9.10 Cup Products

From the last section (and the Universal Coefficient Theorem), we know that H*(X) is com-
pletely determined by H,.(X), so why bother with cohomology at all? In any potential appli-
caiton, why not just use homology instead? One answer is that there is a natural way to put a
multiplication called the “cup product” on H*(X) so that H*(X) becomes a ring. This might
be used, for example, in a case where the H*(X) and H*(Y') to show that X 2 Y if it should
turn out that the multiplications on H*(X and H*(Y') were different.

Let f € SP(X) and S9(X). Define f Ug € SPT1(X) as follows.
For a generator T': AP*? — X of S,,,(X) we define

(fug,T):= (—1)pq<f,To l(eg, - - .,ep)><g,To l(ep, - - .,ep+q)> </

where AP &0 &) g T
(Since g has moved T o l(€, . ..,€,), the sign convention is in keeping with the convention

of introducing a sign of (—1)?? whenever interchanging symbols of degree p and ¢.)

Notation: Let 1 € S°(X) be the element defined by (1,7) = 1 for all generators T € Sp(X).
(Thus as a function in Hom(Sy(X),Z) = Z, 1 = € = a generator.)

The following properties follow immediately from the definitions:

L fulg+h)=(fUg)+(fUh)
2. (f+9)Uh=(fUg)+ (hUg)
3. (fUg)Uh=fU(gUh)

4. 1Ug=gUl=gyg

So U turns S*(X) into a ring (with unit). It is called a graded ring with SP(X) being the p
gradation where:

Definition 9.10.1 A ring R is called a graded ring if 3 subgroups R, s.t. R = ®,R, and the
multiplication satisfies R, - Ry C Rpyq.

Lemma 9.10.2 Let f € SP(X) and g € SUX). Then 6(fUg) =0dfUg+ (—=1)Pf Udg.

Proof: Let T': APTTl — X be a generator of S,y ,11(X).
(6(fUg),T)
= (=1)P(5f, T ol(e, ..., e)){g. T oll€p, ..., Eptqs1))
= (—1)Prra(=1)PFL(f, 0T o l(eo, ..., ) ){g, T 0 l€p, ..., Eprqr1))
= (—1)patptati Zf:&(—l)%f, Tol(eg, - €. 6)){g. Tolley,... epqt1))
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Similarly
(=1)PfUdg

= (=1)P(—1)patpratl Zp+q+1 YP(f,Tolleo, ..., ) )9, Tol€p, ... € ... €pigi1))

= (—1)patprati Zp+q+1 <f,T ole, ..., ) (g, Tolley, ..., 6. .., ep+q+1)>.

Notice that the term of (0f U g,T) corresponding to ¢ = p + 1 equals that of (—1)?(6(f U
dg),T) corresponding to ¢ = p except that the signs are opposite so they cancel when we form
(0fUg,T)+ (—1)P(6(f Udg),T). On the other hand,

(6(fUg).T)
= (=1)PHr(f U g, T)
ptq+l
= (—1)Ptatt Z D' (fUug,Tol(eo, ... € ... €pqs1))
=0

= (=1 (= (=)
<f TOl60,...,éi...,€p+1)><g,TOl(€p+1,...,éi...,€p+q+1)>
p

— (_1>pq+p+q+1 Z(_l)i

=0
<f To l 60, e oy ; €Ep+1 ><g,T o l(€p+1, cvey EAZ ce 7€p+q+1>>
p-‘riH-l
1>pq+p+q+1 Z (-1)
i=p+l
<f To 1(60, cvey ; €Ep+1 ><g,T o l(€p+1, cvey EAZ ceey €p+q+1)>
=(0fUg+(- )”fU5g, 7). O

Corollary 9.10.3 If [f] € H?(X) and [g] € HY(X) then [f] U [g] is a well defined element
of HPT(X).

Proof:

If f =0 and dg = 0 then 6(f U g) = 0 by the lemma.

