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Abstract

Given compactly supported 0 < f,g € L*(R"™), the problem of trans-
porting a fraction m < min{||f||r1,|lgllz1} of the mass of f onto g as
cheaply as possible is considered, where cost per unit mass transported
is given by a cost function ¢, typically quadratic c(x,y) = |x — y|?/2.
This question is shown to be equivalent to a double obstacle problem for
the Monge-Ampere equation, for which sufficient conditions are given to
guarantee uniqueness of the solution, such as f vanishing on spt g in the
quadratic case. The part of f to be transported increases monotonically
with m, and if spt f and spt g are separated by a hyperplane H, then
this part will separated from the balance of f by a semiconcave Lipschitz
graph over the hyperplane. If f = fxq and g = gxa are bounded away
from zero and infinity on separated strictly convex domains 2, A C R",
for the quadratic cost this graph is shown to be a Cllo’fj hypersurface in 2
whose normal coincides with the direction transported; the optimal map
between f and g is shown to be Holder continuous up to this free bound-
ary, and to those parts of the fixed boundary 92 which map to locally
convex parts of the path-connected target region.

1. Introduction

In the classical transportation problem of Monge [62] and Kantorovich
[49], one is given a distribution f(x) of iron mines throughout the countryside,
and a distribution ¢(y) of factories which require iron ore, and asked to decide
which mines should supply ore to each factory in order to minimize the total
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transportation costs. Here the cost per ton of ore transported from x to y €
R"™ is given by a function which we usually take to be the distance squared
c(x,y) = |x — y|?/2, while the problem is traditionally studied under the
assumption that net production balances net consumption

(1.1) f(x) dx = / 9(y) dy < 4o0.
Rn n

In the present work we examine the case in which the total production and
consumption need not agree, but ask the question: If one wishes to utilize
only a certain fraction m < min {||f||1, |lg||1} of production and consumption
capacity, which mines should remain active and which factories should they
supply if total transportation costs are to be a minimum? If the mines are
separated from the factories, the unique solution turns out to be given by pair
of domains U,V C R", with U containing the active mines and V the active
factories, together with a correspondence s : U — V mapping each active
mine to the corresponding factory. The domains depend monotonically on
m, and can be characterized as the non-contact regions in a double obstacle
problem for the Monge-Ampeére equation; they obey the mass balance relation

(1.2) m= /U f(x) dx = /V oly) dy,

together with the assertion that the optimal map between f + (1 — xy)g and
(1 — xv)f + g coincides with the identity map s(x) = x outside of U U V. We
go on to specify conditions on f and g (e.g. (1.4)—(1.5) with Q, A C R" strictly
convex) which are sufficient to ensure that U and V' are path connected regions
with Cllo’f smooth free boundaries, and that s : U — V is a homeomorphism
(smoother on the interior if f and g are) which remains Holder continuous up
to the free, and part of the fixed, boundary.

Our approach relies on the duality ideas exploited by Brenier in his study
[11][12] of the case of complete transfer m = ||f||1 = ||g|l1, and on regularity
results developed by Caffarelli for that case [15][14][16][17]. A main conclusion
of Brenier was that for distance squared c(x,y) = |x — y|?/2, the optimal
correspondence y = s(x) between mines and factories could be uniquely char-
acterized as the gradient s = V) of a convex function ¢ : R® — R,; c.f. par-
allel developments in Abdellaoui and Heinich [1], Cuesta-Albertos, Matran,
and Tuero-Diaz [25][26], Cullen and Purser [28], Knott and Smith [52][74], and
Riischendorf and Rachev [69], and alternative approaches in Caffarelli [16],
Gangbo [37], and McCann [56]. Where smooth — and indeed almost every-
where [57, Remark 4.5] — this convex function 1) must satisfy the Monge-
Ampere equation

(1.3) det [D(x)] = f(x)/9(Vi(x)).
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If in addition, the production and consumption densities f, g > 0 are bounded
above and below on their domains 2, A C R" of support

(1.4) exa(x) < f(x) < e_lxg(x)
exa <g <e'xa,

then Caffarelli has shown the map Vi : 2 — A to be injective [15] and Holder
continuous locally [14] provided 2 C R" is bounded and A is convex. Then ¢ €

Cllf;gQ’ﬁ(Q) whenever f and g are C{Zf smooth for 3 €10, 3 and k = 0,1,2,....
Partial regularity could be extended to the boundary: i € C1%(Q) [16] or
Y € C%2(Q) [17], but only at the expense of assuming convexity and (in the
latter case) smoothness of the domain 2 as well as the target A; c.f. Delanoé
[29], Urbas [79], and Wolfson [82]. Since our partial transfer problem reduces
to mapping xuf + (1 — xv)g onto g, the interior regularity results can be
invoked directly provided A is convex. Unfortunately, the boundary theory
cannot be applied directly since the unknown domains U C Q2 and V C A
generally fail to be convex. Our argument for extending Holder estimates to
the free boundary (and part of the fixed one) will couple the observation that
free boundary never maps to fixed boundary, with a local version of Caffarelli’s
method, plus certain geometrical properties, such as an interior ball condition
{x € Q| c(x,s(x0)) < ¢(x0,8(x0))} C U which holds for every xo € U, and
provides a one-sided curvature bound at each point of the free boundary QNOU.
This ball condition implies the displacement s(x)—x is perpendicular to the free
boundary, allowing us to conclude Hélder continuity of the free normal also.
This discussion is developed in Section §7, which together with Appendix A
contains a complete exposition of the C1%(Q) regularity theory (boundary and
interior) when production and consumption are fixed and equal on two given
convex sets. Unfortunately, the geometry we establish for the free boundary
is not sufficient to decide whether higher regularity of the free normal and
mapping nearby might follow from higher regularity of the data f and g, as it
would for complete transfer between smooth uniformly convex domains [18].
This question remains open in the partial transfer case.

We mention that our partial transfer problem involves augmenting the
Monge-Ampere equation (1.3) and inclusion Vi (x) € A with Dirichlet free
boundary data 1(x) = [x|?/2 on Q N OU. It goes without saying that the
regularity discussion is specific to the quadratic cost c¢(x,y) = |x — y|>/2. In
sharp contradistinction to the more familiar situation of complete transfer,
the optimizer for the quadratic cost in the partial transfer problem will not
generally optimize the bilinear cost é(x,y) = —(x, y). This is illustrated by
the following simple example, which also indicates why new hypotheses are
required to ensure uniqueness.
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EXAMPLE 1.1 (TRANSPORT BETWEEN CONCENTRIC BALLS). Let f = xp,
and g = x B, be the characteristic functions of balls centered at the origin, with
radii 1 and n respectively. If we ask to transfer mass m < ||f||1 from f to g so
as to minimize the quadratic cost c(x,y) = |x —y|?/2, the solution is far from
unique: any function fi < f < g with mass m can be transported to g1 = fi
at zero cost. On the other hand, the bilinear cost ¢(x,y) = (X, y) is uniquely
mazimized when fi = (1 — xB,)f and g1 = (1 — xB,)g are both chosen to be
hollow spheres of mass m, and s4f1 = g1 maps monotonically outward along
rays: s(x) = k(|x|)x with k(t) > 0 and k' (t) > 0.

On the other hand, when m = min{||f[|1, |lg|l1} then c(x,y) = |[x — y|*/2 is
uniquely minimized in this example and, we expect, more generally.

Regularity results for non-quadratic costs are a very recent development
even in the context of the fixed boundary (complete transfer) problem, where
Ma, Trudinger & Wang have identified a concavity condition on the Hessian
of the cost, which — for smooth data and suitable domain geometry — yields
regularity of the mapping [55] up to the boundary [77]. This condition is called
(A3s) when it holds uniformly, and (A3w) otherwise. Loeper showed that
whenever (A3w) fails, there are smooth data on perfectly suitable domains
for which the optimal map is discontinuous. Conversely, when (A3s) holds,
he gave a direct proof of Holder continuity of the map s : Q& — A, with
Holder exponent 3 = 1/(4n — 1), under very weak hypotheses on f and g [54].
Since our quadratic cost ¢(x,y) = |x — y|?/2 satisfies (A3w) but not (A3s), we
cannot expect the Holder continuity established below for partial transport to
hold under general perturbations of the cost. It might be expected to hold for
(A3w) perturbations, but since the affine invariance exploited below is specific
to the quadratic cost, this question presumably requires a different approach to
resolve. For (A3s) costs, Loeper’s argument offers some hope of addressing the
Hoélder continuity of partial transport, a possibility currently being investigated
with Y.-H. Kim [51].

Kantorovich duality is of course quite general, see e.g. Kellerer [50], Rachev
& Riischendorf [66], or Villani [80], while unique characterizations of optimal
maps for other costs have been investigated by Ahmad [3], Ambrosio & Rigot
9] Caffarelli [18], Gangbo & McCann [39][40][41], Gangbo & Swiech [42], Mc-
Cann [59] [60], Plakhov [65], Riischendorf & Uckelmann [70], Uckelmann [78]
in various geometries. Monge’s cost ¢(x,y) = |x — y| in particular has at-
tracted recent attention from Ambrosio [5] & Pratelli [8], Ambrosio, Kircheim
& Pratelli [7], Caffarelli, Feldman & McCann [19], DePascale, Evans & Pratelli
[30], Feldman & McCann [36] [35], and Trudinger & Wang [76] following the
work of Evans & Gangbo [33] and Sudakov [75]. Although the free boundary
problem we pose has not been much studied, other transportation problems
in which one measure is fixed and the second is selected by a variational prin-
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ciple have been examined extensively in the context of dynamical problems
since the work of Otto [64] and Jordan, Kinderlehrer & Otto [48], see also
e.g. Agueh [2], Ambrosio, Gigli & Savare [6], Cullen & Gangbo [27], Gianazza,
Savare & Toscani [43], Savin [71]; in shape optimization since the work of
Bouchitte, Buttazzo & Seppecher [10], see also e.g. Milakis [61] and Xia [83];
and in economics since the work of Rochet & Choné [67], see also e.g. Carlier
[20], Carlier & Lachand-Robert [23], Carlier & Ekeland [22], Ekeland [32] and
Buttazzo, Pratelli & Stepanov [13]. Obstacle problems for the Monge-Ampere
equation have been considered by Chou & Wang [24], Dolbeault & Monneau
[31], Lee [53], and Savin [72]; the formulation and boundary conditions of these
single obstacle problems are quite different from the double obstacle problems
analyzed below, even though some similar issues are addressed.

To formulate our problem more precisely, fix a pair of L'(R™) functions
f,g > 0. Let I'<(f,g) denote the set of non-negative Borel measures on
R" x R" whose left and right marginals are dominated by f(x) dx and g(y) dy
respectively:

(16)  AAxR7< /A f(x) dx and A[R" x A] < /A oy) dy

for v € I'<(f,g) and every Borel set A C R™ The cost functional to be
minimized is

(1.7 0= [ lexy) =N drxy),

with the minimum taken over all measures in I'<(f, g) of fixed mass y[R™ x
R"] = m. For technical reasons it is easier to introduce a Lagrange multiplier
A > 0 conjugate to this constraint, and take the infimum over joint measures
of all masses:

(1.8) Ci(f,9) 765?{ o) Cr(7)-
If the optimizer is unique, we denote it by 7, and its mass by m(\) :=
M [R™ x R". Tt is then easily deduced that m(\) = —9C\(f, g)/OX increases
continuously from 0 to min {||f]|1, ||g|[1} as A is increased. Thus each mass m
can be attained by selecting the appropriate value of A > 0. Finally, we verify
that only one measure in I'<(f, g) with mass m is optimal, and characterize it
as described.

The characterization of this optimal measure and its unicity are derived
from a maximization problem dual to (1.8) (in the sense of linear programming
or Kantorovich [49]). In fact, we check that

W) )= e [ b0reo b [ o)
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and use the optimal u and v to describe the active regions U = {x | u(x) < 0}
and V = {y | v(y) < 0} and support of the optimal measure v, where support
refers to the smallest closed subset of R™ x R™ carrying the full mass of ~,
denoted spty. When ¢(x,y) = |x — y|?/2, the minimization problem
(1.10) inf [ wereo s [ ooty ay

R" R»

p(x)+(¥)Z(x,y)
Y= (x12=N)/2  $(¥)=(yl2=N)/2

is seen to be equivalent, in the sense that 1 (x) = (|x|> — \)/2 — u(x) and
o(y) = (ly]* = X\)/2 — v(y) optimize (1.10) precisely when (u,v) optimize
(1.9). The difference in value between (1.10) and (1.9) is determined by the
second moments and mass of f and g. As in Brenier [11], one may restrict the
minimization to convex functions ¢ and ¢, since e.g. ¥ can always be replaced
by the convex function 9)(x) = max {¢*(x), (|x|*> — \)/2} without increasing
(1.10). Here ¢* denotes the Legendre-Fenchel transform

(1.11) ¢"(x) := sup (x,y) = @(y)-

yeR”
The optimal solutions to (1.10) and (1.8) are related by

MG V(%)) | x € Ul =~[R" x R"]
:/Uf(x)dx

where U = {x € R" | ¥(x) > (|x]|?> — A)/2}, so the convex function ¢ deter-
mines both the support of v (essentially the graph of s = V) and its left mar-
ginal fyy — i.e. the active mines and correspondence between these mines and
factories. Note the appearance of the Dirichlet condition (x) = (|x|? — \)/2
implicitly satisfied along the free boundary QNoU, and the condition Vi)(x) =
x implied throughout R™\ U.

The remainder of this manuscript is organized as follows. The next section
derives a duality theory for the partial transfer problem with quite general cost
functions c(x,y), giving sufficient conditions for uniqueness of the optimizer.
A third section demonstrates monotone dependence of the active domains U
and V on the amount m of mass transferred. For costs of the form c(x,y) =
h(x) — (x,y) + k(y), a fourth section formulates a double obstacle problem
for the Monge-Ampere equation which it shows to be equivalent; the Lagrange
multiplier A controlling the optimal mass parameterizes the distance between
the upper and lower obstacles. For the quadratic cost c(x,y) = |x — y|?/2,
a fifth section addresses semi-concavity of the free boundary, when f and g
are compactly supported on opposite sides of a hyperplane. The last two
sections address interior and boundary regularity for the optimal mapping,
under the assumption that f = fxq and g = gxa are bounded away from zero
and infinity (1.4)—(1.5) on separated strictly convex domains Q,A C R™. An
appendix is included which makes the boundary regularity analysis essentially
self-contained.
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2. Duality and uniqueness for partial transfer

For quite general costs, the solution to the partial mass transfer problem
(1.8) is typically (c.f. [32]) derived from the solution of a complete mass transfer
problem constructed as follows: Attach an isolated point co to R"™, and extend
the cost function

. _ foexy) =X if x#c0and y #
(2.1) cxy) = { 0 otherwise

and measures du(x) := f(x) dx and dv(y) = g(y) dy to R" := R" U {c} by
adding a Dirac mass isolated at infinity: i = p+||g||110s and 7 = v+ || f|| 11 0.
The measures 1 and ¥ now have the same total mass, and we can ask to
minimize the integral of the cost function ¢ against joint measures with these

marginals:
L . « . AUl = AU x R"] .
r = < R” xR"” . for Borel R" ;.
(f1, 1) {0 <4 on X U= AR x U] or Borel U C

A bijection between v € I'<(f,g) and 4 € I'(f1, 0) is given by
(2.2) Y=+ (f — /1) ® s + 0% @ (g — g1) + Y[R x R 50,

where f; < f and g1 < g represent the marginals of v € I'<(f,g). Since the
point at infinity acts as a tariff-free reservoir (2.1), it is easy to see the infimum
(1.8) agrees with

(2.3) inf / é(x,y)dA(x,y),
yer(in,?) JR

and v optimizes (1.8) if and only if it coincides with the restriction of a mini-
mizing 4 to R™ x R™. Under very mild assumptions, this allows us to invoke
the standard duality theory (2.10), in the form of the following lemmas and
corollaries; see e.g. [40] [50] [66] [80]. The interior ball condition (2.9) deduced
for the active domain plays a critical role in the developments which follow.
Proposition 2.9 then identifies conditions (2.16) on the cost function to make
the optimal transfer unique. Injectivity of y — Vxe(Xg,y) is a familiar crite-
rion from Gangbo [38], Carlier [21], and Ma, Trudinger & Wang for uniqueness
of total transfer; it follows from strict convexity in Caffarelli [18] and Gangbo &
McCann [39]. What is new to the setting of partial transfer is the requirement
that this map be non-vanishing. For the quadratic cost c(x,y) = |x — y|?, f
and g must therefore be disjointly supported for our uniqueness criterion to
apply. Here the support spt f of a measure shall always refer to the smallest
closed set containing full mass.
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DEFINITION 2.1 (¢-CONCAVITY AND ¢-TRANSFORM). A function @ : R —
[—00, 0] is ¢-concave if it is not identically —oo on spt i but satisfies
(2.4)
u(x) = inf é(x,y)—te(y) =:Gse where de(y):= inf é(x,y)— a(x).
yEspt v xeEspt i
LEMMA 2.2 (TOPOLOGICAL PRELIMINARIES). Fiz 0 < f,g € LY(R™).
Then T'<(f,g) is weak-+ compact in the Banach space dual Coo(R™ x R™)*. If

the cost
(2.5) c(x,y) 2 u(x) +v(y)

is continuous and dominates a sum u(x) + v(y) with uf € LY(R"™) and vg €
LYR™), then Cy : T<(f,g9) — |—00, 00] is weak-+ lower semicontinuous and
well-defined.

Proof: Here Coo(R™ x R™) denotes the continuous functions which vanish at
oo normed by the supremum norm, i.e. the closed subspace of L>°(R¢ x R%)
generated by compactly supported continuous functions. The norm of a pos-
itive measure v € I'<(f,¢) in the Banach space dual C(R"™ x R™)* co-
incides with its mass [|v]jcx= = v[R?x RY. Thus I'<(f,g) is bounded by
min {|| fllz, |lgllz: }, and weak-* pre-compact by the Banach-Alaoglu theo-
rem. Any sequence vy, € I'<(f,g) has a weak-* convergent subsequence =, €
I'(fn, gn) whose marginals f,, — foo and g, — goo also converge weak-* in
Coo(R™). Now vy, — Yoo € I'(foos 9oo) according to [56, Proposition 9(ii)].
Since foo < f and goo < g we have I'<(f, g) weak-* compact.

