Chapter 3

Separation axioms

Let X be a topological space.

Definition 3.0.12 X has the following names if it has the following properties:

1. XisTyif Vo £y € X either Jopen U s.t. z € U,y ¢ U x € U,y ¢ U or 3 open
Ust.x¢UyelU

2. XisT) if Ve #y € X Fopen U st. z € U,y ¢ U and 3 open V s.t.
yeVexegV.

3. X is Ty or Hausdorffif Vo # y € X Jopen U,V with UNV =0 s.t. x € U and
yeV

4. X is T3 or regular if X is T} and given z € X and a closed set F' C X with
r¢ F,3openUand Vst. xeU, FCVandUNV =10

5. X is Tgé or completely regular if X is 77 and also given x € X and a closed set
FcXwithz¢ F,3f: X —[0,1] s.t. f(z)=0and f(F)=1.

6. X is Ty or normal if X is T} and also given closed F,G C X st. FNG = ()
Jopen U,Vst. FCU, GCVadUNV =0.

We say U and V separate Aand Bif ACU, BCVandUNV = .
Some reformulations:

Proposition 3.0.13

1. X 1s Ty < the points of X are closed subsets of X

2. X is Hausdorff

(@)  e{a}=(0

Uopen
zeU

21



(b) < A(X) is closed in X x X (where A(X) means the diagonal subset
{(z,2) |z € X} of X x X)

3. X is reqular & X is Hausdorff and givenx € U, JopenV s.t. x €V CV CU
4. X is normal

(a) & X is Hausdorff and given x € U 3 open V s.t. FCV CV CU

(b) & X Hausdorff and given closed F,G with F NG = () 3 open U,V
st. FCU,GCVandUNV = 0.

Proof:
I: (=) XT). Let z € X. Yy € X FJopen V,, s.t. = ¢ V, and y € V,. Hence
X\ {z} = Uy, V, is open so {z} is closed.

(<) Suppose points closed. Let z,y € X. U = X \ {y} isopen. z € U,y ¢ U.
Similarly the reverse.
2a: (=) X is Hausdorff. Let z € X. Vy # « 3U,,V, st. =z € U,y € V, and

UynV,=0.U,Cc (V) =U,Cc(V)=y¢U,=yé¢ [ U

Uopen
zeU

(<) Let ¢ £y € X. {2z} = mU. Find open U s.t. x € U and y ¢ U. Let

Uopen
zeU

V = U¢, which is open.
2b: (=) Suppose X is Hausdorff.

If (z,y) € (A(x)) find U,V st. xeUyeV,UNV =0

Then (z,y) € Ux V but U x V C (A(X))®. Since U x V' is open, (z,y) € interior
of (A(X))". This is true V(z,y) € (A(X)), so (A(X))® is open, and (A(X)) is
closed.

(<) Suppose A(X) is closed.

If z # y then (z,y) € (A(X))". Since U x V is open, (z
This is true V(z,y) € (A(X))®, so (A(X)) is open, and (

(<) Suppose A(X) is closed.

If x # y then (z,y) € (A.(X))¢ which is open so there exists a basic open set
UxVst (z,y) eUxV C(A(X)). Hence z e U,y e V, UNV = .
3: (=) Suppose X is regular. Then X is 77 so points are closed. Hence given
x#y € X let F={y} and apply defn. of regular to see that X is Hausdorff. Given
xe U, zNU® = and U¢is closed so Jopen V,W s.t. x € V,U¢ C W and VNW = (.

reVcWecU.

Since W€ is closed, V. C W¢

(< ) Hausdorff = T3.

Let v € X, F C X withz ¢ F.

Then 2 € F¢, which is open, so 3 open U st. 2 € U C U C F¢. Let V = (U)".
Then F CVand UNV = 0.
4a: < similar to (3.)

,y) € interior of (A(X))".
(X)) is closed.
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4b: (<) trivial

(=) Given closed F,G s.t. FNG =(. Then FF C G°so Fopen U s.t. F C U C
U cC G-

Gc(U)soTJopenVst. GCV V(U

Hence UNV = {). O

Proposition 3.0.14 Let f,g: X — Y, with Y Hausdorff. Suppose A C X is dense
andf‘A:g}A. Then f =g.