Also, if f— f"=0h then 6(hUg) = 6hUg+ (—1)PThUdg = (f— f)Ug+0= fUg—f'Uyg.
Hence [f U g] = [f"U g].

Similarly if [g] = [¢] = 0h then [fUg] = [f U] O

Proposition 9.10.4 61 =0

Proof:
Let T': I = Ay — X be a generator of S;(X).
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Corollary 9.10.5 H*(X) is a graded ring with [1] as unit. O

From now on we will write 1 for [1] € H?(X).

Proposition 9.10.6 Let ¢ : X — Y. Then ¢* : S*(Y) — S*(X) and ¢* : H*(Y) — H*(X)
are ring homomorphisms.

Proof:
(0 (fUg), Ty = ((fUg),.T) = (—1)PUf, 0T 0 len...,)){g, 0T 0 llep. .., €p14)) =
—1)pq<¢*faTol(€o---,Ep)><¢*g,Tol( s Eptg) (@ (f)Ucb*( ) T) O

Definition 9.10.7 A graded ring R = ®,R, is called graded commutative if for a € R,,
be R,, ab=(—1)Pba.

Theorem 9.10.8 H*(X) is graded commutative.

Remark 9.10.9 [t is note true that S*(X) is grade commutative. Instead, ab — (—1)Pba =
d (something).

Proof:
Define 0 : S.(X) — S.(X) as follows. For a generator T' : A? — X € S,(X) define

0(T) = (—1)2PP DT o l(e,, ey 1, . . ., €1, €0) € Sp(X).
Write A, := (—1)2p@+D),

Lemma 9.10.10 0 is a chain map.

(The factor A, was included so that this would be true.)

Proof: For a generator T' € S,(X),

90(T) = )\paTol(ep, co€0) =N (1P T o l(ep, .-y 6y, €0)-

00(T) =6 (D8 o (— 1)Tol(eo,..., i €)= N1 (1) T ol(ep, ..., 6y .., €0).
mmmw()wz%(wp—emmmmp—emwﬂﬁzewM O

Lemma 9.10.11 0 ~ ¢

Proof: Acyclic models.
If you examine the proof that sd ~ 1 you discover that the only properties of sd use are:

1.Vf: X =Y, fosdy =sdyof
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2. Sd() =1: SQ(X) — S()(X)

Since 0 satisfies these also, the proof can be repeated, word for word, with 6 replacing sd.
Proof of Theorem (cont.):

Since 6 = id : H,(X) — H.(X, 0* =id : H*(X) — H*(X).

Let [f] € HP(X), [g] € HY(X). For a generator T' € S, ,(X):

(0*(fug),T) ={(fUg)6T)
= Xprg{(fU9), 0T 0 l(€psg, - ... €))
= Mg (= 1)PU(f, T o lepsqs---,€9)){g, T 0o l(eg, ... €))
= Apiq(—1)P1 <f MOT 0 l(€g, - .-, €pig) (g, AT 0 U(eo, - .., €q))
= AprgMpAg(—1 pq<9*f 0T o l(eg, - €p1q) {079, T 0 l(co, ... €))
= AprgMp A0 f U9, T)

S0 0" (f U g) = ApsgApAfg U 0" f.
Hence [f U g] = [0"(f U g)] = AprgAp A0 gl U [07 f] = ApigAgAglg] U [ 1.

However ) )
p+q)(p+q+1)+5p(p+1)+549(g+1)

3(
L (p?+2pg+ P +p+at+p>+p+q>+q)
3(

ApradpAg 1

=(-1)
=(-1)
( 1) 2p2+2pq+2¢%+2p+2q)
= (-1 )p2+pq+q +p+q

=(-1)

pa( 1P+ (—1)ala+l) = (—1)Pa,

This is a “real” sign: does not depend upon the sign conventions.

subsectionRelative Cup Products

Let j : A ~—— X.

oeﬁmwiwmm—asmA)o.

0— S*(X, A) = §5(X) L+ §5(A) — 0.

Let f € SP(X) and let g € S9(X, A).