Fixing A = 0 for the moment, we may assume u,v < 0. We also assume
both f have g have positive mass, since otherwise the lemma is trivially true.
Now extend u and v to R™ by taking (o) = 0 = 6(c0) so that (2.11) holds.
Since fi[co] = ||g]|1 in (2.2), we deduce g < 0 from (2.4), and 4s(c0) = 0 from
u < 0. Replacing © by 6z > © and then 4 by g, it therefore costs no generality
to assume u < 0 is a é-concave function and v = 4 < 0 in the hypotheses
(2.5). Moreover, @ and ¢ are infima of continuous functions (2.4), hence upper
semicontinuous. The cost function é(x,y) := é(x,y) — 4(x) — 0(y) > 0 is now
bounded below, and lower semi-continuous, so the associated integral

€)= [ dxy)dixy)

is well-defined and weak-* lower semicontinuous on I'(ji,7) by a monotone
convergence theorem argument in which the cost é(x,y) is approximated from
below by a continuous cost vanishing at oo(# co). Now C(4) differs from Cy(7)
by the finite constant

0= [ abdix) + [ o(y)ai(y) > —oc

R» R»
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80 Cx(y) > —oo and lower semicontinuous on I'<(f, g) for A = 0.

Applying the same lemma to both ¢(x,y) = £1 shows that the mass
m(7y) :=v[R% x RY] is a weak- continuous function on I'<(f, g). Thus weak-x
lower semi-continuity of Co(y) extends equally well to Cx(y) = Co(y) — Am(7)
for A # 0. QED.

LEMMA 2.3 (OPTIMALITY CRITERION). Let f,g and c satisfy the hy-
potheses of Lemma 2.2. Then the infimum (2.3) is finite, attained, and there
exists a ¢-concave function o : R" — [—00, 00| such that every optimal mea-
sure 4 € I'(f1, 1) satisfies

(2.6) spty C {(x,y) € R" x R" | 4(x) + ts(y) = é(x,y)} =: Oz

Proof: According to Lemma 2.2, the cost function Cy () is weak-* lower semi-
continuous on the compact set I'<(f,¢). Thus the infimum (1.8), or equiva-
lently (2.3), is attained in |—o0, 0]; it is non-positive since ¥ = p® dg + I @ v
is a competitor with zero cost (2.1). For a cost é(x,y) > 0 on X x Y :=
spt i1 x spt 7, Gangbo and McCann [40, §2] construct a single é-concave func-
tion @ : X — [—00, 00| such that

spty C Ozt :={(x,y) e X xY | x € argrzléi)r(lé(z,y) —u(z)}

holds simultaneously for every optimizer 4 € I'(f, ). Non-negativity of ¢ is
used only to ensure Cy(%) is well-defined in their proof; since we have this
instead from Lemma 2.2, their proof extends to our signed costs also. This
gives the desired identity (2.6). Since 4 is é¢-concave, Rachev and Riischendorf
[66, §3.3.5] assert & = 1. The functions @ and 4z can be extended to all of
R" via (2.4) without modifying their values on X x Y. QED.

COROLLARY 2.4 (ACTIVE VERSUS INACTIVE LOCATIONS). Tuke f,g,c as
in Lemma 2.2 and X € R. Suppose vn € I'(f1,91) minimizes (1.8). Then
(x1,¥1) € sptya implies c¢(x1,y1) < A. If xo € spt[f — fi] and/or yo €
spt g — g1] also exist, then c(x1,y1) < min{c(x0,¥1),c(x1,¥0)} and if both
exist A < ¢(x0,y0). Thus U is disjoint from spt [f — fi], and V' is disjoint from
spt [g — g1], where

U:= U {x e R"| c(x,y1) < ¢(x1,y1)} and
(x1,y1)€spt 7a
(2.7) V.= U {y e R" | e(x1,y) < c(x1,y1)}-

(%1,y1)€Espt va

Proof: Let 4 from (2.2) extend 7 := ~,. For all (xo,y0), (X1,y1) € spt¥, the
standard monotonicity inequality

(2.8) ¢(x0,¥0) + &(x1,¥1) < &(x0,y1) + &(X1, ¥o0)
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is easily deduced from (2.4) and (2.6); see e.g. [40, §2.7]. Given (x1,y1) € spt,
we have (Xg,yo) = (c0,%0) € spt¥ from (2.2), whence ¢(x1,y1) < A from (2.8)
and (2.1). If there exists xo € spt[f — fi], then (xg,c0) € spt¥ so taking
yo = o yields é(x1,y1) < é(x0,y1) in (2.8). Similarly yo € sptlg — ¢1]
implies ¢(x1,y1) < c¢(x1,y0). Finally, applying (2.8) to the pair of points
(x0,0), (c0,¥0) € spt¥, yields A < ¢(x, yo)-

Turning to (2.7), we see that x € UNspt [f — f1] implies the contradiction

C(X7Y1) < C(Xla'.Y1) S A S C(X7y1)7

so U is disjoint from spt [f — fi]. Similarly, V' is disjoint from spt [g — g1], by
symmetry under interchange of x «» y and f < g. QED.

EXAMPLE 2.5 (INTERIOR BALL CONDITION). Taking c¢(x,y) = |x —y/?
with p > 0, and B,(x) := {y € R" | |[x —y| <7} in the preceding corollary
yields

(2.9) U= |J Bxy@®andV= []J Bxyx.

(%,y)€spt 7 (%,y)€spt v

COROLLARY 2.6 (KANTOROVICH DUALITY). Fiz f,g and c satisfying the
hypotheses of Lemma 2.2 and A € R. Then the mazximum and minimum below
are attained — by any 5 € (@1, v) and (4,0) = (Uge, Ue) satisfying (2.6) with
¢ € LY(dA):

(2.10)
L[ aeodaGo+ [ oy = win [ cxydity)
(0Ll (dixd?) JRn R YL (0) JR» xR»

G0 +0 () <e(x,)
Proof: Let @ € L'(djt) and & € L'(dP) be functions satisfying
(2.11) a(x) +o(y) < é(x,y),

Integrating (2.11) against any 4 € I'(f1, ) shows the infimum dominates the
supremum in (2.10); we have only to exhibit a case of equality to conclude the
proof.

Choose any 4 € I'(fi,7) with ¢ € L'(d¥) and 4 satisfying (2.4) and (2.6).
These exist by the preceding lemma, and setting 0 = 4, implies (2.11). More-
over 4(x) + 0(y) = ¢é(x,y) € R holds throughout spt4. In particular @ is
real valued fi-a.e., and © is real valued P-a.e. Extend uf and vg € L'(R™)
from (2.5) to vanish at co. Defining 4 := 4 —w, 0 := o — v = Uz and
é(x,y) = é(x,y) —u(x) —v(y) > 0 yields a(x) + 0(y) < é(x,y) with equality
on spt4. In particular, 4(x)+o(y) > 0 on spt 4 shows @ and © bounded below
fu and p-a.e., respectively. This means [@df and [ 9dP do not diverge to —oo.
Integrating (2.11) now yields

@1 [ adieo + [ i) = [ dxydii) <o

R»
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showing @ € L'(dji) and © € L'(dp). Subtracting the finite integral of uf + vg
from both sides demonstrates that a finite equality in (2.10) is achieved by 4
and (’11, ’0) = (ﬁ@@,ﬁ@) S Ll(dﬂ X dﬁ). QED.

COROLLARY 2.7 (DUALITY FOR PARTIAL-TRANSFER). The hypotheses of

Lemma 2.2 also imply
(2.13)

dx+ dy = mi —2) dn,
oo max / _u(x)f(x) dx / u(y)g(y) dy Lomin, /R ann(c ) dy

u(x),v(y)<0

and the maximum is attained by the restriction to R x R? of (1 — (o), te +
(o)) from Lemma 2.3.

Proof: The restriction of 4 € I'(f1,7) to R™ gives a measure in I'<(f, g) and
the associated costs are the same since transportation to and from the isolated
reservoir is free (2.1). Moreover, each v € T'<(f,g) extends uniquely to a
measure 4y € I'(f1,7): if v has marginals f* < f and ¢’ < g, then 4 will have
density f — f" and g — ¢’ on R™ x {c0} and {0} x R", plus an isolated atom
of weight || f'||z1r~) = l¢'ll L (m~) at (50,50). Thus the minima in (2.10) and
(2.13) coincide; it remains to show the same for the maxima.

Any competitors (u,v) in (2.13) can be extended to R" by taking u(co) =
0 = v(c0); this non-positive extension satisfies (2.11) because of (2.1). The
maximum (2.10) over the larger class of competitors can only dominate (2.13).
Conversely, the lemma and corollary preceding are unchanged if (a,?) are
replaced by (u + k,v — k) for k € R. Since 4(co) > —oo for a finite ob-
jective, we are free to assume 4(co) = 0, in which case (2.1) and (2.11)
imply 9(y) < 0 throughout R™. At y = co, the only constraint is that
0(00) < inf g, —U(X) =! —Umaz, and equality can be assumed to hold for
the maximizing (u, ). Thus

(214) / ’ELdﬂ + / odp = / IA)g + / IALf dx — umafo”Ll(Rn),
R Rn n R

and the sum of the last two terms is not positive since g, > u(c0) > 0.
Replacing u by min {u,0} pointwise always increases the objective (2.14), and
makes it easier to satisfy the constraint (2.11). Therefore we conclude uyq; =
0, so the objective functionals in our two maximizations agree. Since the
restriction (u,v) of (u,?) to R™ now satisfies the constraints of (2.13), it is
clear that the latter maximization dominates (2.10). Hence the two maximum
values coincide, and the latter is attained by the restriction to R¢ x R? of
(@, 1) after normalizing u(co) = 0 = 4s(c0) as described. QED.

To address uniqueness, mappings, and the regularity which follows, we
shall need the notion of a pushed-forward measure. Given a measure space
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(X, 1) and a measurable space Y, each measurable map s : X — Y induces
a measure sxf. on Y, called the push-forward of fi through s, and defined by
s[V] = a[s~H(V)] for each measurable set V C Y. If £ : Y — [—o00,00] is
measurable, it is not hard to check

(2.15) /Y Ed(syit) = /X £(s(x)) di(x),

when either integral is well-defined. As an example, the projection 7 : R™ x
R" — R given by 7(x,y) = x pushes forward v € I'(f1, 7) to its left marginal
ft = myy. We shall use the notation dom¢ := {x € X | |{(x)| < oo}, and if
X = R"™ then dom V¢ C R will denote the points of differentiability of &.

LEMMA 2.8 (UNIQUENESS OF TRANSPORTATION). Taking f, g, c as in Lemma
2.2, assume every ¢-concave function 4 R" — [—00, 00] has the property that
for f-a.e. xg € domu\ {0}, the equation u(xg)+uc(y) = é(Xo,y) has at most
one solution y = sy(xo) in spt . Then a unique measure ¥ € I'(f1, ) of finite
cost ¢ € LY(dA) has restriction to R x R™ given by 41 = (id x sa)pf with
a ¢-concave function, and Us = 1(c0) = 0 on spt [0 — sauf]. This ¥ uniquely
minimizes (2.3).

Proof: Lemma 2.3 asserts the existence of at least one optimal measure 4 €
I'(f1,0) with (2.3) finite, and provides a é-concave function u such that all
optimal measures are supported inside J;u. It costs no generality to assume
@(c0) = 0. The projection m(spt¥) under m(x,y) = x is o-compact, and since
(x,¥) € spty C O:t implies u(x) finite, w(spt9) C domw. By hypothesis,
some Borel set S C 7(spt4) \ {0} containing the full mass of f, admits a map
sq 1 S — sptv such that S x R Nspty = G := {(x,s4(x)) | x € S}. Note
that s; depends on @ but not on 4, except possibly through the precise choice
of domain S. The graph G is clearly Borel. Since 7 : G — R" is Lipschitz
and univalent, Federer [34, §2.2.10, p. 67] shows s;'(B) = (G N (R" x B))
is Borel whenever B ¢ R™ is. The map s; is therefore Borel. By [41, Lemma
2.4] we conclude the restriction 41 := J|g. g~ is given by 41 = (id x sg)%f.
Since 45 := 4 — 4 is supported on {co0} X R™, it is completely determined by
its right marginal o := & — sg4 f. If a second measure 4" minimizes (2.3), the
same argument shows 4’ = (id x s,) 4 f + 0 @ (U — sg#f), where s/, = s; on
the intersection of their domains S N.S’. Since this intersection carries the full
mass of f, we conclude that finiteness of (2.3) implies the optimizer 4 = 4 is
unique. Finally, since (x,y) € spt92 = {0} x spt % implies 4(x) + ts(y) =0
with x = 0o, we conclude us(y) = —t(c0) = 0 throughout spt 0.

If any other ¢-concave function 4@’ with @} = 0 = @/(co) holding on spt [ —
i f] induces a measure 4’ = (id x sy )4 f + 0 @ (0 — s pf) in T(f1, ), we
conclude 4'-a.e. (x,y) belongs to 9:'. Integrating the equality u(x) +ds(y) =
é(x,y) € L'(d4y') against 4/, we conclude (2.12) holds and is finite, as in the
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last part of the proof of Corollary 2.6. Now duality shows 4’ to be optimal,
hence to coincide with the unique minimizer 4 in (2.10). QED.

The following theorem gives conditions on the cost which guarantee unique-
ness of partial transfer. These conditions suffice for the present purpose, though
we have no doubt that various refinements are possible and desirable, e.g. for
eliminating the compact support assumption from Theorem 4.3. We say a
function & : R" — [—o00, 00] is superdifferentiable at xo € R™ if there exists
p € R" such that

lim sup £ = €0x0) = {p, x — x0)

<0.
X—Xg x — x|

Any concave function £ : R" — [—o00, 00| is superdifferentiable on int [dom £].

PROPOSITION 2.9 (ENSURING UNIQUENESS OF PARTIAL TRANSFER). Flix
0 < f,g € LY(R"™). Assume c(x,y) is Lipschitz and superdifferentiable on the
interior of conv [spt f X spt g|. Suppose for f-a.e. xg € R™ the map

(2.16) y € D — Vxc(x0,y) is non-vanishing and injective

on the set D C spt g where it is well-defined. Then — with the possible excep-
tion of the lower bounds (2.5) all hypotheses of Lemma 2.8 are satisfied.

Proof: McShane’s theorem gives a global extension of é¢(x,y) to R™ x R™ with
Lipschitz constant L. Let @ be a é-concave function. Then (2.4) expresses 4 as
the infimum of a family of Lipschitz functions of x, with |Vxé(x,y)| < L. Ac-
cording to e.g. [81, §10.26], u is real-valued and has the same Lipschitz constant
L, since the alternative @ := —oo is not ¢-concave. Now 4 is differentiable f-
a.e. by Rademacher’s theorem. Choose xg € dom V@ Nint [conv [spt f]]. Recall
¢(x0,y) — u(xg) — te(y) > 0 from (2.4). Suppose yo € spt 2 produces equal-
ity. Our non-negative function then attains a local minimum with respect to
both variables, so 0 € R" is a subgradient of ¢(x,yo) — u(x) at xg. Since
xog € dom Vu, it follows that —Vi(xp) is a subgradient for h(x) := é(x,yo)
at xg # 0. Now h(x) is also superdifferentiable, so its derivative exists and
Vxé(x0,y0) = Vu(xg). If yo = co we have Vxé(xg,y0) = 0 from (2.1). Thus
Vi(xg) # 0 implies yo € spt g, in which case the injectivity hypothesis (2.16)
determines yg € spt g uniquely in terms of @ and xg. On the other hand, if
Vi(xg) = 0 we can only have yo € {co} = spt ¥ \ spt g by the non-vanishing
restriction on Vye. Either way, yo is uniquely determined, so the hypotheses
of Lemma 2.8 are verified. QED.

EXAMPLE 2.10 (SQUARE DISTANCE). Taking c(x,y) = |x — y|?/2, the
condition (2.16) for uniqueness becomes that f vanish a.e. on sptg. In par-
ticular, the mass distributions f and g must be mutually singular. Some such
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condition is obviously necessary, as the example f = g = xq with m < vol [Q]
shows. When spt f is separated from spt g by a positive distance, (2.9) becomes
an interior ball condition for the active sets U and V. The bounds (2.5) hold
whenever f and g have finite second moments.

COROLLARY 2.11 (LAGRANGE MULTIPLIER FOR TRANSPORT AMOUNT).
Take f,g and ¢ as in Lemma 2.3. Suppose for each A the optimizer vy €
I<(f,9) in (1.8) is unique. Then X\ — vy is a weak-+ continuous curve
in Co(R™ x R™)* and —Cx(ya) is a convex differentiable function of A € R
whose slope —dCx(yx)/d\ = m()\) := 7[R x RY] ranges continuously from
m(—o0) =0 tom(oo) = min{|| f||z1, |||z }- Fach distinct slope m(X\) = m(X\)
corresponds to a unique measure vy = Y. LThe extremal slopes are attained
for finite X\ if ¢(x,y) is bounded on spt f X sptg.

Proof: Define Cy(f,g) := Cx(7x). Let us first argue the weak-* continuity of
the curve A — ~, of optimal measures. The chain of ineqaulities

Cr(Mats) —dm(A+6) =Cxr1s(f. 9)
<Cris(m) = Ca(f, 9) — dm(N)

shows that as 6 — 0, the energy C)(ya+s) converges to its minimum value
Cx(f, g). Since our curve lies in the compact set I'<(f, g) of Lemma 2.2, every
sequence d(n) — 0 admits a convergent subsequence Yy ys(n(k)) — Yoo- Lhe
lower semi-continuity of the same lemma guarantees v, is a minimizer, hence
Yoo = 7Y by our uniqueness hypothesis. This shows continuity of the curve of
measures at A € R. As remarked at the conclusion of the proof of Lemma 2.2,
the mass functional I'<(f, g) — 7[R"™ x R"] is weak-* continuous, so we have
continuity of m(\) as well.