Proof: Define h: X — Y x Y by h(z) = (f(z),g(z)). Then h is continous (since
its projections are).

Let F={ze€ X | f(x) =g(x)}.

F = h7'(A(Y)) which is closed since Y is Hausdorft.

ACF=X=ACF

Hence f(x) = g(z) Vo € X. O

Theorem 3.0.15 metric = Ty= T3% =T, =T, =1, = 1T

Proof: Ty, = Ty = Ty is trivial. T3 = T3 by definition, and part (1) of the previous
proposition.

T3y = Ts: Given z, F'let f: X — [0,1] s.t. f(X) =0, f(F) =1, as in the definition

of Ty. Set U = f~*([0,1/2)) and V = f~*((1/2,1]) which are open in [0, 1]. Then U,
V separate x, F'in X.

metric= Ty: Let F', G be closed in metric space X s.t. FNG = 0.
For z € F, let d, = inf cc{d(z,y)}.
Claim: d, # 0.
Proof:
If d, = 0 then Vn Jy, € G s.t. d(x,y,) < 1/n.
Hence (y,) — x. Hence = € G.
(Exercise: G closed, y, € G, (y,) = =2 € G)
=

Let Y = UyepNa, j2(z) which is open with F' C U.

Claim: UNG =0

Proof:

Let yc UNG.

Then 3 sequence (u,) — y with u,, € U.

Vn find z,, € F s.t. u, € Ng, /2(2)

de, < d(xp,y) < d(@p, uy) + d(un, y) < dg, /2 + d(un, y).
Hence d,, /2 < d(up,y).

(up) — y = d(up,y0) — 0=4d,, /2 — 0.

Hence d(x,,y) < d, /2 + d(un,y) = d(zn,y) — 0= (z,) — y.
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Soy € F =<«
Hence U NG = 0.

Solet V= (U)"DG.
T, = Tg%: Corollary of

Theorem 3.0.16 [Urysohn’s Lemma] Suppose X is normal, and F and G are
closed subsets of X with FNG = (. Then 3f : X — [0,1] s.t. f(F) = 0 and

F(G) = 1.

Proof:

Apply 4(b) of Proposition 3.0.13 to F' C G°. Then 3 open Uyjy s.t. F C Uyyp C
UI/Q C G°.

Two more applications of Proposition 3.0.13:

4(b) = d open U1/4,U3/4 st. F C U1/4 C U1/4 C U1/2 C U1/2 C U3/4 C U3/4 C G°.

Continuing, construct an open set U, for all ¢ of the form m/2" for some m and
n. For x € X define

(@) = {0 v G.1)
sup({t|lx ¢ U;} otherwise

It is clear that f(F) =0 and f(G) = 1. We show that f is continuous.

Intervals of the form [0, a) and (a, 1] form a subbasis for [0, 1].

f(z) < a < x e U for some t < a.

Hence f71([0,a)) = {z|f(x) < a} = U;<,Us, which is open.

Similarly f(z) > a < x ¢ U, for some t > a. which is true iff x ¢ U, for some
s> a.

Hence f~!((a,1]) = Ussq (Us)¢, which is open.

We conclude that f is continuous. O

Lemma 3.0.17 Suppose X is Hausdorff. Suppose x € X andY C X is compact s.t.
x &Y. Then 3 open U,V separating x and Y .

Proof: VyeY Jopen U, V,st. z €U, yecV,and U,NV, =0. Y =UyeyV, is a
cover of Y by open sets in X so 3 a finite subcover V,,,...,V, .

Let U=U,, Nn---NU, and V=V, U---UV,, . Then

()rxeclUy,Vj=2clU

(i) V..., Vy, cover Y &Y C V.

(i) UNV =0.

(Proof: If z € UNV then z € V,, for some j and z € Uy, Vj. But U, NV, = 0.
Contradiction.)

