
8.3 Van Kampen’s theorem

Theorem 8.3.1 (Seifert-) Van Kampen Let U and V be connected open subsets of X s.t.

U ∪ V = X and U ∩ V is connected and nonempty. Let i1 : U ∩ V → U , i2 : U ∩ V → V ,

j1 : U → X and j2 : V → X be the inclusion maps. Choose a basepoint in U ∩ V .

Let G = π1(U), H = π1(V ) and let A = π1(U ∩ V ). Then

π1(X) = G ∗A H

where ∗ denotes the amalgamated free product defined below.

Definition 8.3.2 Amalgamated free product
If A, G, H are groups, α : A → G, β : A → H group homomorphisms, define G ∗A H as

follows. The elements are “words” w1 . . . wn where for each j either wj ∈ G or wj ∈ H, modulo

relations generated by
(

gα(a)
)

h = g
(

β(a)h
)

(Thus every element can be written as a word alternating between elements of G and H.)
Group multiplication is by juxtaposition.
Remark: G ∗A H is a pushout in the category of groups:

A - G
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Z

If A = 1 then G ∗ H is called the free product of G and H.
Proof: (of Theorem): Pick a basepoint x0 for X lying in U ∩ V . By the universal property,
there exists φ : G ∗A H → π1(X).

(Map G ↪→ π1(X), H ↪→ π1(X) and map a word in G ∗A H to the product of images of the
elements of the word.)

Lemma 8.3.3 φ is onto.
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Proof: Let f : I → X represent an element of π1(X). f−1(U)∪f−1(V ) = I so by compactness
∃N s.t. J ⊂ I, diam J ≤ 1/N ⇒ J ⊂ f−1(U) or J ⊂ f−1(V ). (i.e. 1

N
is a Lebesgue number for

the covering f−1(U), f−1(V ).) Partition I into intervals of length 1/N .
By discarding some division points, we may assume images of intervals alternate between

U and V , so the (remaining) division points are in U ∩ V .
Pick path αi in U ∩V joining x0 to the i-th division point. In π1(X) [f ] = [f1] . . . [fq] where

fi = αi ◦ f |Ji+1
◦ α−1

i+1. ∀i, [fi] ∈ G or [fi] ∈ H so [f ] ∈ Im φ.

Lemma 8.3.4 φ is injective.

Proof: Notation: A = V0, U = V1, V = V2.
Let w = w1 . . . wq ∈ G ∗A H s.t. φ(w) = 1. For each i = 1, . . . , q, represent each wi by a

path fi in either V1 or V2.
Reparametrize fi so that fi : [(i − 1)/q, i/q] → V1 or V2 in X.
Let f : I → X by f

∣

∣

[(i−1)/q,i/q]
:= fi.

φ(w) = 1 ⇒ f ∼= ∗ rel{0, 1} so ∃F : I × I → X s.t. F (s, 0) = f(s), F (s, 1) = x0,
F (0, t) = F (1, t) = x0 ∀t.

By compactness ∃ a Lebesgue number ε s.t. S ⊂ I × I with diam S < ε ⇒ either F (S) ⊂ V1

or F (S) ⊂ V2.
Choose partitions 0 = s0 < s1 < · · · < sm = 1 and 0 = t0 < · · · < tn = 1 of I s.t. the

diameter of each rectangle on the resulting grid on I × I is less than ε.
Include the points k/q among the si.
For each ij select λ(ij) = 1 or 2 s.t. F (Rij) ⊂ Vλ(ij). (If F (Rij ⊂ both, take your pick.)
For each vertex vij, Vij = intersection of Vλ(kl) over the 4 (or fewer for edge vertices) rect-

angles having vij as vertex.
(So ∀i, j, Vij = V0, V1 or V2.)
∀i, j choose a path gij : I → Vij joining x0 to F (vij) in Vλ(ij), using that V0, V1, and V2 are

path connected.
Choose these gij arbitrarily except:
If si = k/q choose gi0 = cx0

Choose g0j = cx0
and g1j = cx0

∀j.
Choose gi1 = cx0

∀i.
Let Aij = Faij

, Bij = Fbij
.

Aij, Bij are not closed paths, but from them form closed paths αij = gi−1,j ◦ Aij ◦ g−1
ij ,

βij = gi−1,j ◦ Bij ◦ g−1
ij

∀i, j either [αij] and [βij] ∈ G, or [αij] and [βij] ∈ H.

w1 = [A01 · · · · · A0i1 ] = [α01 · · · · · α0i1 ]

(since g00 = g0,i1 = cx0
, because the points s/q are among the si).
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Similarly
w2 = [A0(i1+1) · · · · · A0i2 ] = [α0(i1+1) · · · · · α0i2 ]

...

wq = [A0(iq+1) · · · · · A0m] = [α0(iq+1) · · · · · α0m]

Therefore w = [α01 · · · · · α0m][α01] . . . [α0m] ∈ G ∗A H.
By Lemma 7.2.5, each Ri,j gives Ai,j−1Bij ' Bi−1,jAij rel{0, 1}.
Hence αi,j−1βij

∼= βi−1,jαij rel{0, 1}.
So the relation
[αi,j−1][βij] = [βi−1,j][αij] holds in either G or H and thus in G ×A H.
Also [β0j ] = [βmj] = 1 ∀j (again for each j it holds in one of G, H) and [αin] = 1 ∀i.
Hence ∀j

[α1,j−1] . . . [αm,j−1] = [α1,j−1] . . . [αm,j−1][βm,j]
= [α1,j−1] . . . [αm−1,j−1][βm−1,j ][αm,j]
= . . .
= [β0,j][α1,j ] . . . [αm−1,j ][αm,j]
= [α1,j] . . . [αm−1,j ][αm,j].

Hence w1 . . . wq =
∏m

i=1 αi0 = . . . =
∏m

i=1 αin = 1. 2

Corollary 8.3.5 If X can be written as the union of 2 simply connected open subsets whose

intersection is connected then X is simply connected.

Corollary 8.3.6 Sn is simply connected for n ≥ 2.

Proof: Write Sn = slightly enlarged upper hemisphere ∪ slightly enlarged lower hemisphere.

Example 1: π1(RP n) = Z2 for n ≥ 2.
(Our covering space argument to compute π1(RP n) required knowing that Sn is simply

connected for n ≥ 2.)

Example 2: X is the figure eight. Then π1(X) = Z ∗ Z.
Proof: Circles comprising X are not open, but slightly enlarge to form U and V .Then U ∼= S1

and V ∼= S1. 2

The space X is denoted S1∨S1. The wedge of pointed spaces (Y, ∗) and (Z, ∗) written Y ∨Z
is the space formed from the disjoint union of Y and Z by identifying respective basepoints
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and using the common basepoint as the basepoint of Y ∨Z. In other words, Y ∨Z = {(y, z) ∈
Y × Z | y = ∗ or z = ∗}

Y ' Y ′ ⇒ Y ∨ Z ' Y ′ ∨ Z
In particular, if W is contractible then Y ∨ W ' Y . So if X ' Y ∨ Z where ∃ contractible

open ∗ ∈ U ⊂ Y and contractible open ∗ ∈ V ⊂ Y then π1(X) = π1(Y ) ∗ π1(Z).
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