Formulas (1.7)-(1.8) express the minimal cost as an infimum of non-
increasing affine function Cy() of A, hence Cy(f,¢g) is concave non-increasing
on A € R. Writing the difference quotient in two ways,

Cx(ats) — Ca(f, g) — dm(A +0)

—m(A+6) < 5
_ C>\+5(fa g) - C)\(fvg)
o
_ C,\+5(f; g) - C/\gré(f)//\) — 5m(>‘) < _m()\)
the limit § — 0 shows the continuous function —m(\) to be the slope of

C/\(fv g)
If the same slope m(\) = m(A + ) is attained for two different Lagrange

multipliers A # X\ + J, this means that the corresponding optimizers 7, and
Ya+6 have the same mass. From Cy(7r) < Cx(7ays) and Crys(vass) < Cars(n)
they must also have the same cost: f cdyy = f cdvyx+s. But then the last two
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inequalities become equalities, and the hypothesized uniqueness of minimizer
for Cx(-) implies Ya+s = Y-

If the function ¢(x,y) is bounded, then taking A negative enough ensures
c(x,y) — A > 0, so the infimum (1.8) is attained by v, = 0. Similarly, taking
A positive enough so ¢(x,y) — A < 0 ensures m(A) = min {||f]|1, ||g|/1}: unless
equality holds in f; < f or g1 < g, Corollary 2.4 contradicts ¢(xg,yo) < A.
If ¢(x,y) is unbounded, then given any e > 0, taking R > 0 sufficiently large
ensures both f and g have mass less than e outside the ball Br(0) C R".
Taking A extreme enough we can force c¢(x,y) — A to have the sign of our
choice on Br(0) x Br(0). A positive sign ensures m(\) < € while a negative
sign ensures m(\) 4+ € > min{|| |1, ||g]l1}- QED.

3. Monotone expansion of active regions

Given distributions 0 < f,g € L'(R™) of compact support and a con-
tinuous cost function c¢(x,y), let v, denote the minimizer of the constrained
optimization problem (1.8); clearly v, minimizes transportation costs among
all transfer schemes which transport mass m(\) = v, [R" xR"] from f to g. We
turn now to showing that the marginals f) < f and gy < g of v\ € T'(fx, 90)
depend monotonically on A € R, or equivalently (by results of the preceding
section) on the amount m = m(\) of mass transferred.

It is convenient to address this question for discrete measures p,v > 0
on R™, which approximate the desired distributions in the continuum limit
pw— fand v — g. Given finite sets X C R"™ and Y C R" with cardinality
P = #(X) and Q = #(Y), let us therefore consider the problem of choosing
M < min{P,Q} distinct points {x1,...,x3/} C X and M distinct points
{y1,...,ym} C Y, which minimize the sum

M

Z C(Xi7 yz)

i=1
among such choices. Letting 'Y (u,v) C T'<(p,v) denote the set of mass
M = ~[R"™ x R"] joint measures whose left and right marginals are dominated
by p and v respectively. Given

(3.1) W= Z 0x and v= Z dy,

xeX yey
the problem described above is equivalent to finding an extremal measure v =
Zij\il O(x;,y,) I I’ng (14, v) which minimizes Cy () among such choices. Our first
proposition asserts that the marginals of v depend monotonically on M.

PROPOSITION 3.1 (DISCRETE MONOTONICITY OF ACTIVE REGION). Flix
disjoint sets X C R™ and Y C R" of finite cardinality P = #(X) and
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Q = #(Y) and the corresponding discrete measures (3.1). For each integer
M < min{P,Q}, let TM, denote the set of extremal measures in Fg(,u, v)

ext

which minimize Cy(vy). Fiz ™ € TM, and denote its marginals by ™ and
vM. If M < min{P,Q} there exists vM*+1 € TM¥L with M+t > /M and
vMAL > M- similarly, if M > 0 there exists vM~1 € Fé\;lfl whose marginals

pM=1 <M ognd vM-1 <M gre dominated by those of M.

Proof: Fix v € T'M, and vM+! ¢ TMF! for M < min {P,Q}. Let u™ and
vM denote the left and right marginals of ¥, and XM .= spt ™, YM =
sptv™ and JM := sptyM their respective supports. Extremality of 4™ in
Fg[(,u, v) implies YM[(x,y)] = 1 for all (x,y) € JM, or equivalently v =
2 (xy)esm O(xy)- Since p[x] =1 for each x € spt 1, we conclude both XM and
YM have M points.

By induction on the number of points in (XM \ XM+ y (YyM\ yM+1)
we shall show it is possible to construct v € T2
those of v, and v € I', whose marginals are dominated by those of

If the set named above is empty, we take v = 4™ and v/ = 4™+ and are
done. The inductive hypothesis asserts that v and 7/ exist provided (X \
XM+ (YM\ YMHL) has less than j points. Let us therefore assume that
(XM XMLy (Y M\ YMHD) has precisely j > 0 points.

We define a successor function o : XM y YM+l . XM+l yyM py
o(x) =y if (x,y) € JM and o(y) = x if (x,y) € JM*+L. This function is
well-defined since X and Y are disjoint. It is injective and surjective, since
o Ny) = xif (x,y) € JM and 071 (x) := y if (x,y) € JM*! gives a well-
defined inverse to o. Notice that orbits of o partition XM UXM+1yyMyyM+1
into equivalence classes. Those orbits which are not periodic have length less
than 4M + 2, and can only start in (X \ XM+ y (YM+1\ YM) and end in
(XM+1 \XM) U (YM \ YM+1)_

Since j > 0, the set (XM \ XM+1)y (YM\ YM+L) is non-empty. So o
has at least one orbit which is not periodic and is distinguished by the fact
that it either starts in X™ \ X™*! or ends in Y™ \ YM*+! (or both). Notice
the elements of this (and all) orbits of o alternate between X and Y. We will
separate our discussion into two cases depending on whether the distinguished
orbit consists of an even or odd number of elements. If the distinguished orbit
has 2k + 1 elements, then it starts in X™ \ X¥+! and ends in XM*+1\ XM or
else it starts in YM+1\ Y™ and ends in YM \ YM+! — 4 case which can be
handled similarly (by symmetry). Assuming the former without loss of gen-
erality, the orbit consists of a sequence of points x1,¥y1,X2,¥2, ... Xk, Yk, Xk+1,
with (x;,y;) € JM for 1 <i < k and (x;41,y:) € J¥H for each 1 < i < k.

whose marginals dominate
M+1
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Then x3,1 € XM+1\ XM is not represented in v, whose optimality implies

k k
Z (x4, yi) < Z o(Xit1,Yi)-
i=1 i=1

M+1 gince the orbit starts

. This shows the measures

The reverse inequality follows from optimality of ~
with a point xg € XM\ XM+1 not present in M1
vt <AM and 4y~ < AM+1 defined by

& k
Y= 0y and YT =) Sy
=1

=1

have the same right marginals and the same cost; their left marginals differ by
dxo = 0x,,, — the points which appear in XM and XM+ respectively, but not
both. Thus 7 := Y™ + 4~ =4t € TY, and 4 := AM+T 4+ — 4= c M+
Moreover, spt v\ JM*+! has j — k points, so the inductive hypothesis yields an
element of T'M, whose marginals are dominated by those of ¥»*+1. Similarly,
JM \ spt+’ has j — k points, so induction again yields an element of T é‘;jj !
whose marginals dominate those of M

We turn now to the case that the distinguished orbit has an even number
2k of elements, with k > 1 as before. In this case the orbit consists of a sequence
of points X1,y1,X2,y2,...Xs, Yk starting with x; € XM \ XM+! and ending
with yp € YM\ YM+L Here (x;,y;) € JM for all 1 <i < k and (x;11,y;) €
JMFL for 1 < i < k, so the orbit includes one fewer couplet from JM than
from JM*1 Since #(JM*) > #(JM), at least one orbit of o has more
couplets from JM*! than from JM; it must begin in YM+1\ Y™ and end in
XM+1\ XM thus consisting of a sequence of points y§, X}, y1/, . - - X0, Y Xy g
of length 2¢ + 2, with (x},y}) € JM if 1 <i < ¢, and (x| 4,y};) € JMT! for
0 < i < {. Here ¢ > 0. Optimality of v implies

k )4 k-1
ZC(Xi,Yi) +ZC(X;,}’;) < Z c(Xit1,yi) + Z H—l?yz
i1 i=1 i=1

while the reverse inequality follows from optimality of ¥+, This shows the
measures 7+ < M and v~ < AM*! defined by

k ¢ k—1
Y= D 0wy T D 0wy and T =) Oy Z Xip1¥1)

again have the same cost; their left marginals differ by dx, — 0x;, , and their

right marginals by dy, — dy;. Once again we find v := M 4y~ — 4t eTM,
and 4/ := AMHTL 4 4t — 4= e TMHL Moreover, spty \ JM*+! has j —k — ¢

ext
points, so the inductive hypothesis yields an element of I‘%t whose marginals

M+1

are dominated by those of v . Similarly, J™ \ spt+’ has j — k — £ points, so
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induction again yields an element of F%j ! whose marginals dominate those of
M This establishes the proposition. QED.

To address densities f,g € L'(R") with respect to Lebesgue, let T?(f, g) C
I'<(f,g) denote the joint measures v > 0 of total mass m = y[R™ x R"] whose
marginals are dominated by f and g. We shall need to recall two elementary
lemmas from functional analysis. Let C(R"™) denotes the Banach space of
continuous functions which tend to zero at oo equipped with the supremum
norm. Its dual C\o (R™) consists of measures with finite total mass, normed by
total variation.

LEMMA 3.2 (COMPACTNESS). Fiz a sequence of joint measures 7y, €
2% (pk, vi). Suppose the marginal bounds py, > 0 and vy, > 0 converge weak-x
in Coo(R™)* to respective limits p and v as k — oo. If up[R"] — pu[R"] and
vp[R"] — v[R"], then a subsequence of i, converges weak-x in Coo(R™ x R™)*
to some limit -y € I'<(p,v). Moreover, the marginals and mass of vy, converge
weak-x to those of ~y.

Proof: Fix sequences vy, ur — 1 and v, — v satisfying the hypotheses of the
lemma. Let R denote the one point compactification of R™. Let [ denote
the extension of y to R" which vanishes on infinity, and 4, the extension of 7
to R" x R" which vanishes on both {co} x R" and R" x {oc}. It follows that
i and Dy are the marginals of 4. Since any continuous function ¢ € C (ﬁn)
can be decomposed as a constant plus { —£(00) € Coo(R™), we deduce fi — [
and 7, — U from the hypothesized conservation of mass ux[R"] — p[R™] and
vp[R"] — v[R™].

Choose a uniform bound R for the total variation of the measures u; and
v (and hence ;). The ball of radius R in the dual space C(R" x R™)* is
compact by the Banach-Alaoglu theorem. The weak-* topology is metrizable
on this ball, so the sequence %, admits a weak-* convergent subsequence. We
abandon the original sequence and denote the convergent subsequence by 4 —
4. Since 1 € C(R") ¢ C(R" x R"), the marginals and mass of 4;, converge to
those of 4.

We need to check that 4 assigns no mass to infinity. Let ﬂ%(’y) denote
the marginals of 4, where 7!(x,y) = x and 7%(x,y) = y. Taking £ — oo in
the hypotheses 7r71% (Ak) < fu yields ﬂ#(’y) < 1, and Wi(’y) < U similarly. Since
fi[{oc}] = 0 = #[{o0}], we conclude 4 vanishes on {co} x R" and R" x {oc}.

Weak-* convergence of i to the restriction v of 4 to R" x R™ follows from
Cso(R™ x R") € C(R" x R"), as does weak- convergence of the marginals
W%ﬁ('yk) — 7m'(y) = 7(%) from Coo(R™) € C(R" x R"). Thus v € I'<(p,v) as
desired, and v[R"™ x R"] = 4[R"™ x R"] is the limit of the masses of the .
QED.
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LEMMA 3.3 (OPTIMALITY SURVIVES LIMITS). Let pg, v > 0 be mea-
sures which converge weak-x to f,g € LY(R"), with ux[R"] — || fll2 and
vp[R"] = |lgllzr as k — oo. Take ci(x,y) continuous converging uniformly to
cp € Coo(R™ x R™), and vy, — o weak-+ with my := vx[R™ x R"] < mg. If v
minimizes the associated cost function CE(7y) on T'2* (ug,vg) for each k > 1,
then vy minimizes Cy(v) on T'2°(f, g). -

Proof: Take 7, € T'2*(ug,vy) converging weak-* to 7o and ¢ — ¢y €
Coo(R™ x R™) uniformly as hypothesized. Then mj, — mg := 70[R" x R"] by
the preceding lemma. For each 5 € T2°(f, g) we claim CJ(7) > C§(y0). We
assume f and ¢ are non-zero since otherwise there is nothing to prove.

Define dup(x) := f(x)dx and diy(y) := g(y)dy and probability measures
fr = pe/pp[R™ and o = v /vg[R"] for each k > 0. By Brenier’s theorem
[12], there exist convex functions ¥ and ¢* : R® — ]—o00, 00| such that
Vzbfylo = [ and V(b:éﬁo = . Shifting ¥* by a constant depending on k
allows us to extract a subsequence which converges pointwise a.e. to a convex
limit ¢ : R™ — ]—o00, o0] finite at some Lebesgue point of f. It follows that
VyF — Vi) a.e. on dome. Since Vip* — oo outside dom 1), tightness of the
measures i, — fig implies fip[dom )] = 1, and Vipufiy = fip by Lebesgue’s
dominated convergence theorem. The convex gradient mappings of Brenier’s
theorem are unique, so we conclude Vi(x) = x f-a.e. Similarly, V¢* —
V¢ = id g-a.e. for a further subsequence. Given 4 € I'2°(f, g), observe 7y :=
(ViF x Vo*)4(7) belongs to T2°(ug,vk). Optimality of v € T2 (ug, vk)
implies C5(vk) < (mx/mo)CE (1) since my, < mg. We plan to take the limit
k — oo.

First observe 4, — 74 weak-*; indeed £(x,y) bounded and continuous
implies

/ € iy — / (VU (x), VEH(y)) di(x, )
R»xR" R xR"
- cdi
R xRm

as k — oo by the dominated convergence theorem. Taking & = ¢y € Coo(R™ X
R") yields

/ co d(y0 —7) = lim co d(ve — muAr/mo)
R xR~ k—oo JRnxRn
= lim ek d(vg — myAK/mo)
k—o0 R xR»
<0.

Here the uniform convergence ¢ — ¢ has been used, and a bound on the
masses my — mo. Thus CJ(v0) < CJ(F) as desired. QED.
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THEOREM 3.4 (MONOTONE EXPANSION OF ACTIVE REGIONS). Fiz 0 <
f,g € LYR™) compactly supported and a continuous cost ¢(x,y) on R™ x R™,
Let T'g,, denote the minimizers of Co(y) among joint measures y € F’g(f, 9)
of mass m > 0. There is a curve m € [0,min {||f|L1, [lg][lz:}] — ™ € T
along which the left and right marginals of ¥ ¢ dominate those of v whenever

€ > 0. Moreover, each measure v € I'y}, with Co(y) < oo lies on such a curve.

Proof: Suppose 7 € Ff;,t has finite cost for some m < Mmyq,. We shall
construct a curve y™ € 'y}, whose marginals increase with m € [0, myq,] and
which passes through 4. Recall that the convex set I'"?( f, g) is weak-* compact,
as a consequence of Lemma 3.2. It costs no generality to assume 7 is an exposed
point of I'"?(f, g): if 4 is not an exposed point, it can be weak-* approximated
by a linear combination of exposed points using the Krein-Milman theorem.
The same linear combination of curves through these exposed points will pass
arbitrarily close to 7. Taking a subsequential limit of these curves on rational
points in [0, Myne,.], allows the desired curve to be constructed following the
procedure below. We do not claim continuity of this curve.

Since 4 is an exposed point of I'"?(f,g), there is a cost function ¢ €
Coo(R"™ x R™) tending to zero at infinity whose integral Co(v) against v €
I (f,g) is uniquely minimized at 4. Then 4 also minimizes (1 — )Co + tCo
on I'"?(f, g) uniquely. Suppose for each t = 1/k, we can construct a curve ;"
minimizing (1 — t)Cy + tCo on I"2(f,g), with marginals depending monoton-
ically on m € [0,Mynaz] and passing through 7. Letting k — oo, a weak-x
subsequential limit of these curves at m and the rational points of [0, myq4z)
allows the desired curve ™ through 4 to be constructed.

From the foregoing, it costs no generality to establish the theorem assum-
ing 4 minimizes Co(y) uniquely on I'?(f, g). Let [[\]] denote the integer part
of any real number A € R. As in [56, Lemma 7 ], it is possible to find sequences

1 (2% [1£11.0) 1 (2" [lg]l]]
Pk = o Z Oxe and v = oF Z 5y;§:
i=1 j=1

of discrete measures which converge sub-sequentially ur — f(x)dx and v, —
g(y)dy in the weak-* sense as k — oo. By displacing them slightly, we may
take all points Xf and yf to be distinct for each given k. It costs no generality
to suppose they are all contained in a bounded set € independent of k; also,
we can multiply the cost ¢ by a cutoff function outside of Q x U so it belongs
to Cs(R™ x R™0. Using Proposition 3.1, we find a measure véw/ 2" Which

minimizes Co(7) on I'™ (uy,, 1) and whose marginals satisfy uiw/ 2 > M;(CM —1/2

and V,iWQk > V,EM_l)/Qk inductively for each integer M € [1,2Fm,,qz]. Using
a diagonal process, we find a subsequence k — oo such that the measures ;"

converge weak-* to a limit 4 on each dyadic rational m = M /27 in [0, Mmaz)].
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By Lemmas 3.2 and 3.3, the limit measure ™ € I'(}, inherits optimality, and
its marginals are dominated by those of 7" 7€ whenever 0 < m < m+e < Mpaz
are dyadic rationals. If m € [0, M4z is not a dyadic rational, we use Lemma
3.2 to find a sequence of dyadic rationals m(7) increasing to m, for which the
measures 7)) converge, and define v™ as their weak-* limit. Again v € Lopt
by Lemma 3.3. Since the marginals of 4(?) are dominated by those of ™ (?)+€()
for €(i) > 0 dyadic, Lemma 3.2 implies the same is true in the limit €(i) — e.
The theorem is now complete since the curve v™ passes through I‘g@t = {7}.

QED.

4. Monge-Ampere double obstacle problem

Given 0 < f,g € L*(R™) and obstacle functions h and k : R® — R, one
may ask whether it is possible to find a convex function ¢ : R" — |—00, o0]
such that

(41) g(Ve(x)det [D(x)] = f(x) on Uy = {x € R" | 4(x) > h(x)}.