O

Corollary 3.0.18 A compact subspace of a Hausdorff space is closed.
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Proof: Suppose A C X where A is compact and X is Hausdorff. By Lemma,
Vy € A° 3 open U,,V, separating y and A so y € U, C A°. Hence y is an interior
point of A°. This is true for all y so A is open (equivalently A is closed).

O

Theorem 3.0.19 A continuous bijection from a compact space to a Hausdorff space
s a homeomorphism.

Proof: Let f: X — Y where f is compact and Y is Hausdorff. We must show that
the inverse to f is continuous, which is equivalent to showing that for any closed set
B, f(B) is closed. If B C X is closed, then by our earlier Theorem, B is compact, so

by another earlier Theorem, f(B) is compact. By a previous Corollary, this implies
f(B) is closed. O

Theorem 3.0.20 A compact Hausdorff space is normal.

Proof: Suppose X is a compact Hausdorff space. Suppose A and B are closed
subsets of X with AN B = (). Since A and B are closed and X is compact, we
conclude that A and B are also compact.

By the Lemma, Va € A 3 open sets U,,V, s.t. a€ U,, b€ V, and U, NV, = (.

U.U, is a cover of A by open sets in X so by compactnss there is a finite subcover
Uy oy Ug, . Let U=U, U---UU,, and V=V, U---UV, .

Then as in the proof of the Lemma

(i)AcCU

(i) BCV

i) vnNnv=>0

Proposition 3.0.21 Suppose A C X.
If X is T} for j < 4 then so is A.
If A is closed and X is Ty then A is T}.

Proof:
7 =0,1,2: Trivial

j=3: Letae Aandlet F'C A be closed in A with a ¢ F.
Let F denote the closure of F within X.
Then a & F.
(Proof: F = m G. Therefore
GDOF
G closed in X
(GNA) = m (GNA) = ﬂ G’ = (closure of F'in A) = F.
G/DOF G'DF
G’ closed in X G’ closed in X
Hencea € A, ¢ F=a ¢ F.)
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SoJdopenU,VinXst.acU FCVadUNV =.

But then U' =U N A and V' =V N A are open in A and satisfy:

)acUNA

i) F=FNACVNA=V

(iii) U' N V' =0
sz%: Let a € F, FF C A with F closed in A, a & F.

F = FN A with F as above.

Since, as above, a ¢ F, 3f : X — [0,1] s.t. f(a) =0, f(F) = 1.

The composition f: A — X N [0, 1] is continuous and satisfies f(a) = 0 and
(F) =1 (since F C F).

j=4: AC X closed.
Let F, G be closed in X. As in previous two cases, F = FNAand FNA=F
since A is closed in X. So F'is closed in X and similarly G is closed in X.
Therefore JU, V' open in X separating F', G in X.
So UNA and V N A separate F', G in A. O

Proposition 3.0.22 Let X =[] ., X, with X, # 0 Va.
Forj<4, X isT; & X, isT; Va. X is Ty = X, is TjVa.

Proof:
= Suppose X is Tj. Show X, is T}.

For a # ay, select z, € X,. (Axiom of Choice)
a o=

Define i : X, — X by mo(i(a)) = { 4
To «Q Q.

?

Xy X

Ty
1x.,

KXo

Note: Provided X, is T} for o # «v, i(closed) =closed (since a product of closed sets
is closed).

If a # b € X,, then i(a) # i(b) in X.

j=0:1Ifi(a) € U, i(b) ¢ U, find basic open U’ s.t. i(a) € U' C U. Soi(b) € U'.
But a = mayi(a) € 7o (U') (open since projections maps are open maps)
Claim: & 7, (U")
Proof: Since U’ basic, U’ =[], ma(U")
For a # o, 74 (i) = x4 = 4 (ia) € mo (U').
Therefore ib € U’ s0 b = 70,0 & Tao(U')
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j = 1: Similar
j = 2: Begining with open U, V', separating ia, ib, find basic U’, V' separating ia, ib.
Claim: 7., (U’) and 74, (V") (which are open) separate a and b.
Proof: 7., 0i=1x, 80 a € 7, (U') and b € 74, (V).