J* is a ring homomorphism, so S*(X, A) is an ideal in S*(X). i.e. fUc*g € SPTI(X, A).

Write fU g for fUc*g) € SPT9(X,A) C S*(X). That is, ¢*(f Ug) := f Uc*g. (Explicitly,
observe that j*(f Uc*g) = j/ Uj*c*g = j*f U0 =0so fUc*g € Imc* and therefore it defines
an element of SPT¢ which we are writing as f U ¢g.) In computer science language, we are
“overloading” the symbol U, meaning that its interpretation depends upon its arguments.

Similarly if f € SP(X, A) and ‘g € S9(X) we can define an element of SP*7(X, A) denoted
again fUg by ¢*(fUg) := fUc"g.
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If 0f =0and g = 0 then c*0(fUg) =dc*(fUg) =0(fUc?) =0, and so §(f Ug) = 0 since
¢* is a monomorphism. Therefore [f] U [g] € HPT(X, A).

Check that it this is well defined:

If f—f" =dhthen c*0(hUg) = §(hUc*g) = dhUc*g = fUc*g— f'Uc*g = cx(fUg— f'Ug).
Therefore §(hUg) = fUg— f'Ugso [fUg]=1[f Ug|. Alsoif g — ¢ = dk then ¢*§(fUk) =
I fUck) = ﬂ:(fUc*(g—g’)) =4 (fUg— fUg). Hence §(fUk) =+(fUg— fUZG) so
[fUg]=[fUd]in H (X, A). Therefore f U g is well defined.

Lemma 9.10.12 Let ¢ : (X, A) — (Y, B) be a map of pairs. Let f € SP(Y) and let g €
SU(Y, B). Then *(f Ug) = (6" f U*g) € S1(X, A),

0 S%KB%§»SWYy——»S%&

¢* o o

0 S*(X,A) At §*(X) —— S*(A)

o (fUg) =g cp(fUg)
definiti f rel.
(de nition of re cup) 6(f U csg)
(¢*ring homom ) 5 F U b
= ¢ fUcyo'yg

(definition of rel. cup)

ca(e*fUdg)
Since ¢’ is a monomorphism. ¢*(f U g) = ¢*f U ¢*g). 0

9.10.1 Cap Products

Given g € S9X) and x € S,4,(X) define gNz € S,(X) by (f,g Nz >:= (f Ug,x) for all
f e SP(X).
Note: This uniquely defines g Nz (if it defines it all; i.e. 3 at most one element satisfying this
definition) since:

Given an abelian group G, write G* Hom(G, Z), If G is free abelian then the canonical map
G — G*™ is a monomorphism.
Proof: The corresponding statement for vector spaces is standard. Since G is free abelian, can
choose a basis and repeat the vector space proof, or:
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Let V = G ® Q. Since G is free abelian the map G — V given by g — g® 1 is a
G>—YV

monomorphism so l T shows G — G™* is a monomorphism.
G** V**

Remark 9.10.13 Fven in the vector space case, V. — V** is not an isomorphism unless V is
finite dimensional.

Explicitly, for a generator 7' : AP*? — X of S,,,(X), the above “definition” for g N x is
becomes gUT = (=1)P%(g, T o l(ep, ..., €p1q))T 0 l(eq, ..., €)

(This formula shows that there does indeed exist an element satisfying the above definition.)
Proof: Vf € SP(X),

(—1)pq<f, <g,Tol(ep,...,6p+q)>,Tol(eo,...,6p)>
= (—1)pq<f,To l(eg, - - .,ep)><g,To l(ep, .. .,ep+q)> =(fug,T)
Lemma 9.10.14 If g € SY(X), x € Sp4(X) then d(gNx) =dgNa+ (=1)1(gN ox).

Proof: Given f € SP71(X),

(frgnox) =(fUg,0x)
= (=1)P*(0(f U g),x)
= (=1)PH0fUg+ (=1)P"fUdg), x)
= (—1)P*(5f Ug) + (—1)7(f U dg), z)
= (=1)PT0f,gNx) + (=1)771(f,dg N x)
= (=1)PH(=1)P(f,0(g Nx)) + (1)1 (f,dg N x.)