Without boundary conditions, this problem is severely under-determined. We
claim the following auxiliary conditions on its Legendre transform t* (1.11)
resolve the degeneracy:

(4.2)

Vi(Uy) C Vi = {y €R™ | §*(y) > k(y)} and / oy)dy = [ f(x) dx.
Vy U,

As the obstacles are removed, h,k — —oo, this problem converges to the
familiar Monge-Ampere second boundary value problem. To see it remains well-
determined with obstacles present, we introduce a notion of weak-* solution
motivated by Brenier [12].

DEFINITION 4.1 (WEAK-* SOLUTIONS TO MONGE-AMPERE OBSTACLE).
Fiz 0 < f,g € L"(R") and Lipschitz obstacles h and k : R® — R.. A convex
function ¥ : R™ — ]—00,00] is a weak-* solution to (4.1)-(4.2) if its gra-
dient pushes fxy, forward to gxv,. In other words, each Borel test function
£ :R™ — R must verify

E(Vi(x)) f(x) dx = / £(y)a(y) dy.
{yl¥*(y)>k(y)}

(4.3) /

{xl(x)>h(x)}
REMARK 4.2 (EXCHANGE SYMMETRY). A convex function v is a weak-
x solution to the Monge-Ampére obstacle problem (4.1)-(4.2) if and only if
its Legendre transform ¥* solves the corresponding problem with data f < g
and obstacles h < k interchanged: V4 (fxuv,) = gxv, implies Vi (gxv,) =
fxu, by [56, Remark 16].
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THEOREM 4.3 (OBSTACLE PROBLEM VIA OPTIMAL PARTIAL TRANSFER).
Fiz 0 < f,g € LY(R™) compactly supported and two superdifferentiable, locally
Lipschitz obstacles h and k : R™ — R, with the property that f vanishes a.e.
on Vh~Y(spt g) and g vanishes a.e. on Vk~(spt f). Then (4.1)-(4.2) admits
a weak-+ solution 1. Moreover both Uy and Vi) are uniquely determined up to
sets of f measure zero, and vy := (id x Vi) 4 (fxuv,) uniquely minimizes (1.8)
for the cost c(x,y) := h(x) — (x, y) + k(y) with A = 0.

Proof: Define ¢(x,y) := h(x) — (x,y) + k(y), and notice that the map
y € sptg — Vxe(xo,y) = Vh(xg) — y is injective and non-vanishing for
X9 € (dom Vh) \ VA~ !(sptg). It is now easy to check that all hypotheses of
Proposition 2.9 are satisfied — including the existence of integrable bounds
(2.5). Thus the partial transfer problem (1.8) has a unique solution for A = 0.
Let us use this to deduce that the weak-* solution 3 to the Monge-Ampere
obstacle problem, if it exists, is unique. We claim v, := (id x V) (fxv,)
coincides with the minimizer v from (2.13). Since this minimizer v € I'<(f, g)
is unique, and v € T'(f1,g1) for some f; < f and g1 < g, the above claim
implies fxu, = f1 and gxv, = g1, whence Uy, := {¢) > h} is unique up to a set
where f vanishes, and V1) is the unique convex gradient pushing f; forward
to g1 [56].
To see that 7, minimizes (1.8), start with Young’s inequality (6.2)

(%, y) = h(x) = k(y) < [¥(x) = h(x)] + ["(y) — k(y)];

noting that equality holds when y = Vi(x). Setting —u = [¢) — h]4 and
—v = [¢p* — k|4 yields

(4.4) —c(x,y) < —u(x) —v(y),

and we still have equality when y = V(x) provided x € Uy and y € V.
Since V;, has full measure for gxv, = Ve (fxv,), it follows that V=1 (Vy)
has full measure for fxy,. Thus integrating v, = (id x V)»(fxv,) against
(4.4) yields

/ (2, y)dyy (%, y) = / e, V() f(x) dx
R»xR"

UypnVp=1 (Vi)

— [ ubse) dx | oty dy:
Uy Vy

Since u(x) < 0 and v(x) < 0 become equalities outside Uy x Vy, the last
integrals can be extended to all of R™. Having found a case of equality in
(2.13), we have conclude vy, is the desired minimizer.

On the other hand, to demonstrate existence of a weak-* solution to (4.1-
4.2), let us begin with a solution v € T'(f1,¢91) to the partial transfer problem
(1.8) coupled with the maximimizing pair of non-negative functions (u,v) =
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(4 — 0(c0), ts + 4(c0))|mrnxr» from Corollary 2.7. The constraint

(%, y) <[h(x) —u(x)] + [k(y) — v(y)]

is satisfied for all x,y € R", with equality on spty C 0Opt.. Furthermore,
u(f—f1) =0and v(g—g1) = 0. Define the convex function ¢ := (k—v)* < h—u
using the Legendre transform (1.11), and notice that ¢¥* = (k — v)*™* < k — v.
From (6.2)

(x,y) <9(x)+v*(y)
(4.5) <[h(x) —u(x)] + [k(y) — v(y)],

and equality holds on (x,y) € spty. Thus spty C 9%, which implies Vi) f1 =
g1 and similarly Vi, g1 = fi [56, Proposition 10]. It remains to show f; =
fxv, and g = gxv, to complete the proof of (4.3). Letting m(x,y) = x and
7' (x,y) =y, as in (4.5) we have 1)(x) < h(x) — u(x) with equality on m(spt~)
and ¥*(y) < k(y) — v(y) with equality on 7’(spty). Thus ¢ > h holds fi-a.e.,
and ¥* > k holds g;-a.e., since u,v < 0. Moreover,

Up:={¢Y >h}C{xeR"|u(x) <0}
Vy = {0 >k} C{y € R" | u(y) < 0}

Since (f — f1)u = 0, we conclude f — f1 < fxr-\v, and fxv, < fi < fxqy>n}-
Finally we claim {x | 9(x) = h(x)} is a set of f; measure zero, so that fxy, =
fi. At any point where {¢) = h} has full Lebesgue density, we have Vi) = Vh
since 9 is subdifferentiable and h is assumed superdifferentiable. But this can
only happen on an f; negligible set, since Vi)(x) € spt g; and Vh(x) € sptg
elsewhere. A similar argument starting from gxv, < g1 < gx{y->k} shows
gxv, = g1 QED.

EXAMPLE 4.4 (SQUARE DISTANCE). Parabolic obstacles h(x) = (|x|? —
A\)/2 and k(y) = (ly|?> — X\)/2 correspond to the quadratic cost c(x,y) = |x —
yI? /2= A

COROLLARY 4.5 (QUADRATIC OBSTACLES). Fir h(x) = k(x) = (|x|*> —
A)/2 and X > 0. If a convex function 1) : R™ — R satisfies the constraints
h <4 < h+ X, so will its Legendre transform. Defining non-contact sets
Up = {x|h <y}, Ay = {x|9 <h+A} and Wy := Uy N Ay, then yields
Uy = Ay and Wy, = Wy If g vanishes outside Uy, and f vanishes outside Ay,
and Viu(fxw,) = gxwy, then 1 is a weak-x solution to the Monge-Ampére
obstacle problem (4.3). Moreover, the hypotheses of Theorem 4.3 imply at least
one weak-+ solution satisfies all these additional constraints.

Proof: To begin, assume a convex function ¢ satisfies h < ¥ < h + A. Since
h* = h + A, taking Legendre transforms yields h + A > ¢* > h. We also claim
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that the equations 1(x) = h(x) + A and ¢*(x) = h(x) have the same solutions
x € R". If either equation holds, then x = Vi (x) € 09 (x). The case of
equality in (6.2) then yields |x|? = 1(x)+9*(x). Substituting ¥ (x) = h(x)+ A
gives ¥*(x) = h(x) and conversely, completing the proof that Ay, = Uy-. Now
Wy = Uy NUy =: Wy is clear.

Assume in addition that V4 (fxw,) = gxw,, while g vanishes outside
Uy and f vanishes outside Ay. Then fxy, = fxw, and gxa, = gxw,, so ¢
verifies our definition Viu(fxv,) = gxuv,. of weak-+ solution to the Monge-
Ampere obstacle problem.

To show a solution exists satisfying these extra constraints, let ¥ be the
weak-* solution provided by Theorem 4.3; i.e., a convex funtion — lower semi-
continuous after modifying its values on a negligle set — whose gradient pushes
fxu,; forward to gxu,.. As before, we use the notation Vy, := Uy~ for con-

venience. Thus Vi(x) € Vi Nspty for f-ae. x € Uy. Defining the convex
function ¢ := max {¢*, h}, we see ¢(y) > ¢*(y) with equality on Uy = V-
Thus ¢*(x) < ¢™*(x) = ¥(x) with equality if 9 (x) intersects V. The latter
inequality implies Uy C U1/3’ while the cases of equality gives ¢* coincident
with ¢ f-a.e. on UJ;- Thus Ud \ Up- has f measure zero, and V¢* = Vi)
holds f-a.e. on U 5 We conclude ¢* is a weak-* solution to the same Monge-

Ampere obstacle problem as @5 By Remark 4.2, this is equivalent to asserting
that ¢** = max {¢*,h} solves the same Monge-Ampere obstacle problem as
¢*. The symmetry f — g then shows that ¢ := max {¢*, h} solves the same
Monge-Ampere obstacle problem as ¢*, and hence as @E We claim v is the
desired solution.

Obviously, h < 4 from the definition, while ¢ < h + A follows from ¢ > h
via ¢* < h*. The corollary will be complete if we can prove f-vanishes outside
Ay = Vy and g vanishes outside Uy,. Notice x & A, implies ¥(x) = h(x) + A
hence Vi(x) = Vh(x) = x. Thus V¢ coincides with the identity map on
R" \ Ay C Uy, the inclusion following from A > 0. Now [R" \ Ay] \ sptyg
carries zero mass for gxv, = VY (fxuv,), hence zero mass for f. We conclude
f vanishes throughout R™\ Ay, since it vanishes on spt g by the hypotheses of
the theorem.

By symmetry Vi* pushes fxu,na, forward to gxv,, and the preceding
paragraph, applied to ¢* instead of v, shows g vanishes outside Uy = Ay-.
Thus VYu(fxwye) = gxa, = 9xw,, concluding the proof of the corollary.
QED.

REMARK 4.6 (POINTS OUTSIDE ACTIVE REGION ARE FIXED). Noteh <
¥ < h+ X, or equivalently 1(x) — |x|?/2 € [-\/2,\/2], forces the convex gra-
dient Vi(x) = x to coincide with the identity map for a.e. x in the closed
contact set R" \ Wy,. Thus Vu(f +g9(1 —xw,)) = f(1 —xw,) +9.
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5. Semiconcavity of free boundary

Let us return now to the constrained optimization problem of trans-
porting a fixed fraction m < min{||f||z1,||g||z:} of the total available mass,
choosing the locations transported and supplied so as to minimize the special
cost ¢(x,y) := |x — y|?/2. In the preceding §4 this was demonstrated to be
equivalent to solving a Monge-Ampere obstacle problem (4.3) with obstacle
h(x) = k(x) := (|x|> — \)/2 for a suitable Lagrange multiplier A > 0. The
solution was unique if f vanishes a.e. on spt g, and takes the form of a convex
function ¥ sandwiched between the parabolas h < 1 < h + A, whose gradient
on the active region Wy, := {h <1 < h+ A} pushes fxw, forward to gxw,.
We wish to investigate smoothness of the free boundary of the active region,
and of the map V. Our first step is to show that 0W,, carries none of the
mass of either f or of g, under the simplifying assumption that a hyperplane
separates spt f from spt g. Negligibility of the boundary plays a techical role
in our subsequent arguments for differentiability of 1 and OWy, and can be
summarized philosophically by stating that almost every source and sink must
be either unambiguously active or unambiguously inactive, in the sense that it
has a whole neighbourhood belonging to one of the open sets Wy, or R" \m
Since an interior ball condition was derived in Corollary 2.4-2.5, our start-
ing point will be a familiar lemma about unions of spheres — or equivalently,
suprema of half-spherical graphs.

LEMMA 5.1 (SEMICONVEX SUPREMA OF HEMISPHERICAL GRAPHS). Fiz

0 < d < Rg. Extend the hemispherical cap hp(X) = /R? —|X|2 to R*! by
setting hr(X) = —oo if |X| > R. If
(5.1) u(X)= sup [hr(X-Y)— A4,

(Y, \R)eA

where A C R"! x [§,00] x [0, Ry] and [N+ := max{\, 0}, then u(X) +
§3R2|X|?/2 is conver on R"1L.

Proof: Define
N if r < VR — 8

2 2 _ 52
R TER O s VR &

and notice that h%(r) + 6 3R?r?/2 is convex on 7 € R, and h%(|X|) > hr(X )
with equality if h‘S %(|X[) > 6. For A > § we have [hr(X —Y) — A4+ = [h%(|X
Y|) — Al+. From (5.1),

RIXP? - {R%!XP 31X

Wy(r) =

u(X) +

sub 253 0 263

d _ _
26° (v R)eA TR(X =Y A}

expresses u(X) + 6 3R3|X|?/2 as a supremum of convex functions. QED.
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In the sequel, we denote the distance between two subsets U,V C R’ by

dist (U,V) := xelUIgeV |x —y|.
PROPOSITION 5.2 (SEMICONCAVITY OF THE ACTIVE DOMAIN). Fiz0 <
f,g € LY(R™) compactly supported, with spt f in the upper halfspace H =
R} = {(X,2,) € R" | 2, >0} and sptg in the lower halfspace R™ \ M.
Let 1 be a convex function satisfying the constraints h < ¢p < h + A, where
h(x) = (x> = X)/2. If VYu(fxw,) = gxw, on the noncontact set Wy, :=
{xe€R"|0< 1 —h <A}, there is a function u : R"™! — [0,00) such that
the domain Uy = {(X,z,) € R" | 2, < u(X)} differs from Wy, by a set of f
measure zero. Moreover, u(X)+0"3R?|X|?/2 is convex on R" 1, if |x—y| < R
for all (x,y) € spt f X sptg and 6 = dist (spt g,0H).

Proof: By Theorem 4.3 and its corollary, v\ := (id x V¢)x(fxw,) is the
unique minimizer of (1.8). Define the set U by (2.9). Then U is a union
of balls of radius at most R, centered at points y = (Y,\) € sptg at least
distance A < —§ into the lower halfspace. Therefore, U U [R™ \ H] coincides
with a domain Uy := {(X,z,) € R" |z, < u(X)}, whose boundary is the
graph of a function u(X) of the form (5.1). Lemma 5.1 asserts convexity of
uw(X) + 6 3R X|?/2.

It remains to show that U, differs from W, by a set of f measure zero.
From its definition, U contains the projection 7 (spt~,) under m(x,y) = x of
spt vx. Thus U, contains spt f Xw, - Since we have just shown the boundary of
U to be a semiconvex graph, it has Hausdorff dimension n—1 and is negligible
with respect to f. Thus U, contains the full mass of fxw,. On the other hand,
Corollary 2.4 asserts that U carries zero mass for f(1—xw, ). The same is true
for Uy, since spt f lies in the upper halfspace. Thus, apart from an f neglible
set, Uy = Wy, as desired. QED.

6. Partial transfer regularity and free boundary

Let us now return to our analysis of transporting that portion m <
min{|| f|lz:, |lg||z: } of the total available mass which minimizes the special cost
c(x,y) := |x — y|?/2, we recall its equivalence to the Monge-Ampere obstacle
problem (4.3) with obstacles h(x) = k(x) := (|x|> — \)/2 for a suitable La-
grange multiplier A > 0. The solution was essentially unique if f vanishes a.e.
on spt g, and for some A > 0 takes the form of a convex function 1 sandwiched
between the parabolas h < @ < h 4+ A\, whose gradient on the active region
Wy :={h <% < h+ A} pushes fxw, forward to gxw,. In Section §5 we saw
that when a hyperplane separates spt f from spt g, then W), is semiconcave.
Our goal for the next two sections will be to prove Holder differentiability of
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Y and ¥* on Wy, and of the free boundary 0W, itself. Differentiability is
deduced in the present section relying on [15]; Holder estimates are postponed
to the next section. As a byproduct, we improve our uniqueness result to as-
sert that 1 is uniquely determined, and not merely up to additive constants
or almost everywhere; compare Corollary 6.4 to Theorem 4.3. We also deduce
that free boundary always maps to fixed boundary, and path-connectedness
of the active regions. Of course, all these results require additional convexity
and boundedness assumptions concerning the geometry of mass distributions
0< f,geL'(R"):

DEFINITION 6.1 (DATA OF CONVEX SUPPORT). The trio (f,g,h) of func-
tions on R™ consitute data of convex support if h(x) = k(x) := (|x]*> — \)/2
for some A € R, and there exist bounded, strictly convexr domains Q C R™ and
A C R"™ separated from each other by positive distance, such that 0 < f = fxq
and 0 < g = gxa with log f and log g bounded away from 0o on the respective
domains  and A.

Even with such assumptions, we cannot expect the free regions Wy,N{2 and
Wy« N A to be convex. However, since Vi)(x) = x coincides with the identity
outside Wy, it was noted at Remark 4.6 that Viu(f + g(1 — xw,)) = f(1 —
xw,) +g. The target measure g = gx is assumed to be bounded above and
below on the convex set A, so we shall presently be able to invoke Caffarelli’s
interior regularity theory [15] to deduce local regularity on the relevant domain
for the complete transfer problem Vi (fxw, +g(1 — xw,)) = g. Recall the
results of that theory:

THEOREM 6.2 (MAP TO A CONVEX TARGET IS LOCALLY SMOOTH [15]).
Fix f = fxaq and g = gxa nonnegative, where Q@ C R"™ and A C R" are open
and A is convex. Here |log f| and |logg| are assumed to be bounded on 2 and
A respectively, and to satisfy (1.1). If ¢ : R" — |—o00,00| is conver with
gradient pushing f forward to g, then v s C’llog(ﬂ) smooth and strictly convez
on Q [15]. If f and g are Hélder continuous where positive, Caffarelli goes
on to assert 1 € Cz’a(Q) for some a > 0. Smoother f and g imply further

loc

reqularity of u via standard elliptic theory [44].