If ¢ € oy (U") N oy (U’) then ic € U' NV’ since U’, V' basic and 7, (ic) = z, €
To(U") N (V') for a # ap.

Contradiction.

Jj =3 X,, is T1 by above.
Let a € X,,, B closed C X,, with a € B.
i(a) € i(B) (closed because (Zq)aza, 1s closed in Ihzq, Xo by j = 1 case and

80 i(B) = B X [ 4, Xa=closed)

Find U, V separating i(a), i(B) in X/
Find basic U’ with i(a) € U' C U.

Vz € i(B), d basicopen V, s.t. z €V, C V.
Let V = Uzei(B)Tao (V) open in X,
Therefore B C V (ie. b e ma(Viw) )

Claim: 7,,(U"), V is a separation of a and B.

Proof: ¢ € 7o, (U)NV = 7o, (ic) € Tao (U') and 7y, (ic) € Ta, (V2) for some z € i(B).
For a # o, ma(ic) = x4 = ma(a) € mo(U') and 7, (ic) = x4 = ma(2) € T (V)
That is, ice U'NV, CUNV. =<«

Therefore case j = 3 follows.

j= 3%: Xa, 1s 171 by above.

Let a € X,,, B closed C X,,, a € B.

i(a) ¢ i(B) (which is closed) implies Jg : X — 0,1 s.t. g(ia) =0, g(oB) = 1.

Let f=goi.
j =4 X,, is T1 as above. Find separating function as in previous case, using
Urysohn.

<« Suppose X, is T} for all a.
First consider cases j < 3.
Let z,y € X with z,, # Y, for some «p.

j=0: If 2o, € Up, Yoo & Usy then U = Up X [],2,, Xo 18 open in X and z € U,
y&U.
j = 0: Similar
j = 2. If Uy, Vi separate Ty, Yo, in X, then U = Uy x []
Vo X [ozae Xo separate z and y in X
j = 3: By above X is T7.

Let x € U (open)

Find basic open U’ s.t. U C U. Write U" = [], U, where U, = X, for a #

Ay, ..., Qp.

X, and V =

aFag
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For j=1,...,nfind V,, s.t. x4, € Vg, CWJ.C Ua,
Let V.=V, x - x Vo, X [z, Xa closed
Therefore V. .C W.
Hencez e VCcVcCcWcUCU

Therefore X is T5.

j = 33: A corollary of the Stone-Cech Compactification Thm (below) is

Corollary 3.0.23 X is completely reqular < X is homeomorphic to a subspace of a
compact Hausdorff space.

Proof of Case j =31 (Given Corollary)

By Corollary, Va, find compact Hausdorff Y, s.t. X, homeomorphic to a subspace
of Y,.

Hence X is homeomorphic to a subspace of Y :=[]_ Y,.

By Tychonoff, Y is compact and by case 57 = 2, Y is Hausdorff. Hence X is
homeomorphic a subspace of a compact Hausdorff space so is completely regular by
the Corollary.

Proof of Corollary:

<: By earlier theorems, a compact Hausdoff space is normal and thus completely
regular and a subpace of a completely regular space is completely regular.

= Follows from:

Theorem 3.0.24 [Stone-Cech Compactification] Let X be completely regular.
Then there ezists a compact Hausdorff space B(X) together with a (continuous) in-
jection X — B(X) s.t.

1. i: X — B(X) is a homeomorphism
2. X is dense in 3(X)
3. Up to homeomorphism ((X) is the only space with these properties

4. Given a compact Hausdorff space W and h : X — W there is a unique h s.t.
h=hoi

Definition 3.0.25 ((X) is called the Stone-Cech compactification of X.
Example 3.0.26 Let X = (0,1]. Let f: X — [-1,1] by f(x) =sin(1/x). Then f is
a continuous function from X to the compact Hausdorff space [—1,1], but f does not

extend to [0,1]. Thus although [0, 1] is a compact Hausdorff space containing (0, 1] as
a dense subspace, it is not the Stone-Cech compactification of (0, 1].
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Proof of Theorem: Let J ={f: X — R | f bounded and continuous}.

