9.16 Hurewicz Homomorphism

Suppose n > 1 and let ¢, be a generator of H,(S™). Define h : m,(X) — H,(X) by h([f]) :=
f«(tn) for a representative f :S™ — X. This is well defined by the homotopy axiom.

Check that h is a group homomorphism:

[fg] = [(fLg) o] where ¢ : S™ — S™ vV S™ pinches the equator to a point.

H,(S™ Vv S™) =2 Z & Z generated by ey := j1(¢), €3 := j1(¢), where ji,jo : S* — S™V S C
S™ x S™ by j1(x) = (x,%) and jo(z) = (%, 7). 1¥.(¢) = €1 + e3. To determine (fLg).(e1) use the
commutative diagram

C—E VL

1L
fefos flg

X
to obtain (fLg)«(e1) = fi(¢). Similary (fLg).(e2) = g«(¢). Therefore h([fg]) = (fg)«(t) =
(fLg)«(e1 +e2) = fu(t) + g«(t) = h[f] + h[g] and so h is a homomorphism.
We now specialize to the case n = 1.
Let exp be the generator of S;(S') defined by exp : Al = I — S! where exp(t) = ™. In
St set v =1=exp(0) and w = —1 = exp(1l). Clearly d(exp) = v — v = 0 so [exp] is a cycle
and thus represents a homology class in H;(S!).

Lemma 9.16.1 [exp]| is a generator of H;(S").

Proof: Set D := [-1,1], DT := [0,1] and D~ := [-1,1]. Let f be the composite A" = I =

D+ —1 . S' where f(t) = e™ and let g be the composite A' = I = D~ —2+ S! where
g(t) = e We have isomorphisms

~

H,(D*,S% —— H,(S', D7)
€XC1Ss101n
>~ 9 =
7.2 Hy(S°) H,(SY)

w—v is a generator of Hy(S°) so its image under the isomorphisms is a generator of Hy(S').
f € Si(D7) has the property that f = w — v so it represents the generator of H(D™,S?)
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which hits w — v under the isomorphism 9, and thus its image in S;(S')/S1(D™) represents a
generator of H,(S*, D7). f+ g € S1(S') projects to f in S;(S1)/S1(D7), and f + g is a cycle
so the homology class [f + g] is a generator of H;(S). Since exp = f - g, we conclude the proof
by the following Lemma which shows that [exp] = [f + ¢].

Lemma 9.16.2 Let f,g : I — X such that g(0) = f(1). Then as elements of S1(X), f - g is
homologous to f + g.

Proof: Define T : A? — X by extending the map shown around the boundary:

f ) g
f
This is possible since the map around the boundary is null homotopic.
dI'=f—f-g+g, so f-gis homologous to f + g. 0

We will use [exp] for ¢;.

Theorem 9.16.3 (Baby Hurewicz Theorem)
Suppose X is connected. Then h : m(X) — Hi(X) is onto and its kernel is the commutator
subgroup of m(X). ie. Hi(X) = m(X)/(commutator subgroup) = abelianization of m; (X).

Proof: Let xy be the basepoint or X.
Show that h is onto:

Let z = Y n;T; represent a homology class in Hy(X). Thus 0 = 9z = > n,; (T;(1) — T3(0)).

Let ;0 and 7;; be paths joining xy to T;(0) and T;(1) respectively.

Let S; = vio + T; — vi1 € S1(X) (also writing ;. for the composite I — [/~ = S1 e, X).
Thus z = > n;S; since the 4’s cancel out, using 9z = 0. (Each ~; appears equally often with
e=0as withe=1.)

By the preceding Lemma, f; is homologous to v, + T; — vi1 = S; € S1(X). Therefore
ML) = L)) = D2 fi%] = DonaSi] = [2].

Show ker h = commutator subgroup:

H,(X) is abelian so (commutator subgroup) C ker h.

Conversely, suppose f € ker h. Then, regarded as a generator of S1(X), f = 0z for some
S SQ(X)
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Write f = 9(>_n,T;) = > n;0T;. Let OT; = ayo — w1 + ayp and for j = 0, 1,2 choose paths
7i; joining xy to the endpoints of «;; as shown, making sure to always choose the smae path ;;
if a given poiont occurs as an endpoint more than once.

Set

G0 = Yi1QioViz'

gi1 = YioCi1 Vi

gio = YioQiz Yy

Set g; = giogin' giz = Vi ioy Yy -

Since aioai_llozig can be extended to a map on the interior (namely 73,) it is null homotopic,
so g; = *. Therefore [[.(g;))™ =1 € 7 (X). But f = > n;0T; = > ni(cip—a;;' +y2) in the free
abelian group S7(X). This means that when terms are collected on the right, f remains with
coefficient 1 and all other terms cancel. Thus modulo the commutator subgroup the product
mi(gi)™ can be reordered to give f with the 7’s cancelling out. Therefore, modulo commutators,
f =1so that f € (commutator subgroup). O
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