Therefore gNdx = (—1)7%9(gNx))+(—1)7"1dgNx) or equivalently d(gNx) = dgNz+(—1)%(gN
or). O

It follows that if [g] € HI(X), [z] € Hpq(X), then [g] N[z] is an element of H,(X). (Proof
that it is well defined left as an exercise.)

There are also two versions of a relative cap product:

Let j: A — X.

0 — S.(A) = S.(X) — S.(X,A) — 0.

0— S*(X,A) = 5*(X) L~ S*(4) — 0.

Let g € S9(X) and let x € SPTI( X, A).
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Define gNax € S,(X,A) by (f,gNz) = fUg,z > for f € SP(X,A) (where f U g is the
relative cup product).
Or: If g € SUX,A), x € Sp4(X,A) can define gNz € S,(X) by (f,gNzx) = fUg,z > for
f € SP(X) (where again f U g is the relative cup product).

In each case, whenever g and x represent homology classes, [g]N|[x] is a well defined homology
class of Hy(X, A) or H,(X) respectively. (Exercise)

Lemma 9.10.15 Let ¢ : (X, A) — (Y,B). Let g € SUY,B) and let x € Sp+,(X,A). Then
¢(d*gNz) = gNgua in Sp(Y).

Proof: Let € SP(Y). Then

(f,0:(¢"g Na))
=(¢"f,¢"gNx)
= (¢p*f U p*g, ) (where U is the relatively cup product)
lemma 9.10.12
Hemma 21042 (1 U g).)
=(fUg,o.z)

S0 ¢ (P *gNx) =gN P, 0
Lemma 9.10.16 Suppose Y C X. Suppose Y =Y, UY; and X = X1 U Xy where Y, and X,

are open in X. Let A= X1 NXs, B=Y NY,. Suppose also that X.UY, =X fore=1,2. Let
[v] € H,(X, B). Then the following diagram commutes Vq < n.:

H"™Y(X,B) A HY(X,Y)
= (excision)
N[v] HY(A,ANY)
N[v]
o (X) — 2 H ()
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where:

[v] [v']
Ho(X,B) — Ho(X,Y) ~———— H, (A, ANY)

(excision)

defines [v’] and A, and A* are the connectiing homomorphisms from the Mayer-Vietoris se-
quences
A. A,

o Hy g1 (X) =2 Hy ((A) = Hyof(X0) @ Hyoo(Xs) — Hyo(X) 2
LCHY X, B) 2 HI(X,Y) — HY(X,Y,) @ HI(X,Ys) — HY(X,B) 2 ...

Proof: By definition of A, and A* they factor as show below:

A* \
= 5*

HIH(Y, V) —— HY(X,Y)

H*Y(X,B) — H""'(Y, B)

(excision)
N[v] commutes? HY(A,ANY)
N[v']
&~ O,
Hy_q1(X) ~— H,_g1(X, X7) (excision) Hy_g1(X1, A) —— H,_4(A)
A,

where 0, and 0* are connecting maps from long exact sequences.
The open sets {X; NY,, Xo NY), A} cover X because:

(XiNY)U(XoNY)UA =(XiNYy)U(XoNY1) U (XyNXy)
= (X1NY) U (Xon (YU X))

= (XiNYy) UX;

~

XUX)N(YaUXe)=XNX =X

Therefore by corollary 9.4.12 (used in the proof of excision,) [v] has a representative u € S, (X)
where u = uy +ug +u' with uy € S,(X1NY3), us € S, (XoNY7), v € S,(A), and Ou € S,,_1(B).
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That is, by corollary 9.4.12, SA(X, B) — S,(X, B) induces an isomorphism on homology,
where A = { X, NY,, XoNY;, A}. Therefore 3 a representative @ of [v] lying in S:*(X, B) which
means that if we take a preimage u of @ back in S7(X) then u = u; + uy + v’ as above with
8y S Sn_l(B)

Notice that since uy,us € S,(Y'), then their images in S, (X,Y) vanish so that the image
of [v] under H, (X, B) — H,(X,Y) is represented by the reduction of v’ mod S, (Y). Hence
[v'] = [u/] mod S,(Y).