In the next theorem we improve this result slightly, by using strict con-
vexity of the domains to deduce continuity of the map up to the boundary,
including the free boundary in the partial mass transfer problem, or equiva-
lently the Monge-Ampere double obstacle problem. We derive differentiability
of the free boundary at the same time. As corollaries to the proof, we obtain
a strengthened uniqueness result, and observe that the free boundary of Wy,
in Q is a C! hypersurface, along which the transportation map displaces only
in the perpendicular direction.



28 LUIS A. CAFFARELLI AND ROBERT J. MCCANN

Let us first recall the subdifferential of a convex function ¢ : R" —
|—00, 00| defined by

0 :={(x,y) e R" x R" | ¢(z) > ¢(x) + (y, z — x) for all z€ R"}.

It consists of the (point,slope) pairs which parameterize supporting hyper-
planes to graph(¢)). For x € X C R", we also write 0¢(x) := {y € R" | (x,y) € 0¢}
and 0Y(X) := Uxex 0¥ (x); thus 0 (x) = {Vi(x)} at a point x € dom V) of
differentiability. Any pair of points (x,y), (x',y') € 9 satisfy the monotonic-

ity condition

(6.1) (x—x,y-y) >0,

a relation which we shall often have use for. An important connection between
¢ and its Legendre transform v¢* (1.11) is given by Young’s inequality

(6.2) Y(x) + 9" (y) = (x,y),

in which equality holds if and only if (x,y) € 9¢¥. When ¢ is lower semi-
continuous as well as convex, then ¥** =1, and (x,y) € 9v¢ is equivalent to
(y,x) € 01*. We use the notation int [X] and X to denote the interior and
closure, respectively, of a set X C R".

THEOREM 6.3 (OPTIMAL HOMEOMORPHISM BETWEEN ACTIVE REGIONS).
Fiz data of convex support (f,g,h = k), and a weak-+ solution 1) to the obstacle
problem (4.3). If Uy := {x € R" | ¢ > h}, then some 1 6~01(Rn) N C’llo’?(Q N
Uy) agrees with 1 on QNUy, and with h* on A\Uy-, and Vi)(R"™) = A. Further-
more, Vb : QN Uy — AN Uy is a homeomorphism, where ) := int [spt f]
and A := int [spt g] are the convex domains of f and g. Hélder continuity of f
on Q and g on A imply 1 € CZ(Q2N Uy).

loc

Proof: The theorem is proved in two parts. First we establish the conclusion
for a particular weak-* solution % to the double obstacle problem. Then in
Corollary 6.4, we deduce that no other solutions exist, concluding the theorem
as stated. Let us begin with an elementary observation:

Claim #1. Given three domains Q, U, W C R", if Q N OU is a locally
Lipschitz submanifold and 2 intersects UAW := (U \ W)U (W \ U) in a set
of zero volume, then W NQ C U.

Proof of claim: Every ball B.(x) C W N intersects U in a set of full
volume, so x € U. However, x € OU since the Lipschitz boundary of U would
divide the ball into two subsets of positive volume one of which lies outside of
U. This forces x € U. End of claim.

Now let Q2 and A C R"™ denote the bounded strictly convex domains whose
closures form disjoint sets spt f and spt g, and note f(x) dx and g(y) dy are
mutually absolutely continuous with respect to Lebesgue on the domains 2 and
A respectively. Use invariance of the problem under rigid motions to choose
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coordinates so that € and A are strictly separated by the boundary of the
upper half-space H = R} := {(X,z,) € R" | 2, > 0}. Corollary 4.5 provides
a weak-* solution to the Monge-Ampeére obstacle problem (4.3) satisfying the
following additional constraints: h < ¢ < h+ A and f(1 — xp,.) = 0 =
g9(1 — xv,); i.e. a convex funtion ¢» whose gradient pushes fxw, forward to
gxw,, where Wy, := Uy, N Uy-. Remark 4.2 shows the Legendre transform 1~
of 1) satsifies Vw;‘#(gXWw) = fxw,. Notice ¢** = 1) since 1 is convex and
continuous. Proposition 5.2 provides a domain U := {(X,z,) | , < w(X)}
which differs from Uy by a set of f measure zero; (the difference is also g
negligible, since U D R™\ H contains sptg). Moreover, semiconvexity of
u guarantees QU is a Lipschitz graph over 0H and hence has measure zero.
Since f is mutually continuous with respect to Lebesgue on €2, we conclude
Uy NQ C UNC from Claim #1. Similarly, there exists a semiconvex function
v:0H — R such that V := {(X,zy,) | z, > v(X)} differs from Uy~ by a set
of f + g measure zero, with 0V having zero volume and Uy- N A C V N A.

By Remark 4.6, we have h < ¢* < h 4+ A with V¢*(y) = y a.e. outside
Wy = Wy, so Vw;(f(l—xy)+g><v) = f also. This represents transportation
by convex gradient to a density f = fxq bounded away from zero and infinity
on the (strictly) convex domain €. The source measure f(1 — xy) + gxv has
density bounded away from zero and infinity on the domain (VN A)U (Q\ D),
and this domain has full mass since JU is a set of zero volume. The interior
results of Caffarelli [15, our Theorem 6.2] then assert that ™ is C’llo’? smooth
and strictly convex on V N A, with ¢* € C’fo’ca(A NV)if f and g are Holder
continuous on © and on A. Since ¥*(y) = (|y|> — \)/2 outside Uy, strict
convexity of ¥* extends to the full domain A. We claim

o _ [ wy) ifyel

(6:3) V= ¢ whereg(y) = { +oo  otherwise,

is the desired extension of ¥. Notice y € 0¢*(x) implies y € A from the
equality cases in Young’s inequality (6.2). Thus ¢* is globally Lipschitz, since
0¢*(R™) C A and A is bounded. We assert ¢* € C1(R™). If not, there must be
a point x € dom V¢*. Then strict convexity of ¢ fails on a segment in 0¢*(x)
passing through the interior of the strictly convex domain A. The contradicts
the strict convexity asserted above, establishing continuous differentiability
globally ¢* € CY(R™).

It remains to show that ¢ = ¢* throughout 2. Notice ¢(y) > ¥*(y) with
equality on A. Thus ¢*(x) < 9(x) with equality if 9¢(x) intersects A, again
from the cases of equality in (6.2). From V4 (fxv+9(1—xv)) = g in Remark
4.6 we have Vi)(x) € A a.e. on (UNQ)U(A\ V), hence everywhere since both
convex functions are continuous. Note 1 = h + A on R™ \ V from the same
remark. We also conclude V¢ : UNQ — A extends to a continuous map
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from U N'Q into V N A; it cannot take values outside V since f doesn’t vanish
on U and Vg (fxu) = gxv is supported on V.

Claim #2: The free boundary 90U, N (2 is contained in the graph of a
C' function over 0H. The direction ViZ(X) — x transported gives the inward
normal to Uy at any point x € QN AUy,

Proof of claim: Notice the C! function h—1) increases with z,, in the upper
half space. Indeed d(h — ¢)/dx, > 0 throughout H, since Vh(x) = x € H
and V1)(x) € A lie on opposite sides of the hyperplane z,, = 0. Thus the zero
set Z, = {x € H | h(x) =(x)} is contained in the graph of a C' function
xn, = w(X) over OH, by the implicit function theorem. Moreover, Z; N =
QN OUy, since ¢ > ¥ becomes an equality on the closure of Uy,NQCUN.
This proves the first part of the claim. Since zﬁ — h vanishes along the free
boundary x € Q N 9Uy, its gradient V1;<X) — x must be orthogonal to 9Uy;
this gradient is non-vanishing as noted and must be directed towards Uy, since
1/; — h > 0 inside Uy N Q. End of claim.

Now that QNOU, is C' smooth, Claim #1 yields Uy = UNQ. Since Qs
open, we may henceforth write QNOU and 2NJU,, interchangeably. To see UN
Q =int[U N Q] as in Remark 6.6, observe U N Q C {(X, z,,) € Q | z, < u(X)},
whence

it [UNQ] C {(X,z,) € Q| zp <u(X)} = UNKQ.

The reverse inclusion is obvious.

On the other hand, Remark 4.6 also asserts that the gradient of ¥ pushes
fxvu+g(1—xy) forward to a measure gxy with convex support. Applying the
same arguments again, Caffarelli asserts ¢ € C’llo’g(Q NUy) is strictly convex,
with ¢ € Cfof(ﬂ NUy) if the data are Holder. The exchange symmetry f < g
then shows 0V N A is a continuously differentiable graph over 0H and VNA =
Uy- N A, Likewise Vp* : VN A — UN{) extends to a continuous map
from V N A into U N ). Finally, V* is one-to-one by strict convexity, hence
invariance of domain [63] shows V¢*(V N A) is an open subset of U and of (2.
Since © is convex and U is semiconcave, we conclude Vy*(V N A) C U NS
By exchange symmetry, it must also be true that V(U N Q) C VNA.

Now, for each x € UNQ and y € V N A the equality conditions in Young’s
inequality (6.2) imply V¢*(Vi(x)) = x and V¢(Vy*(y)) = y. Thus Vo :
UNQ — VNA is a homeomorphism with inverse map V¢*. Since both maps
extend continuously to the boundary, their extensions give a homeomorphism
V4 between UNQ and VN A. Recalling 9(R™) C A with o) = h+ A = h*
on A\ V (hence on A\ Uy-) , VA*(y) = y makes it clear that Vi)(R") = A.

The conclusions of the proposition have now been established for the spe-
cial weak-* solution provided by Corollary 4.5. We show they extend to all
weak-* solutions in the following corollary, which will be derived from the re-
sults proved so far. QED.
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COROLLARY 6.4 (UNIQUENESS, NOT JUST A.E.). Given data (f,g,h =
k) of convex support, any two weak-x solutions 1 and ¢ to the obstacle problem
(4.3) satisfy QN Uy = QN Uy, where Uy := {x€R"|(x)> h(x)} and
Q = int[spt f]. Moreover, 1 — ¢ is constant on Q N Uy, and the constant
vanishes unless transportation is complete (1.1) and both obstacles fail to bind:
QC Uy and A :=int [spt g] C Uy-.

Proof: Let 1 be the weak-* solution for which the conclusions of the propo-
sition were derived above, and ¢ any other solution to the Monge-Ampeére
obstacle problem Vo4 (fxv,) = gxv,.. The uniqueness assertion of Theorem
4.3 claims V¢ differs from Vi and Uy differs from Uy, only on a set of f mea-
sure zero. Since f is mutually continuous with respect to Lebesgue measure
on €2, and QN AUy is C', we conclude QN Uy C Uy from claims #1-2 of the
preceding proof. On each connected component U; of 2N Uy, we have ¢ — ¢
constant since their gradients agree a.e. If N QU; is non-empty for every
connected component, then 1(x) = h(x) at some x € N IU;. Now, every
neighbourhood of x intersects Uy, so ¢(x) > h(x). But strict equality would
force x € QN U, C Uy contradicting x € 9U;. Since ¢ — ¢ is constant on one
side of the C! curve OU; and vanishes at x, continuity implies the constant is
zero. (If x ¢ int [dom ¢], then ¢ = +o00 in a half space on the other side of the
curve 0U;, forcing Uy, to approach x from both sides of OU; and contradicting
Proposition 5.2.) Thus ¢ = ¢ on QN Uy = U;U; and hence on the subset
Q1N Uy. The definition of Uy then forces QN Uy = QN Uy.

It remains to consider the possibility QNOU; empty for some i. In that case
U; contains the connected set €2, since its construction ensures U; is not disjoint
from € unless 2N Uy is empty, in which case the corollary is trivial: ¢ = ¢ = h
on 2. Therefore, assume 1) — ¢ differ by a constant on 2 C U;. Symmetry under
the interchange f < g implies either Uy- D A — in which case || f||z: = ||g||r
and transportation is complete — or else ¢* = ¢* on Uy~ N A as above. In
the latter case, choose any point x € Q C U;; then Vo(x) = Vy(x) =y € A
by Theorem 6.3 and the equality (x) = (x, y) — ¢¥*(y) = ¢(x) forces ¢ = ¢
throughout € to conclude the argument. On the other hand, if transportation
is complete, it remains to show Q C Uy. If not, take x € Q\Uy. There Vi)(x) =
Vo(x) = Vh(x) = x € A, contradicting the proposition and concluding the
corollary. QED.

REMARK 6.5 (MAP IS CONTINUOUS AND NORMAL TO FREE BOUNDARY).
If a hyperplane OH separates spt f from spt g strictly, the free boundary OU, NS
is contained in the graph of a C' function over O9H. Morever, VK/;(X) —X gives
the inward normal to Uy at x € QN OUy. This is Claim #2 of Theorem 6.3’s

proof.
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REMARK 6.6 (HOMEOMORPHISM OF ACTIVE INTERIORS). From the end
of the preceding proof, it is also worth noting Uy, N Q = int [Uw N Q], and
Vi : Uy NQ — Uy- NV is a homeomorphism.

COROLLARY 6.7 (PATH-CONNECTEDNESS OF ACTIVE REGION). If1), Uy,
Q and A are from Theorem 6.3, then QN Uy is path connected.

Proof: Fix x¢,x; € QN Uy and consider the segment x; := (1 — ¢)xg + tx1
joining them. Let |¢/,#"[ be a maximal subinterval of [0, 1] corresponding to
a piece of the segment [xg,x1] not contained in QN Uy, if any such piece
exists. We shall prove the corollary by constructing a path connecting x;
to xy» in QN Uy for each such maximal open subinterval. Since the entire
segment [Xg, x1] lies in the strictly convex set Q, both x; and x;~ lie on the free
boundary QNAU,,. We will prove the segment y := (1—5)Vth(xy) + sV (xp)
parameterized by s € [0,1] lies in A N Uy+. Then the homeomorphism V4 of
the theorem gives the desired path ¢t € [t/,t"] — V&‘l(y(t_t/)/(tu_t/)) in
QN Uy linking x4 to x4n.

Let zs := (1 — s)xy + sxy reparameterize the segment [xy,xy/|. At
the endpoints s = 0,1, we have (zg,ys) in the support of the optimal joint
measure vy := (id X V@Z)#(fx(]w), hence |zs — ys|?/2 < A from Corollary 2.4
(and Theorem 4.3). The same inequality holds on the interior s € |0, 1] of the
segments due to convexity of the cost. There z; € Q\Uy, by construction. Since
we are dealing with data (f, g, h) of convex support, ys € A\ Uy~ would force
|x—y|?/2 > X in a whole neighbourhood of (z,ys) by Corollary 2.4, producing
the contradiction |z; — ys|?/2 > X. We can only conclude y, € A N Uy- for all
s € [0,1], which completes the corollary. QED.

LEMMA 6.8 (BALL CONDITION; FREE BOUNDARY NEVER MAPS TO FREE BOUNDARY).
Take 1), Uy, Q2 and A from Theorem 6.53. If x € Uy NQ and y := V@E(x) then
QN Bx—y|(y) C Uy. Likewise AN Bix_y|(x) C Uy~. If x € QN Uy, then

Proof: Recall that ¢ is a weak-* solution to the Monge-Ampere double
obstacle problem with data (f,g,h = k) of convex support. Thus v :=
(id x Vo) 4 (fxv) is the measure minimizing (1.8) according to Theorem 4.3.
The continuous dependence of y = Vq/;(x) on x € Uy N proved in Theorem
6.3 combines with positivity of f on the domain Uy N to yield (x,y) € spt .
Thus the ball Bjx_y|(x) is disjoint from spt [g(1 — xv)] = A\ V, according to
Example 2.5; here V' := Uy-. We conclude A N Bjx_y|(x) is contained in V/,
and N Bjx_y|(y) C Uy follows from the usual exchange symmetry f < g.
For the second part of the lemma, we’ll assume x € QN OUy and y €
AN OV to derive a contradiction. The free boundary A N OV is C! by Remark
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6.5, and y —x is a positive multiple of the outward normal vector fiy (y) to the
active region V' at y. Now x, := x + riiy(y) parameterizes the line segment
from x to y. Setting y, := Vi(x,) we have QN Bix,—y,|(yr) C Uy for each
r > 0 small enough that x,, € Uy N 2. Since r = 0 is certainly small enough
and Be(xg) C 2 for some € > 0, we conclude r = € is also small enough because
Xe € QN Bix,—y,|(¥0) C Uy. On the other hand, monotonicity of V4 implies
0 < (xc — X0, Ye — Yo) = €(0y(y0), Ye — Yo). Now %, lies on the line segment
joining xg to yg, and y. # yo because V1) is a homeomorphism of Uy N onto
V' N A. In the halfspace {y € R" | (fiy(yo), y — Yo) > 0} containing y. # yo,
we see yq is the point closest to x.. Thus yg € B‘Xe_y5|(xe). Any point
y € ANV sufficiently close to yo must also belong to AN By, _y |(Xe) C V.
But this contradicts yg € AN IV as desired. QED.

COROLLARY 6.9 (INACTIVE REGION MAPS TO TARGET BOUNDARY). Take
Y, Uy, Q and A from Theorem 6.3. If z € Q\ QN Uy, then Vi)(z) € OA.

Proof: Theorem 6.3 asserts that Vi)(R") = A, with Vi)(y) =y on A\ Uy-
and V@E : QN Uy — ANUy- a homeomorphism. If the corollary failed to be
true, some z € Q \ QN Uy, would map to y := Vi(z) € A. We consider the
three possibilities (i) y € A\ Uy, (ii) y € ANUy-, and (iii) y € AN Uy, one
at a time. In case (i) convexity of ¢ implies V1) is constant on the line segment
|z, y[, which cannot happen since Vzﬁ is the identity map in a neighbourhood
of y. In case (ii), y = Vi(x) for some x € QN Uy; again Vi would be
constant on the segment |z, x|, which contradicts V) being a homeomorphism
near x. Finally, in case (iii) y = V¢)(x) for some x on the boundary of @ N Uy,
and x ¢ QNIU, by Lemma 6.8 and exchange symmetry x < y. Then
QN B, (x) C Uy for r > 0 sufficiently small, and VIZJ would be constant on the
segment |z, x[. Strict convexity of €2 forces this segment into Q2 hence into Uy,
contradicting that Vzﬁ is a homeomorphism on € N Uy,. The only conclusion
can be that the corollary is true: Vi)(z) € 9A. QED.

