessassumption is neededfor theseresults. In fact, one could
evenwork over the complexnumbers, and obtain a complex symplectic structure over the represenation
variety for a complex Lie group.

7.5.3. Sphees. There are other examplesof g-Hamiltonian spaceswhich are unrelated to moduli spaces,
such asvarious examplesof multiplicity-fr ee q-Hamiltonian spaces.Let SU(n) act on C" in the standard
way, and considerthe unit sphereS?” C" R with the restricted action. By a result of Hurtubise-
Je rey-Sjamaar [23], there exists an invariant 2-form ! and an equivariant map : S2" | SU(n) for
which (S2";! ;) is a g-Hamiltonian SU(n)-space. (The special casen = 2 was discussedin [6].)
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