Left-bottom image of [f] € H* (X, B) is

Al(fNu) = Au(f Nug] + Au(f Nug] + As(f N ).

However U, € S, (X UY]) C S, (X3) and v’ € S, (A) C S, (X2).

Therefore fNuy € S,—y1+1(X2) and fUW € S,_;11(X2). (More precisely, if jo : Xy —— X
then jo,(j5f Nug) = f N jo,us = f N ug, identifying uy with its image under the monomor-
phism jo,. So fNuy € Im js,. )

Hence f Nuy and f Nu' die under the map S,_1+1(X) — Sp_g+1(X, X2), (which is part
of A,) and thus A.[f Nu] = AL[f Nuyl.

Notice that A,[f Nuq] = 9[f Nuq] because as above fNuy € S.(X;) and so its reduction
mod S,(A) gives the image under the excision isomorphism and thus it serves as a suitable
pre-image of the reduction to be used when computing the connecting homomorphism 0.

Finally, O[f Nu1] = [0f Nw] + (=) f NOuy] = (—=1)27 [ f N duy], since f is a cocycle.

To summarize, the left-bottom image of [f] is (—1)971[f N du,]

To compute the other way around the figure:

The image of [f] under H7Y(X,B) — HY'(Y,, B) is represented by the restriction of
f to S,—1(Y2). The image under the excision isomorphism is represented by a cocycle f’ €
S971(Y, Y1) whose restriction to Y3 is homologous to f}sq,l(yg) within S771(Y;, B). That is,
3 e ST B) st fly (V)= f]g | (¥2)+ .

We modify f’ so as to eliminate dg as follows:

g € S172(Ys, B) is defined on S, 5(Y3). Extend it to a ¢’ defined on S,_5(Y3) by defining
it to be zero on all generators of S, o(Y) lying outside S,—2(Ys). (We are using, in effect,
that Sy_o(Y2) —— S,—2(Y) splits.) Let f” = f' —dg’ € ST'(Y)). Then f” is still a cocycle,
[f"] = [f'] and f/,‘sq,l(}/?) = f‘sq,l(}/?)' Extend f” to an element f € S77*(X) (for example,

by setting it to be zero on generators outside S,_1(Y"). Note: f need no longer be a cocycle.) f
is thus a pre-image of f” under the surjection S9*(X,Y;) — S7°1(Y,Y3) and so is a suitable
element for computing 0*[f”]. That is 6*[f”] = [6f]. (It needn’t be the 0 homology class because
f ¢ SUX,Y): it isn’t zero on S,(Y). ) So A*[f] = [5f]

Thus the top-right image of [f] is [0f] N [v'] = [0f N '] (where, more precisely, we should
write the restriction of d f to S.(A) rather than 6f. )
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Since u' € S.(A), fNu' € S,(A), so [d(f Nu)] = 0in S,_,(A).

AfNu)=6fNu + (=) fNou so [o(f Nu)] = —(=1)41[f N ow).

Therefore it remains to show that [f N du/] = —[f N duy].

However fNou' = fNdu— fNdu — fNdus.

ou € S,_1(B) C Sp-1(Y1) and ug € S, (XoNY)) C S,-1(Y1) and so duy € S,,-1(Ya).

Similarly U, € S,,_1(Y>2). ) .

But f}s*(y) = f//}s*(y) and f}S*(Yz) = f”}s*(yz) = f}S*(Yz)' Hence f 0 ou = f" N du,
FNouy = " Nous, fNOuL = "N Aus.

The first two terms are zero, since f”|. = 0. Thus [f Ndu'] = —[f N us], as desired. O

v
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