7. Bi-Holder estimates for maps and free normals

To quantify continuous differentiability of the potential 1 and the free
boundary through Holder derivative estimates, we exploit the renormalization
methods developed by Caffarelli to treat boundary regularity for data of convex
support in the complete transfer case m = || f||: = ||g||z: [16] [17]. However,
even for data of convex support, we cannot expect the free regions U, N €2 and
Uy- N A to be convex, which means new arguments are needed to localize the
situation before this method applies. In Caffarelli’s approach, convexity of the
domain and range play different roles. Domain convexity is used locally, to
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ensures the Monge-Ampere measure has a doubling property, while convexity
of the range is used globally, to ensure all Aleksandrov mass is accounted for,
so in the entire space the Monge-Ampeére measure has no singular part. In the
discussion below, convexity of A proves sufficient for the latter purpose. By
localizing the former property, we shall be able to quantify strict convexity of
1 up to the fixed boundary 0f2, and to any parts of the free boundary which
happen to be convex locally. Now recall Lemma 6.8, which states that free
boundary never maps to free boundary; in other words, the free boundary of
Uy-NA is parameterized by part of the fixed boundary of U, N§2. Thus showing
1 is p-uniformly convex (7.14) away from the free boundary of Uy, N €2 implies
Vp* is Holder continuous up to the free boundary 0Uy- N A, where it gives the
inward normal ng,. (y) = V¢*(y) —y. The usual exchange symmetry f < g
implies V1) too is Holder continuous up to the free boundary of its domain
Uy N, and bi-Holder up to those parts of the fixed boundary 02 which map
to points where the target set Uy- N A is convex.

To make this result precise, it is useful to distinguish certain types of
boundary points. A domain U C R" is called locally conver at x € R" if
U N Br(x) is a convex set for some ball of radius R > 0 around x. The
non-convex part of the free boundary is then a closed set denoted by

(7.1) OncUy = {x € QN Uy | QN Uy fails to be locally convex at x}.

We have not been able to quantify uniform convexity of the solution 1 at
such points. Also, we are not able to rule out the possibility of a tangential
intersection of the free with the fixed boundary, nor to prove Holder continuity
of the map or free normal at such intersections. Since they are distinguished
by method, we denote these non-transverse intersection points by

(7.2) O :={x €9QN NIV, | (Vih(x) —x, z) <0 for all z € Q}.

Here ¢ is the extension of ¢ from Theorem 6.3. Notice that when 99 is
differentiable at x € 9,2, then Vi/;(x) — x gives the outward normal to (2
by (7.2); it gives the inward normal to Uy by Remark 6.5. We define the
non-convex points 9,.Uy- and non-transverse intersections d,;A in the target
domain analogously.

Let us briefly review Caffarelli’s method, which develops dramatically from
ideas going back to Aleksandrov [4]. Given a convex function ¢ :— |—o00, o],
we associate to it a measure M, on R" — called the Monge-Ampére measure
— given by

(7.3) My (B) := vol [0y(B)]

for every Borel set B C R”. If ¢ is smooth and strictly convex, then

My (B) = /B det [D*)(x)] dx,
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which motivates the name, but M, is a Radon measure on the interior of
dom ) := {9 < 400} in any case; see e.g. Gutiérrez [45] or McCann [57, Lemma
4.1].

DEFINITION 7.1 (UNIVERSAL CONSTANT). For the purpose of this pa-
per, a universal constant is one which depends only on dimension n, and

[ 1og(f(x)/9(¥))|lL=(@xn)-

This unorthodox terminology is employed to highlight independence of
such constants on choice of solution %, data f and g, or domains Q, A C R",
except through

(7.4) —log do := [|10g(f(%)/9(¥))ll L= (@xa)-

When f and g are both characteristic functions, then §y = 1; if they are merely
continuous on there respective domains, dy is the lesser of infg f/sup, g and

infp g/ supq f.

LEMMA 7.2 (MASS LIVES IN ACTIVE DOMAIN AND INACTIVE TARGET).
Fiz data of convex support (f,g,h = k), and a weak-+ solution v to the obsta-
cle problem (4.8). Set Uy := {x € R" | ¢ > h}. The extension ¢ € C'(R")
of ¥ from Uy NQ to R™ given by Theorem 6.3 has a Monge-Ampére mea-
sure absolutely continuous with respect to Lebesgue, and whose Radon-Nikodym
derivative dM /dvol satisfies

1
(7.5) XA\U,- +doxenu, < dMg/dvol < xap,. + 3, Xonu,

for the universal constant 69 > 0 of (7.4).

Proof: Theorem 6.3 extends the hoEneomorphism V@/l: QNUy — ANUy- to
the identity map on A\Uy-, with V¢(R"™) = A and Vi (fxu, +9(1—xuv,.)) =
g. Since dY(R™) C A we have My (B) = pldY(B)] with p = vol [y. This means
MzL = Voup is the push-forward of p through the gradient of the Legendre
transform ¢ of 1 [67, Lemma 4.1]. From

Lo
HaHLw(A)p <g < |lgllL=yp

1, _
||?HL010(Q)XQ << fllz=@)xa
we find
=My < |[1/gllp~a) Vozg,

whence Voug = fxu, + 9(1 — xv,.) implies (7.5), but with the universal
constant dg multiplying both terms on the left and dividing both terms on the
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right. Since V¢(y) =y on A\Uy- we conclude that the coefficients multiplying
XA\U,. are unnecessary. QED.

DEFINITION 7.3 (CONVEX BODIES AND HOMOTHETY). A bounded con-
vex set Z C R™ with non-empty interior is called a convex body. The barycen-
ter z of Z always refers to its center of mass with respect to Lebesgue volume.
Fort>0,tZ:=(1—-t)z+tZ={xe€R"|x—z=1t(y —z) for some y € Z}
denotes the dilation of Z by a factor of t around its center of mass z.

DEFINITION 7.4 (AFFINE DOUBLING). A Borel measure p on R™ dou-
bles affinely on X C R" if there exists § > 0 such that each point x € X has a
neighbourhood Nyx C R™ on which i is a Radon measure, and each convex body
Z C Ny with barycenter in X satisfies p[3-Z] > 6*u[Z]. We call § the doubling
constant of u on X, and Nx the doubling neighbourhood of u around x.

LEMMA 7.5 (MA MEASURE DOUBLES AWAY FROM NON-CONVEXITIES).
Fiz data of convex support (f,g,h = k), and a weak-x solution 1 to the
obstacle problem (4.3). The extension U € CY(R") of ¥ in Theorem 6.3
has a Monge-Ampére measure MJ) which doubles affinely on QN Uy \ OncUy
with Uy := {x € R" | ¢ > h} and 0n .Uy as in (7.1). The doubling constant
§ = 2728y is universal (7.4), while any ball Ny = Br(x) whose intersection

with (2N Uy) U (A\ Uy-) is convex forms a doubling neighbourhood around x.

Proof: For x € X := QNUy \ 0,.Uy there exists R > 0 small enough that
Bpr(x) is disjoint from A \ Uy~ and the intersection W = QN Uy N Br(x) is
convex. For any convex body Z C Br(x) we therefore have

(7.6) Sovol [W 1 2] < M, [Z]
(7.7) < Leoiwnz
do

from (7.5). Now the remainder of the argument follows [17, Lemma 2.3].
Indeed, suppose the barycenter z of Z lies in X, a fortiori in W, and let
z = 0 without loss of generality. Define the (not necessarily convex) cone
K:={Xx€e€R"|A>0, x € WnNJ[} -Z]} with vertex at z = 0. Convexity of
W and Z imply KN$Z C WN4Z whereas WN(Z\4Z) C KN(Z\%Z). These
two inclusions combine with (7.7) and (7.6) to imply the doubling property

SoM;[Z] <vol [W N 3-Z] +vol [K N (Z )\ 5-2)]

=vol[WnN3-Z]+ (2" — 1)vol [K N }-Z]
<2"vol [W N 3-Z]
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of M¢ on X. QED.

As a final ingredient before the method applies, we must be able to isolate
the behaviour of convex function ¢ near any locally convex point z € QN Uy \
OncUy by choosing a centered affine section

(7.8) Zo(z) = ZP(z) == {x € R" | §(x) < € +9(2) + (ve, x — z)}.

Here € > 0, and v. € R"” is chosen to ensure that z is the barycenter of the
bounded set Z.(z); such a choice is unique according to Theorems A.T-A8;

see also [16] [17]. The superscript ¢ in Z¢ (z) is often omitted, and used only
to clarify ambiguities when several convex functions are being discussed.

The basic result we will use to quantify strict convexity is a local version
of Caffarelli’s fundamental lemma [16, Lemma 4] [18, Lemma 2.2], adapted to
the situation at hand. For completeness, we recall the proof; the figures from
[18] may be helpful. An alternate approach to Caffarelli’s result may be found
in Gutiérrez and Huang [46].

LEMMA 7.6 (GEOMETRIC DECAY OF SECTIONS). Given 0 < ¢t <t <1
and § > 0, there exists so(t,t) € 0, 1] (depending only on t,t,d, and dimension
n), such that whenever Z.(x) is a fized section centered at x € X := spt My, of
a convez function ¢ : R" — |—o00, 00| whose Monge-Ampére measure satisfies
the doubling condition

(7.9) Mw[% +Zse(z)] > 52M¢ [Zse(2)]

for all s € [0,1] and all z in the conver set X N Z¢(x), then z € X Nt - Z(x)
implies Zs(z) C t- Z(x) for all s < so(t,1).

Proof: Fix 0 < ¢t < 1 and § > 0. It suffices to show there exists so(t) >
0 and tp < 1, both depending only on n, § and ¢, such that: whenever a
convex function ¥ : R" — ]—00, c0] admits a section Z.(x) centered at x €
X := spt My, such that X N Z,(x) is convex, and the doubling condition (7.9)
holds for all s € [0,1] and z € X N Z,(x), then z € X Nt - Z.(x) implies
Zse(z) C to- Ze(x) for all s < sp(t). Once this intermediate claim is proved,
we see convexity of X N Zg(xp) follows from that of X N Z,(x) for any new
center xg € X Nt - Z(x) and height se with s < sg(t), as does the doubling
property (7.9) for all z € X N Zs(xp). Thus the intermediate claim implies
Zsze(XO) Cto: ZSE(X()), and Similarly, ZSkE(XO) Cto- Zskqe(X()) C t’g_l . ZSE(X())
for each integer k > 1 by induction. Since ¢y < 1, the sections Zgx(xg) shrink
to their common center xg € t - Z.(x), so for any ¢ > ¢ taking k = k(¢,t) large
enough ensures tF ' - Z(x0) C - Ze(x). Choosing so(t,t) := s(t)*®"H) then
completes the lemma. We can take k(¢,¢) to depend on ¢,¢ and ¢y, but not
on the geometry of the sections, by using affine invariance of the geometry
and Lemma A.3 to assume Z = Z.(x) has center of mass at the origin, and
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B1(0) C Z C B,3/2(0) without loss of generality. This yields k(t,t) via an
upper bound on the distance separating tZ from R"™ \ ({¢Z), and a lower
bound on the distance separating tZ from R™\ (tZ).

The intermediate claim will be argued by contradiction. If it fails to be
true, then for some fixed § > 0 and t € [0, 1], there is a fortiori a sequence of
convex functions ¢ : R" — ]—00,oc], and centered affine sections Z,(0)
with Xy N Z¢1)(0) convex, on which the doubling condition (7.9) is satisfied
with Xy := spt My, , and points z, € X}, Nt - Z.4)(0) such that Z ) /p(zx) is
not contained in (1 — 1/k) - Z;)(0). Since the hypothesis and conclusion of
the lemma are invariant under pre-composition of ¥ with an affine function,
and post-multiplication of 1, by a positive scalar, it costs no loss of generality
to assume the normalizations B1(0) C Z;)(0) C Bys2(0) for each k, and
My, [Zx)(0)] = 1. Furthermore, subtracting an affine function allows us to
assume Z()(0) = {x | ¥(x) < 0}.

Using Blaschke’s theorem together with Lemma A.4, we extract a limiting
convex function 1o : R" — ]—00,00|] from a subsequence, and a section
Soo = {x | oo < 0} containing B1(0) and contained in B,;s/2(0), with center
of mass at the origin. We have 1s(0) = limy .~ €(k) bounded above and
below by constants depending only on n and § > 0, while Lemma A.1 implies
1o vanishes uniformly as the boundary of S is approached from the interior.
Now the height of the sections Z)/,(2x) tends to zero like 1/k. Since these
sections extend beyond (1 —1/k) - Z.)(0) from their centers in tZ)(0), the
graph of ¥, must coincide with an affine function Ly, on a set K which extends
from zo, € tZo t0 Yoo € 0Z, Where zo, and y, are subsequential limits of
the z; and points yx, € Ze)/k(2zr) N O(1 — 1/k) - Z4)(0) respectively. Since
the sections are roughly balanced around their barycenters zg, there is also a
point Yoo € K with zeo = a¥eo + (1 — a)yee and a™' € [1 +n3/2,n%/2 4 1].

Now pick a point X, which minimizes ¥, on K,

(7.10) P(Xoo) = min oo (x) < 0,
xeK

and which is extremal in the convex set K N {x | ¢(x) = 1)(Xx0)} of such min-
imizers. It follows that Xoo € Zs from (7.10) and is extremal in the graph of
oo. Corollary A.2 then implies x lies in X := spt M,_. Since My, coin-
cides with the weak-* limit of the Monge-Ampere measures My, as in Gutiérrez
[45], we can find x) € X}, N Z4)(0) converging to x. We also note

(7.11) P(Xoo) < (14 h)Yoo(Zoo)
(7.12) <-h

for some h > 0 depending on 1 — ¢, which keeps X, and z., separated.

Fix n,0 > 0 small, to be specified later, independent of k. Consider the
affine sections Z,(x)(wWx) = {x | ¥y, < Li} centered at the convex combination
wi = (1—n)xp+nzi. Their centers wy, lie near xj, since 7 is small, belong to the
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convex set XpNZ(1)(0), and approach We, = (1—7)Xoo +12Zeo as k — co. Thus
MaXyecz, . (w,) Lk — Pk)(X) remains comparable to o as k — oo, according to
Lemma A.4. Consider the segment I, = [pg,qx] obtained by intersecting
Zge(k)(Wi) with the line through z, and x;. Assume ¥y (px) > ¥r(qx), so
that pi denotes the upper and q the lower end of this segment. The segment
must be roughly balanced around the section’s center of mass wp = arpr +
(1 —ak)qk, with a,;l € [14+n=3/2 n3/2 £ 1]. Extracting subsequences as usual,
the limit & — oo yields a segment I? = [p?, q“], possibly (semi-)infinite, with
Woo = aooP? + (1 — ax)q?, and an affine function L7 = limy Ly such that
Yoo < L7 < P + Co on 19 N Zy, and

(7.13) (L7 = Yo0)(Weo) ~ O

as ¢ — 0. Observe that for ¢ > 0 small, the lower endpoint q° must lie
in Zs. Indeed, v differs from Lj by a quantity of order o along I; if I
crosses Zo, completely then L7 must be non-negative along I, and ¢, > —Co,
which contradicts (7.12) when o is small, since xo, € [ in this case. Since
I}, is roughly balanced, p, remains bounded, but can be outside Z.,. Also,
(L7 = o0) (1 = )Woo + tq%) < C(1 —t)"/" tends to zero as t — 1, according
to Lemma A.1.

We claim q% — X4 as 0 | 0, and p° € K for small enough o > 0. Let q°
and p° denote accumulation points of q° and of p? in this limit. Clearly the
interior of the segment [qo, po] around w,, where 1, is affine, cannot contain
the extremal point Xo. Since I7 = [q?,p?] and [Xoo,Zoo) are collinear and
parallel, q@° € [Xoo, Woo]. For 1 > 0 sufficiently small, rough balancing of I¢
around wWeo, = (1 —7)Xoo +NZso then forces the upper end p? € [Woo, Zoo] when
o is small. In that case p° € K and L° = Lo, = 1)~ agree at p°. Furthermore,
4’ & [Xco, Zoo), since otherwise 17 C K would force L7 = Lo, = 1) and violate
(7.13). Therefore X, = q" = limy|0q?. Since the difference L7 — Lo > 0
dwindles to zero along the segment 9, as we move from q° through x,, and
then z,, to p?, we find

(L7 = Yoo) (Xe0)

(L7 = Loo)(%c0)

(L7 -

(L7 -

On the other hand, xo = (1 — )W + tq? with t =t(0) — 1 as 0 — 0. Thus
(L7 = oo ) (%00) < C(1 — t(‘7>)1/n‘7 = o0(0),

v

Loo)(Woo)
Voo)(Woeo) ~ 0.

a contradiction which completes the proof. QED.

COROLLARY 7.7. Under the hypotheses of Lemma 7.6, we find Zg..(x) C
th . Z.(x) for all s < s0(0,%), t €]0,1[, and integers k > 0.
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Note that we can recover the central results of the preceding section
directly from the conclusions of these lemmas in the complete transfer case
m = || f]l1 = ||g]|1, thereby avoiding the main argument of [15].

COROLLARY 7.8 (COMPLETE TRANSFER INJECTS). Fiz data (f,g,h) of
convez support = int [spt f] and A = int [sptg]. If ¥ is a weak-* solution
to the obstacle problem (4.1) with Q C Uy := {x | ¥ > h} and A C Uy~, then
P Q0 — R is strictly convex.

Proof: Let ¢) : R” — R extend ¢ from Q to all of R™, with 94(R") C A.
To produce a contradiction, suppose 1; is affine along a segment containing
zo € () in its relative interior. The Monge-Ampeére measure M 3 is doubling on
Q, with doubling neighbourhood R™, by the conclusion of Lemma 7.5. Thus
Lemma 7.6 applies to the section Z(zg) centered at zy for each € > 0. The
section Z(zg) contains a segment [z_1,z1] around zg = (z4; +z_1)/2 along
which 1 is affine. Choosing ¢ €]0,1[ small enough, ensures z+; & t - Z(zo).
Thus s < s¢(0,¢) from the preceding lemma yields z41 &€ Zs(z0). But then
the affine function L : R™ — R defining Zs(z0) := {x | ¥ < L} must be less
than the affine restriction of ¢ to the entire segment [z_1,21], contradicting
zo € Zse(zg). We conclude strict convexity of 1/? on ). QED.

This fundamental lemma will shortly be used to show that solutions to
our Monge-Ampere obstacle problem are p-uniformly convex, up to the fixed
boundary.