For f € J, let I be the smallest closed interval containing Im(f). As f is bounded,
I+ is compact.

Let Z = [];c; Iy It is compact Hausdorftf.

Define ¢ : X — Z by (iz)f = f(z). Since X is completely regular, x # y
= 3df: X —[0,1] s.t. f(x) # f(y). Thus ¢ is injective.
Claim: i: X — i(X).
Proof: Use the injection ¢ to define another topology on X — the subspace topology
as a subset of Z.

The Claim is equivalent to showing the subspace topology is equals to the original
topology.

Since i is continuous (because its projections are), if U is open in the subspace
topology then U is open in the original topology.

Conversely suppose U is open in the original topology.

Let x € U. To show x is interior (in the subspace topology):

By definition of the subspace and product topologies, the subspace topology is the
weakest topology s.t. f: X — R is continuous Vf € J.

Because X is completely regular, 3f : X — [0,1] s.t. f(z) =0, f(U°) =1

feJ= f([0,1)) is open in the subspace topology.

f74([0,1)) C U since f(z) =1 Vz not in U.

Therefore z € Int(U) (in the subspace topology).

True Vz € U, so U is open in the subspace topology.

Let 3(X) = i(X).

Then (X)) is compact Hausdorff, as it is a closed subspace of a compact Hausdorff
space and X = ¢(X) is dense in S(X) by construction.

To show the extension property and uniqueness of 3(X) up to homeomorphism,

Lemma 3.0.27
1. Giveng: X =Y, 3 §:3(X)— 5(Y) s.t

9

X Y

2. If X is compact Hausdorff then X — (X)) is a homeomorphism.

Proof:
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1. Uniqueness: Since ((Y) is Hausdorff and X is dense in §(X) any two maps
from (X)) agreeing on X are equal. So g is unique.

Ezistence: Let C(X) = {f : X — R | f is bounded and continuous}, and let
C(Y)={f:Y —R/| fis bounded and continuous}.

Let z € B(X).

To define g(z): For f € Cy, define II¢(gz) = Il;o4(2) Vo € X, and Vf € Cy.
Each projection is continous so ¢ is continuous.

Ve e X and Vf e C(Y):
I (iygx) = f(g(x)) while 7y (gixx) = Tsog(ixx) = f o g(x). Therefore iy o g =
g oix which also shows that §(8(X)) C g(i(X)) C i(Y) = B(Y).

Hence ¢ is the desired extension of g.

2. i : X — [(X) is continuous, and X is compact = i(X) is compact = i(X)
is closed in (X)) since G(X) is Hausdorff.
But i(X) is dense in B(X) so i(X) = B(X). Hence ¢ is a bijective map from a
compact space to a Hausdorff space and is thus a homeomorphism.

Proof of Theorem (continued): Let h : X — Y where Y is compact Hausdorff.
Then

h
X Y
ix ly | &
h
B(X) pY)
So iyt o h is the desired extension of h to 3(X). If W is another space with these
properties then X = W by the standard category theory proof. O

Definition 3.0.28 X is called 2nd countable if 3 a countable basis for the open sets
of X.

e.g. X =R". Basis = {N,(X) | r rational and all coordinates of X are rational }

Definition 3.0.29 X is called 1st countable if each x € X has a countable basis for
its neighbourhoods.

e.g. X = metric. {N,.(X) | r rational} is a basis for the neighbourhoods of X.

Definition 3.0.30 X is called separable if it has a countable dense subset
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Proposition 3.0.31 2nd countable implies 1st countable and separable.

Proof: 2nd countable implies 1st countable is trivial.
Let {U;} be a countable basis of (non-empty) open sets. Vj, select z; € U;. Let
A ={x;}. Ais countable. Any open set intersects A so A is dense. 0

Example 3.0.32 Compact subspace which is not closed.
Let X :==R as a set.
Specify the topology on X to be the one coming from the subbasis,

{UNQ | Uopen in standard topology on R} U
{V'| Vis the complement of a finite set of rationals}

Observe: In corresponding basis, any basis set containing an irrational can be
obtained only by intersecting the second type of sets, yielding another set of this type.
Therefore any open set in X containing an irrational is the complement of a finite
set of rationals.

