Chapter 2

Compactness

Definition 2.0.7 A topological space X is called compact if it has the property that
every open cover of X has a finite subcover.

Theorem 2.0.8 Heine-Borel A subset X C R" is closed and bounded if and only
if every open cover of X has a finite cover.

Proposition 2.0.9 Given a basis for the topology on X, X is compact < every open
cover of X by sets from the basis has a finite subcover.

= Obvious

< Let U, be an open cover of X.

Write each U, as a union of sets in the basis to get a cover of X by basic open
sets.

Select a finite subcover Vi, ..., V, from these.

By construction Vj da; s.t. Uy, ..., U,, cover X O

Theorem 2.0.10 Given a subbasis for X, X is compact < every open cover of X
by sets from the subbasis has a finite subcover.

= Obvious

<« Consider the basis formed by taking finite intersections of sets in {U,}aer. By
Proposition 2.0.9, it suffices to show that any open cover by sets in this basis has a
finite subcover.

Let {V,, } be such an open cover. So WLOG each Vj is a finite intersection of sets
from {U,}.

Suppose {Vj}ges has no finite subcover.

Well-order [ and J.

Define f : J — I as follows so that for each 3, Vg C Upg) and {Uy(y) }y<gU{ V5 }1>5
has no finite subcover.

Step 1: Define f(jo):

Write Vi, = Uy, NUyy N ---N U,
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Claim 1: Forsomei=1,...,n, {U,}U{V,} >, has no finite subcover.
Proof:  Suppose not. Then 3 a finite collection of the V, s.t. Vi X =U,, UV, U
UV,
So
X=n-U,, UV, u---UV,

= (ML Us) UV, U--- UV,
=V, uV,,u---uvVv, .
This contradicts our earlier assertion that X does not have a finite subcover by a

finite collection of the V. O
Choose i such that {U,,} U{V,},~j, has no finite subcover, and define

f(Go) = o (2.1)

Suppose now that f has been defined for all v < 5.
Claim 2:

{Uf(v) }’Y<5 U {V’Y}’YZﬁ

has no finite subcover.
Proof: Such asubcover would contradict the definition of f(%) where 4 is the largest
index occurring in the sets {Up(,)} used in the subcover.

In other words, if Ugg,), ..U, Vs, - -+, Vg, is a subcover then it is also a
subcover of {Uyy) <, U {Vy}y>5,}. This contradicts the definition of f(¥) where
Y = P

Write Vg = U,, N---NU,,.

Claim 3. For some ¢ = 1,...,1n {Uf(y) }y<g U {Us, } U{V,},>3 has no finite subcover.
Proof: If not, we get a contradiction to the previous claim as in the proof of the
definition of f(jo).

So choose i as in the previous claim and set f(3) = o;.

Now that f has been defined,

Claim 4. {Uy(g)} has no finite subcover.
Proof: If Uy, U---UUyg,) is a subcover then it is also a subcover of {Uy(y)}<p, U
{V,},>p,, contradicting the definition of f(0).

But Claim 4 contradicts the definition of {U,}.

So {V3}pes has a finite subcover and thus X is compact.

O

Theorem 2.0.11 [Tychonoff] If X, is compact for all a then [],.; Xo is compact.

Proof: Sets of the form

Vo=Usx [[ X,
YF#o
(with U, open in X,) form a subbasis for the topology of X.
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Let {V3}ges be an open cover of X by sets in this subbasis.
Suppose {Vj} has no finite subcover.

Let Fﬁ = (vﬁ)c.

Then

ﬂﬁFg =0 (2'2)

but
N{any finite subcollectionFjz} # () (2.3)

where Vs = Uay X [0, X5

Note that for any /3, the image of each of the projections of F is closed. That is,
if Vi = Usy X [0, Xy then e, Fig = (4, V)¢ which is closed and for all other a,
mols = X, which is closed.

So for any «, if Ng(maFp) = 0 then 7, Fp, N---N7o(Fs,) = 0 for some Gy, ..., G,
since X, is compact. This implies Fj3, N---NFp = ). This is a contradiction to (2.3).
So there exists an x, € Ngll, Fjs.

This is true for all . So let z = (z,,).

Then z € NgFj. This contradicts (2.2).

So {V3} has a finite subcover. Hence X is compact.
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