DEFINITION 7.9 (p-UNIFORM CONVEXITY). Fizp > 2 and a domain §2 C
R™. A locally Lipschitz function i : Q@ — R, is p-uniformly conver on 2 if
there ewists k < oo such that all points of differentiability x,x’ € Q N dom Vi
satisfy

(7.14) (Vip(x) — Vip(x), x — x') > k1 7P|x — x/|P.

Since p-uniform convexity quantifies injectivity of the map y = Vi (x),
the following standard result provides the desired modulus of continuity for
the inverse map x = Vi~ !(y).

REMARK 7.10 (HOLDER INVERSE MAP). If a convez function ) : R" —
|—00, 00| is p-uniformly convex on the domain Q@ C domw for some p > 2,
its Legendre transform ¢* € CY*(Q*) has a Hélder continuous gradient on
OF = 0Y(R2), with Hélder exponent oo = 1/(p — 1) and Hélder constant k given

by (7.14).

To prove our main theorem requires one more lemma, asserting that the
lowest sections converge to a point {z} = lim._,o Z¢(z) in Hausdorff distance.
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LEMMA 7.11 (UNIFORM LOCALIZATION). Fiz data (f,g,h = k) of con-
vex support Q := int[spt f] and A := int[sptg]. Let ) € C'(R") be the
differentiable extension from Theorem 6.3 of a weak-x solution ¢ to the ob-
stacle problem (4.1). Define its centered affine sections Z.(z) as in (7.8).
Set Uy == {xe€R"[¢Y >h}. For R > 0 taking ¢ > 0 small enough im-
plies Z¢,(z) C Br(z) for all z € QN Uy such that Br(z) contains no preim-
ages Xpi := QN Uy N Vd;_l(ﬁmA) of tangential intersections of free with fized
boundary (7.2).

Proof: To produce a contradiction, suppose for some R > 0 there exists
a sequence z¥ € QN U, with Bg(z") disjoint from X,,; and e(k) — 0 such
that Z (z*) ¢ Br(z"*). Extracting a subsequence if necessary yields a limit
z" — 2> with the open ball Bp(z™) still disjoint from X,;. Translating all
of the data by Vi(z®), it costs no generality to assume Vi)(z®°) = 0, so
that ¢ achieves its minimum value at z>°. Since V¢)(R") = A is bounded
in Theorem 6.3, and each section (7.8) is bounded, the slope ve(k)(zk) of the
affine function defining Ze(k)(zk) must lie in A. Extracting another subse-
quence ensures that these slopes converge to a limit vy, (z%) — v € A,
while the sections Z ) (z*) converge locally in Hausdorff distance to a closed
convex set Zo, C R™ (by the Blaschke selection theorem [73]). Define Z,,ip, =
argminy := {x € R" | i(x) = ¢(2)}.

Claim #1: Zso C Zmin, and contains a segment L of length 2R/« centered
o0

Proof of claim: Setting Zy == {x | ¥(x) < ¥(2°) + (Veo, x —2°)} and
taking the limit £ — oo in the definition (7.8) of the k-th section yields Zo, C
Zy. Since centered affine sections are convex bodies, John’s Lemma A.3 implies
22 =X/ € Zno if 2° 4% € Zoo. Now 9)(x) > 1h(2>) implies Zg lies on one side
0 < (Veo, x — 2%) of a hyperplane through z* unless v, = 0. In either case
Zso C Zy — being roughly balanced around z* — lies in z*° + {VOO}J_, the
subspace orthogonal to v,. The inequality @(x) > @(z‘”) becomes an equality
on ZgNz™> + {VOO}L, thus Zoo C ZgNz™ + {Voo}L C Zmin as desired. Finally,
since the convex set Zo, ¢ Bgr(z), it must contain a segment of length 2R/«
centered at z°°. End of claim.

Clearly Vi)(x) = 0 throughout the set Zyi, where ¢ is minimized. The-
orem 6.3 asserts V@ZNJ : QNUy — ANUy- is homeomorphic, so Z;, cannot
intersect the active domain except at the single point z°°. Thus z*° must lie
on the boundary of Q N Uy, with the rest of the segment L (and indeed all of
Zmin) outside it. We shall need to locate the exposed points of the closed con-
vex set Zpmin. Recall a point p € Zp is exposed if some hyperplane touches
Zmin only at p.

Claim #2: The exposed points of Z,,;, lie in the support of the Monge-
Ampere measure M e

at z
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Proof of claim: Let p be an exposed point of Z,,;,. Then some affine
function A(x) = (01, x — p) takes negative values on Z,,;n \ {p}. Given r > 0,
we claim § > 0 sufficiently small ensures the convex section

(7.15) S5 = {x € R" | {(x) < 9(p) + 0A(x) + 6}

lies in B,(p). If not, there exists a positive sequence 6(j) — 0 with x; €
Ss(jy \ Br(p). Since Sj(;y forms a convex neighbourhood of p, it costs no
generality to take x; € 0B,(p), whence a subsequence — also denoted x;
— converges to some Xo, € Br(p). Taking a limit in the equality (7.15)
which defines x; € Sj(;) shows V(Xo0) < P(p). Thus Xee € Zmin N OB, (P)
and A(Xxs) < 0. Taking j large enough yields A(x;) < A(x)/2 < 0 and
() < —A(Xo0)/2. Inequality (7.15) then asserts 1(x;) < ¥(p), contradicting
P € Zpmin. The only logical escape is S5 C B,(p) for § sufficiently small.
Corollary A.2 shows M [Ss] > 0. Since B,(p) can be taken arbitrarily small,
we conclude p € spt MJ, as desired. End of claim.

Claim #2 combines with (7.5) to show all exposed points of Z,;, lie
in QNUy or ANUy-. The segment L of Claim #1 shows the sole point
z%° € Zmin N2 N Uy cannot be exposed in Zyy,y,, so all exposed points of Z,;,

are contained in the compact convex set A. Being limits of exposed points,
the extreme points of Z, also lie in A according to Straszewicz’ theorem
[68, §18.6]. Here extreme means p € Zp, cannot be expressed as a convex
combination p = (1 — A\)pg + Ap1 of points po, P1 € Zmin with A € ]0, 1[ unless
po = p1. Similarly, a direction q in the recession cone rc[Zpin] := limy o AZmin
is extreme if @ = (1 — A\)qp + Aq; with A € ]0, 1] forces qgp to be non-negative
scalar multiple of q; or vice versa.

A variation of Minkowksi’s theorem given by Rockafellar [68, §18.5] asserts
that any closed convex set which does not contain a full line, can be expressed
as the convex hull of its extreme points plus its extreme directions: Z,,;, =
conv ext [Zmin] + 1¢[Zmin]. Note that Z,,;, does not contain a full line, since
this would limit the dimension of {¢* < 0o} to n — 1, violating Vi)(R") = A.
Thus z* = p + q where p € A and q € r¢(Z,,3,). Observe that q # 0 since
z® € Q) lies a positive distance from A by hypothesis. Thus Z,,;, contains a
half-line in direction q; let us choose coordinates in which q parallels, say, the
negative z,-axis. Gradient monotonicity then forces 91 /0x, > 0 throughout
R", so that A = Vq/;(R") must lie in the upper halfspace xz,, > 0. Thus A
has ny/(0) = —e,, as an outer normal at Vzﬁ(zo") =0 € ANUy-. Two cases
remain to consider: either (a) Vi(z>) = 0 lies on the free boundary A 10U,
(b) or not. We address the second case first.

Case (b): 0 ¢ AN OUy- (not a free boundary point). In this case there is
a small ball B5(0) which does not intersect the free boundary A N OUy-«. For
any y € AN Bs(0), the segment joining 0 to y will lie in the non-empty convex
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set AN Bs(0) C AN Uy For A €]0,1[, monotonicity then yields

NV (\y) —p,y —0) >0,

from which we recover (z*° — p, y) > 0 in the limit A\ | 0. Since q =2z*° —p
parallels the negative x,-axis, this contradicts the fact that y € A C {z;,, > 0}
lies in the upper halfspace.

Case (a): 0 € ANOUy- (at the intersection of the fixed with the free
boundary). Since z®° & X, (7.2) asserts z° = z*° — Vi)(z*) is not an
outward normal to A at 0. It follows that the intersection A N B ~|(z%) is
non-empty; it is manifestly convex, and contained in A N Uy- according to
Lemma 6.8. For a line segment joining 0 to y € A N Bj,~|(z*), the argument
of case (b) now yields the same contradiction. The conclusion must be that
for eg > 0 small enough, Z, (z) C Br(z) as desired. QED.

REMARK 7.12. If O\ is empty, the constant €y(¢, R) of the preceding
lemma can be shown to depend on 1 only through the coarse geometrical pa-
rameters of the problem: the distance separating the convex domains €1 and
A and their inner and outer radii, the universal constant 8o of (7.4), and the
minimal angle separating the free inward normal from the fixed outward nor-
mal among points of intersection OAN AN OUy- between the target’s fived and
the free boundaries. This is established by repeating the proof given above,
for any sequence of data (fx,gr,h) and solutions 1y, sharing the same coarse
parameters, thus permitting extraction of a subsequential limit.

THEOREM 7.13 (p-UNIFORM CONVEXITY ALONG CONVEX BOUDARIES).

Fiz data (f,g,h) of convex support Q := int [spt f] and A := int [spt g]. For a
weak-x solution 1 to the obstacle problem (4.1), let Uy = {x € R" [ > h}.
Given R > 0 and x € QN Uy, ¢ will be p-uniformly convex (7.17) on QN
Uy N By 2(x) if Bar(x) is disjoint from AU Xy and has convex intersection
with QN Uy, where €9 = €o(¢, R), Xpe, and r = Bey™? /R are from Lem-
mas 7.11 and A.5. The convezity exponent p = log so(0,t)/logt from Lemma
7.6 is universal, as is the constant k times (eg/RP)Y/ =1,

Proof: Fix R > 0, and x € Q2N Uy, such that Bygr(x) is disjoint from A U X
and has convex intersection with © N Uy,. Extend v to ¢ € CY(R") as in
Theorem 6.3. According to Lemma 7.5, the Monge-Ampere measure M 3 has
a doubling neighbourhood Bpr(z) around each z € QN Uy N Br(x), where it
doubles affinely with a universal constant. Set X = spt M b= QN URUAN\ Uy,
from Lemma 7.2. Since Q N Uy N Bagr(x) is hypothesized to be convex, so is
XN BR(Z) =QnN U¢ N BR(Z).

Choose ¢y > 0 and r = ﬂeo’”‘/Q/R”*1 from Lemmas 7.11 and A.5 to ensure
B.(z) C Z.,(z) and Z,. (z) C Bg(z) for all z € XN Bg(x) and s € ]0,1]. Since
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Bp(z) is an affine doubling neighbourhood for M ; around z € X N Bg(x), and
the sets X N Zg,(z) are all convex, we are in a position to apply Lemma 7.6.
As in [18, Corollary 2.3], our first goal is to deduce the following expression of
strict convexity.

Claim #1: Fix t € ]0,1[ so that t/(1 —t) > n3/? =: a and the correspond-
ing so(t,1) from Lemma 7.6; here o denotes F. John’s (universal) balancing
constant (Lemma A.3). Every € € 10, ¢], z0 € XNBr(x) and z1 € X N9IZ(zp)
satisfy

(7.16) Y(z1) > ¥(zo0) + (VY (20), 21 — 20) + €so(t, 1)/t

Proof of claim: Translating the data (f,g), it costs no loss of generality to
assume V)(zg) = 0. Now z; := (1 —1t)zg+1tz1 € t- Z(zp), where t/(1—t) > «
is still fixed as above. Thus Zg (z;) C Z.(z0) by Lemma 7.6 (and A.8),
with sg = so(t,1). In particular, z; € 0Z.(z¢) cannot be an interior point
of Zs,e(z¢); nor can zg, for our choice of ¢t would then force z; also to be an

interior point (since the affine section Zs ((z:) = {¢ < L} is roughly balanced
around its center z;). If L(y) is the affine function defining this section, we
know L(zg) < 1(2zo) and L(z1) < 1(z1), but L(z¢) = ¢(z¢) + soe > (zo) + soe€
since V1)(zp) = 0. Along the segment joining zg to z, the slope of L is at least
so€/|z¢ — zo|; by the time it reaches z;, this linear function will have attained
a value L(z1) > L(z¢) + |21 — z¢|so€/|z: — zo|. The desired estimate follows:

Y(z1) > L(z1) > L(z) + soe > 9(zo) + so€/t.
End of claim.
Our next claim completes the proof of the theorem:
Claim #2: Given t €]0,1[, take s0(0,?) from Lemma 7.6. Then every
20,21 € X N B, j5(x) satisfy
(7.17)

_ log 50 (0,%)
50((0671 + 1)71, 1) <t’Z1 — Z0|> log ¢

<V¢(Z1) - V¢(Z0)a Z] — Z0> 2 €0 (04_1 + 1)_1 R

Proof of claim: Given zg,z1 € XNB, j5(x), we have z1 € B.(2z0) C Z,(20).
We assume z; # zg, since otherwise there is nothing to prove. The centered
affine sections Z,(zo) vary continuously with ¢y, and they tend to zg in the
limit €9 — 0, according to Lemmas 7.11 and A.8. Thus there exists some € < ¢
such that z; € 0Z.(z¢). Summing 1(z¢) > (z1) + (V(21), 2o — z1) with the
conclusion (7.16) of Claim #1 yields

(7.18) (V(z1) — Vp(20), 21 — zo) > €sp(t, 1)/t.

with ¢ = (a=! 4+ 1)7!. It remains to show ¢ dominates a certain power of
|Z0 — Z1|.
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Recall s < s0(0,)F implies Zg,(z0) C ¥ - Z,(2o) for all k € N from
Corollary 7.7. Set s = €/€p, and let k > 0 be the integer satisfying logks)% €

[k,k 4+ 1[. Then s < s0(0,)*, and since z; € 0Zs,(2z0) C t* - Z,(z) we find

__ logs
|21 — 20| ST 000 ' max |z — 2|
ZEBZEO (Zo)

log t _
S g log 50(0,%) R/t'

Recalling s = €/ep, this combines with (7.18) to complete claim (7.17) and the
theorem. End of Claim. QED.

Holder continuity of the map V@Z up to the free boundary 2N oU,;, follows
from Remark 7.10. By exchange symmetry f(x) < ¢(y), it is equivalent to
show Hélder continuity of the inverse map Vi* up to A N OUy-; in fact we
show Holder continuity of Vi* globally, away from the image V&(&TLCUM of
any nonconvexities on the first free boundary, and from any points d,:Awhere
the second free and fixed boundaries intersect tangentially.

COROLLARY 7.14 (HOLDER CONTINUOUS MAP UP TO FREE BOUNDARY).
Fiz data (f,g,h = k) of convex support Q@ = int [spt f] and A = int [spt g].
Set Uy = {x € R" | ¥ > h}, where ¢ is a weak-x solution to the obstacle
problem (4.1). Then the Legendre transform of v is Holder differentiable
(RS Cllo’g (ANUy- \ F) away from F = 0 (0ncUyp) U A C R™\ A, with

a=1/(p—1) universal from Theorem 7.183.

Proof: Let ¢ € C* (R™) extend 1 as in Theorem 6.3, so that Vi QN Uy —
ANUy- is a homeomorphism. Any y € AN Uy \ F is the image y = Vi)(x)
of some x € Q2N Uy which lies in a ball Byr(x) whose intersection with the
active domain 2 N Uy is convex. Taking R > 0 smaller if necessary ensures
Bor(x) disjoint from X, := QN Uy N V@fl(aml\). Theorem 7.13 provides
a neighbourhood X := B, j5(x) N Q2N Uy on whose interior ¢ is p-uniformly
convex, with p universal. Thus the gradient of 1* is Holder continuous with
exponent o = 1/(p — 1), on the interior (hence on the closure) of the neigh-
bourhood VMNJ(X) of y relatively open in A N Uy-, according to Remark 7.10.
QED.

A final corollary shows that the normal to the free boundary is Holder
continuous in the interior of 2 — and up to those points of 92 where the
fixed and free boundaries intersect transversally, and which do not map to
non-locally-convex intersection points OA N 0,.Uy~ of the target’s fixed and
free boundaries.

COROLLARY 7.15 (HOLDER CONTINUITY OF FREE BOUNDARY NORMAL).
Fiz data (f,g,h = k) of convex support = int [spt f] and A = int [spt g]. Let
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Y e CY(R™) from Theorem 6.3 extend a weak-* solution v to the obstacle prob-
lem (4.1), and set Uy = {x | 1 > h}. Then the normal ny, (x) = x— Vi (x) to
the free boundary is Hélder continuous: iy, :=ny, /|ny,| € chen oUy) N

loc

che (Q NoUy \ E) where E := Vi~ ! (OA N OncUy ) U082 is defined by (7.1)-

loc

(7.2).

Proof: From Corollary 7.14 and the exchange symmetry f(x) < g(y), we infer
the gradient of ¢ is Holder continuous on compact subsets of (N oUy, disjoint
from 9,,Q U Vi1 (OncUyp+). According to Lemma 6.8, 2 N 0Uy is disjoint
from V=1 (AN OUy-); similarly @100, is disjoint from Vip~! (AN Uy ).
Since Op Uy~ C AN AUy~ we conclude the map V& is Holder continuous on
the free boundary outside of £. The outer normal ny, (x) = x — Vip(x) to the
free domain was identified in Remark 6.5; it is non-vanishing by the positive
separation hypothesized for €2 and A. Thus the corollary is established. QED.

A. Background estimates for centered sections

This appendix is devoted to recalling and refining some central aspects
of Caffarelli’s C1® regularity theory for the Monge-Ampere equation [16]. In
particular we show that the centered affine section (7.8) of height e above
any point (x,1(x)) in the graph of a convex function is uniquely defined and
depends continuously on € provided x € int [dom] . The central estimates
concerning such sections are also recalled. We use w, = [S""!| to denote the
(n — 1)-dimensional area of the unit sphere in R"™.

LEMMA A.1 (ALEKSANDROV ESTIMATE AND LOWER BARRIER). If ¢ :
R" — ]—00,00] is conver, lower semi-continuous, and x € Z := {1 <0} C

Br(0), then

n(2R)" 1

n—1

1/n
(A1) 6 2 - (Mul2) ditor(x))

Proof: Compare 1 with a cone v with vertex at (x,1(x)) sharing the same
zero set 0Z. Then

OV(Z) > 00(x) D Bss (0) U {W(")e}

2R dist YA (X)

for some unit vector € € R™. Since the last set contains a right circular cone
of volume (Base)(height)/n we estimate

My(Z) > vol [9u(x)] > =t (—zb(x))“ <_¢(x)>

n 2R dist 5z (x)
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to conclude the proof. QED.