Hence if S C X contains an irrational then S is compact because in any open cover
of S at least one set contains all but finitely many points of S, so S can be covered
by that set together with one set for each of the missing points. In particular, if y is
irrational, QU {y} is compact but not closed. (Its complement contains irrationals, so
it can’t be open since any open set containing an irrational contains all irrationals.)

3.0.1 Convergent Sequences

Definition 3.0.33 A sequence (z,,) in X converges to x, written (x,) — x, if ¥V open
U, dN s;t, n> N = x, € U.

Proposition 3.0.34 X Hausdorff, (x,) — z, (x,) — y implies that x = y.

Proof: If x # y separate x, y by open sets and apply definition to give contradiction.
O

Proposition 3.0.35 Suppose A C X. If (a,) — = where a,, € A Vn then x € A.

Conversely, if X is 1st countable and x € A then 3 sequence (a,) in A s.t. (a,) — x
in X.

Proof: Supppose (a,) — z. Then Vopen U s.t. x €U, UNA# D so x ¢ A.

Conversely, suppose X is 1st countable and x € A.

Then any open neighbourhood of x intersects A.

Let {Uy,Us,...,U,,...} be a basis for the open neighbourhoods of z.

Select a; € U, as e UyNUsy, ..., a, e U1 NUy---NU,, ... with a, € A Vn. So
a, € U, Vn > k.

Given open V' s.t. & € V find basic open Uy s.t. Uy C V.

Then Vn > N, a, € Uy CV so (a,) — =. O
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Definition 3.0.36 If A C X and (a,) — x where a,, € A then z is called a limit
point of A.

Thus previous proposition says that in a 1 countable space, as set is closed if and
only if it contains its limit points.

Proposition 3.0.37 Let f: X — Y be a (set) function. f is continuous if and only
if ((zn) = 2= flaa) — fz) ).

Proof Suppose f is continous and (z,) — =.

Given U s.t. f(z) € U then z € f~4(U) so N s.t. nn > N =z, € f~1(U).

Therefore n > N = f(x,) € U so f(z,) — f(z).

Conversely, suppose X 1st countable and ( (x,) — = = f(z,) — f(z) ).

Let A CY be closed. Show f~1(A) is closed.

Let z € f~1(A). Find sequence (z,,) in f~1(A) s.t. (z,) — .

Then for all n, f(z,) € A and hypothesis implies (f(z,)) — f(z). So A closed
implies f(x) € A. Therefore z € f~!(A).

Thus f~1(A) = f~}(A) and hence f~1(A) is closed.

Therefore f is continuous. O

Definition 3.0.38 X is called sequencially compact if every sequence has a conver-
gent subsequence.

Definition 3.0.39 Suppose X is Hausdorff and 1st countable. Then X compact
implies X sequentially compact.

Proof: Let X be Hausdorff, 1st countable and compact.

Let (x,) be a sequence in X. If any element appeas infinitely many times in (z,,)
then (z,) has a constant (thus convergent) subsequence, so suppose not. Then dis-
carding repeated elements gives us a subsequence so we may assume that (z,) has no
repetitions.

Claim: 3z € X s.t. V open U containing =, U N {z,} is infinite.
Proof: Suppose not. That is, suppose that Vz, 3 open U, s.t. x € U, and U, N {x,}
is finite.

Then {U,} is an open cover so ha s a finite subcover Ué”, Ua(f), ey U,
Since Vj, UY N {x,} is finite, {z,} is finite.
=<

Choose z as in claim and let {V7, V5, ..., Vi, ...} be a basis for the neighbourhoods
of z.

Choose x,1) € Vi N{x,}.

Choose xp2) € ViNVaN{z, | n>n(l)}.

Choose zpiy € ViN---NViN{z, | n>n(k-1)}

Then (Zna), Tn(2)s - - - Tnk); - - -) is a subsequence of (z,) and converges to . O
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