COROLLARY A.2 (BOUNDED SECTIONS HAVE POSITIVE MA MASS). Let
P : R" — |—00,00] be proper and convex, with S = {x | (x) < (v, X) + €}
bounded and non-empty for some v.e€ R" and e € R. Then My(S) > 0.

Proof: Let z € S and apply the lemma to the convex function P(x) =
P(x) — (v, x) — €, so My, = M; and Z = S. Since ¥(z) < 0 we conclude
My(Z) > 0in (A.1). QED.

The next lemma is a version of a theorem by Fritz John [47], adapted
to ellipsoids with fixed center of mass. The sharp constant o = n3/2 for this
version may be found in Gutiérrez [45], where much of this theory is described.

LEMMA A.3 (NORMALIZATION OF CONVEX BODIES [16, LEMMA 2]). There
is a universal constant o > n, such that each bounded convex domain 2 C R"
with barycenter at the origin contains an ellipsoid E C ), also centered at the
origin, whose dilation by o = n*/? encloses Q C a-E.

LEMMA A.4 (DOUBLING PROPERTY IMPLIES UPPER BARRIER). Suppose
P R — ]—00,00| converx, lower semi-continuous, attains its minimum
value at'y. If Z := {4 < 0} is a bounded set with positive volume and O as
its barycenter, then 1 < 9 (y)/¢¥(0) < o+ 1 where o = a(n) is the balanc-
ing constant of Lemma A.3. Moreover, the doubling condition (A.3) on the
Monge-Ampére measure My, provides 6 > 0 for which

(A.2) c < vol (Z)My(2) /[ (y)[" < C/6?

where the constants ¢ = w,_1w,/(n2"1a) and C = o™ 2c depend on dimen-
siton only.

Proof: Since both conclusions are invariant under ¢ — 1 o T, when T'(x) is
an affine unit-determinant transformation, Lemma A.3 allows us to assume

B.r(0) C Z C B,2-(0)

for some r > 0 without loss of generality. The estimate dist (Z/a? R\ Z) >
(a — 1)r then yields |V (x)| < [¢(y)|/(a — 1)r for all x € Z/a?. Thus

a2 Wn |¢(y)‘n
M1/’ (Z/ ) < (a _ 1)n rn

On the other hand, the preceding lemma yields

w1 |P(y)l"

My(Z) >
o) 2 T B dist o (y)
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with R = a?r. If for some ¢ > 0 we have the doubling property

W02 Wn—1

WMw(Z) <

(A.3) < T

My(Z/0?)

then er < dist 9z(y) < a®r and hence |1(y)| ~ rMy(Z)Y/™ as desired. In fact,
(A.2) holds with ¢ = wy,—1w,/(n2" ta) and C' = o™ 2¢. Since Z is star-shaped
around y, expressing 0 = (1 — t)x + ty as a convex combination of y and a
boundary point x € 9Z yields 1(0) < 0+ t(y). Now |x| > ar but |y| < o?r
yields (1 —t)/t < a, hence 7! < a + 1. Since ¥(y) is a minimum, we have
1 <9(y)/¥(0) <t~ ! as desired. QED.

The preceding lemma asserts not only that the maximum height of a
convex function over any affine section is comparable to its height at the
barycenter, but that, as for a parabola, the section volume corresponds to
the 5th power of this height, provided only that the Monge-Ampere measure
of the section is comparable to its volume, and doubles affinely around its
barycenter. Since the two latter properties can be deduced when v satisfies a
Monge-Ampere equation with appropriate right hand side, this already hints
at a regularity theory. The next lemma refines this observation to show that
a sequence of sections at any given height cannot become arbitrarily thin, un-
less they simultaneously become arbitrarily long. At a given height, bounded
sections therefore have bounded eccentricity.

LEMMA A.5 (SECTIONS DEGENERATE DOUBLY OR NOT AT ALL). Fizey >
0 and a proper convex function ¢ : R" — |—00,00]. Suppose v € R"™ yields a
section Z = Z¢(z) = {x € R" | (x) < ¢(z) + (v, x — z) + €} with barycen-
ter at z € int [dom]. If vol[Z] > SoMy[Z] for some 6o > 0, then there is a
(universal) constant B := (c6o)'/?/(wpa™) such that Z.,(z) C Bgr(z) implies
Bieyrrogir (2) C Zeo(2).

Proof: Without loss of generality set z = 0 so that Z = Z,(0) is a section of
the convex function v with height ey > 0 over its barycenter 0 € int [dom ).
Since the height of the section is at least €, from vol [Z] > 6gM[Z] and (A.2)
we recover

(A.4) cep” < vol [Z]? /d;

for this lower bound we do not need the doubling condition (A.3), as evidenced
by the absence of 6. According to (John’s) Lemma A.3, there is an ellipsoid
centered at the origin with £ C Z C aF. The principle axes of this ellipsoid
have lengths a1 < as < --- <a, < Rif Z C Bg(0), so the volume of Z C aF
can be estimated by

vol [Z] < wpa1 RV o™,
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Combined with (A.4) this yields the desired bound a; > \/(cdoe™)/(wpa™ R 1) =
Beg™? /R, QED.

It is not hard to rule out the possibility of a sequence of centered sections
becoming doubly infinite using the following remark. Some of the work con-
cerning Hoélder estimates will be devoted to ruling out limiting sections which
contain only a half-line.

REMARK A.6. The subgradient image OY(R™) of a convex function 1 has
an empty interior if and only if the graph of ¥ contains a straight line, or

equivalently, if and only (1, ..., xy,) is independent of x1 in some orthogonal
basis for R™.

Let us finally recall the basic existence result concerning centered affine
sections [16, Lemma 1] [17, Theorem 2.2]. We prove uniqueness of these sec-
tions and their continuous dependence on height afterwards.

THEOREM A.7 (CENTERED SECTIONS OF A CONVEX FUNCTION). Let):
R" — [0,00] be a non-negative convex function, continuous at 1(0) < 3 and
with OY(R™) having non-empty interior. For some affine function L(x) =
1+ (v, x) the section Z, := {x € R" | )(x) < L(x)} is bounded, convezx, and

has zero as its barycenter.

Proof: First assume 1 is smooth and strictly convex with quadratic growth
(A.5) as |x| — 4o00. Then Z, is a bounded non-empty convex domain with a
first moment vector

z, :—/ x dvol (x)
Zr

equal to its volume times its barycenter. We claim that for a suitable choice
of v.€ R", the first moment |z;| achieves its minimum value among all affine
functions L(x) = 1+ (v, x). This follows by continuity and compactness once
the following claim is established.

Claim #1: The moment |zz| grows without bound as the slope |v| — oo

grows.
Proof of claim: It costs no generality to suppose v = (\,0,...,0) parallels
the postive x1-axis. Decompose Zj, = ZZrUZE into Zf ={(x1,...,2n) € Z |
+x; > 0}. The quadratic growth assumptions assert
2|x/? 1 |x[?
(A.5) m s vx) <5 +1)

for some 0 < 7 < R < oo, whence Z; C Br(0) N {x | z1 > —1/A} since 1 is
also non-negative. Thus

Rn—l
(A6) \/Z 1 dvol (Z) 2 —T

L
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On the other hand, the convex set Z]J{ includes the n — 1 dimensional ball
B"1(0) in the hyperplane z1 = 0, as well as the point (2Ar2,0,...,0) on
the z;-axis. Thus ZZ contains a right circular cone along the zi-axis with a
cylinder of diameter r and height A\r? inside it. It is easy to estimate

2,.4

A°r ryn—1
> _
(A.7) /er xy dvol (z) > 5 Wn-1 (2> .

Summing (A.6)—(A.7) shows that |z | diverges with A — oco. End of claim.

Claim #2: The lemma is true for 1 smooth and strictly convex satisfying
(A.5).

Proof of claim: A sequence vi, € R™ minimizing |zz, | is bounded according
to Claim #1, so a subsequence converges to a limit v(;) — Voo for which |zy,_|
is a minimum. We need only show z;_ = 0. It costs no generality to assume
zr.. = (—A,0,...,0) with A > 0. Consider the dependence of the first moment
zr, = (2z1(€),...,2n(€)) on v = v+ (€,0,...,0). If the derivatives existed and
21(0) > 0, minimality of |zy_ | would imply

Z 2 "
(A.8) 0= _O|g| = 2(0)2}(0) = =2z} (0)

de

j=1
forcing A = 0 as desired. Below we shall argue the same conclusion without
addressing existence of the derivatives.

Set Z*(e) = {(z1,...,7) € Zp | 21 > 0}. Now Z*(e) is a monotone se-
quence of bounded convex sets, whose union Z;, = {(x1,...,2,) | ¥(x) < ex1}
is conveniently expressed in terms of ¥(x) := (%) — Loo(x). By smoothness
and strict convexity, Vi/;(x) is bounded away from zero and infinity in a neig-
bourhood of the compact set 0Zy,__. Thus vol [Z;AZ}_ ] < K]|e| for some large
constant K and e small enough. This shows |z;(€)|?> = O(e?) for j # 1. On
the other hand, it is clear that 21(¢) > —\ for € > 0, since Z7(0) C Z*(¢) and
Z~(e) € Z7(0). To quantify this inequality, observe that any maximal interval
{(z1,X) | a(X) < 21 < b(X)} in ZF(0) for fixed X € R*! lies in an interval
{(z1,X) ]| a(X) < 21 < b(X) + €k(X)} € ZT(€) which is strictly longer since
V) (x) is non-vanishing on Z1(0). Thus z(¢) > —\ + ek for some k > 0,
whence |z(€)|? = A2 — 2\ke + O(€?). Minimality of |z(0)|? establishes the claim
A=0. End of claim.

A series of approximations will show a general convex function ¢ : R® —
[0,00] can be approximated by one which is smooth, strictly convex, and
has quadratic growth (A.5). Indeed, let Qy denote the interior of dom1 :=
{x €| u(x) < oo} and define

l/2

" dist R\ Qg (X)
as a maximum of two convex functions [58, Lemma 4.2], so that its rate of diver-
gence is known at 9€. Fix a subdomain . := {x € B;(0) | dist g\q, (x) > €}

e (x) = max {)(x)
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bounded and convex, and define ¢?(x) as a supremum of supporting hyper-
planes

V2 (x) =sup {(v, x —z) +%c(2) | 2 € Q, v € DY (2)}

to be the smallest convex extension of ¢! (x) from . to R". Then v? is globally
Lipschitz and converges uniformly to @ on compact subsets of €g. Strict
convexity, smoothness, and quadratic growth are ensured by adding a parabola
3 = P2(x) + €|x|?, and convolving with a standard mollifier . = 12 * 7.,
neither of which spoils the uniform convergence to ¥ on compact subsets of
Q. Divergence outside )y is addressed by the next statement.

Claim #3: For € > 0 small, if [x| < 2e7! but x & Qo then 1(x) > %6_1/2.

Proof of claim: We shall rather prove ?(xg) > ¢ /2 on the part of
By/c(0) lying outside the convex set 2. The claim then follows since P? is
non-negative in )y and our mollifier 7, is spherically symmetric.

Take 0 < € < 1/2 small enough that ¥2(0) < 1/2 and €. contains the
origin. Then some z, € J€) lies on the segment joining 0 to x¢ € By/(0) \ Qo.
Since dist gx\q, (2c) = € one finds y. € 91?2 (z.) satisfies

@ij(x) >(Ye, X — Ze) + w?{(ze)

(A.9) > (Yo X =20 + 75

for all x € R™. Taking x = 0 in (A.9) shows (ye, zc) > 0. Since z is a positive
fraction of xq, the desired inequality ¥?(xq) > ¢1/2 follows by setting x = xg
in (A.9). End of claim.

Now 1. — % uniformly on compact subsets of R™ \ 0. Claim #2
provides a convex section Z, := {x | ¢ < L.} with barycenter at the origin.
F. John’s Lemma, A.3, yields a centered ellipsoid F. C Z. C a-E..

Claim #4: JOF. remains bounded away from the origin and oo as ¢ — 0,
and the slope of L, remains bounded.

Proof of claim: Since 1(x) is continuous at ¥(0) < 1/2, for some small
fixed r > 0, taking e small enough ensures 1)(x) < 1/2 for all |x| < ar. Now
L¢(x) = 14 (v, x), so at least half of the ball B,,(0) is contained in Z, C a-Ek.
This shows 0E, remains outside B, (0) to prove the first half of the claim. Now
B,;(0) C Z., which incidentally implies |v| < 1/r since 1, > 0.

On the other hand, if the longest axis of E. grows without bound we
derive a contradiction as follows. For some subsequence e€(k) — 0 we have a
convergent sequence of unit vectors iy — €; without loss of generality, such
that £2kt, € Ey) while (G, ;) > 1—(r/k)%. Since B.(0) C Ey,) it follows
that +ké; € E ) C Zex)- This means

0 < Yery(Eker) < 1EE(vr), €1)-

Thus [( Ve, €1)| < 1/k which in turn implies 0 < . (£ké1) < 2. Since
e — 1 in Qy and grows large outside g, convexity implies 0 < 1(x) < 2



52 LUIS A. CAFFARELLI AND ROBERT J. MCCANN

along the entire x1-axis. But the only bounded convex function is a constant:
the graph of i would contain a line, contradicting Remark A.6 to establish the
claim. End of claim.

Using the preceding claim, the Blaschke selection theorem yields a subse-
quence €(k) — 0 and a bounded convex domain Zy C R" such that Z. ;) —
Zy in Hausdorff distance while L.y — Lo converges to an affine function
Lo(x) = 1+ (v, x). Clearly Zy, like Z;), has barycenter at the origin since
convergence takes place in a bounded set and vol [Z.;)AZp] — 0. Setting
Z={xeQ|v<Lp}and Z' = {x € R" | ¢ < Ly}, one verifies Z C Zy C Z'
from the convergence ¢, — 9 and Z' C Z because 1(0) < Lo(0). Since the
distinction Zy \ Z C 0Z is negligible, the proof is complete. QED.

LEMMA A.8 (CENTERED SECTIONS ARE UNIQUE). Fliz a convex function
Y+ R" — |—00,00] for which 9¢Y(R™) has non-empty interior. If 0 €
int [dom )], then the section Z.(0) := {x € R" | {(x) < ¢¥(0) + (Ve x) + €}
with center of mass at the origin has an interior uniquely determined by € > 0.
Metrized by Hausdorff distance, the section Z.(0) waries continuously with
€ > 0. The slope v¢ is also continuous and uniquely determined by € > 0,
except when vol [dom v \ Z.(0)] = 0.

Proof: Let p € 9¢(0). Replacing ¢ by 1(x) = ¥(x) — (0) — (p, x) shows it
costs no generality to assume 1 (x) > ¥ (0) = 0 is non-negative. Theorem A.7
then implies the existence of at least one v¢ for which Z, = Z.(0) is bounded
and has zero as its barycenter. To derive a contradiction, suppose for some € >
0 there are two distinct solutions, v¢ # v, corresponding to bounded sections
Z. and Z both having height € over their common center of mass. In some
coordinate system v —v¢ = \e,, with A > 0, so that L(x) = e+ (V, x) satisfies
Zn(L(x) — L(x)) > 0. Thus the parts Z* := ZN Hy of Z :== {x |y < L}
which lie in the upper and lower halfspaces Hy := {x | +x,, > 0} satisfy reverse
inclusions Z~ C Z- and Z+ C Z* with respect to the corresponding parts
of ZejE := Z. N Hi. Moreover, the inclusions are generally strict: both Z
and Z contain a neighbourhood of the origin, and any boundary point x €
H, N dZ. N int[dom1)] will have a neighbourhood contained in Z. Then it
follows that at least one of the inequalities

/ Zpdvol (x) S/ Zpdvol (x)
zZE Z

is strict, violating the hypothesis that both Z. and Z share the same center
of mass. This contradiction implies v = v¢. The only other possibility is that
both (H; Ndom1) \ Z+ and (H_ Ndom1)) \ Z~ have zero volume, in which
case the inclusions above imply the interiors of the convex sets Z, C dom)
and Z C dom ¢ coincide.
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Let us now show continuous dependence of the section Z€ on € > 0; again
by replacing ¢ by e !4 it suffices to show continuity near ¢ = 1. Choose any
sequence limyg_,o € = 1. We claim the corresponding sections Zy, = Z, (0)
are bounded independently of k. Otherwise there is an unbounded sequence of
points axi € Z; whose reflections —x; also lie in Z, since centered sections
are roughly balanced. This implies

0 < p(Exp) < e £ (Vi, Xi) < 2¢p,

where vy, := v. A subsequential limit forces 1)(AX) < 2 for all A € R along
the line Xo, = limy_, o0 Xi/|Xk|. In this case the graph of ¢ must contain a full
line, contradicting the hypothesis that d¢(R"™) has non-empty interior.
Having shown Z; C Bpg(0) for some R < oo, let us also observe that
the section boundaries also remain bounded away from the origin. Indeed,
taking 7 > 0 small enough implies ¥(x) < 1/2 on the ball of radius ar around
zero. Extracting a further subsequence ensures 1/2 < ¢, < 2 for all k, so
the half of B,,.(0) on the positive side of the hyperplane (v, x) = 0 will
be contained in Zj. Since Zj is roughly balanced, this implies B,(0) C Z
for all k. From this fact we conclude that |vi| < 2/r, so a subsequential
limit v — v exists. We claim the corresponding sections Zj converge to
Zoo = A{x|¥(x) <1+ (v, x)} in Hausdorff distance or — what is equivalent
for convex bodies — the sense that the volume of the symmetric difference
vol [ZooAZy] — 0. This is a consequence of Lesbegue’s dominated convegence
theorem applied on the ball Br(0): since the equality defining Z., is strict
both inside Z,, and outside the closure of its complement, it is not hard to
show xz.. = limg 00 Xz, (X) pointwise for all x & 0Z,,. Lebesgue’s dominated
convergence theorem also shows the center of mass of Z,, must vanish, so
the uniqueness established above implies 0Z,, = 077 as desired. This forces
Voo = V! unless vol [dom 1 \ Z.(0)] = 0. QED.
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