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FICURE 1.5 The Klein bottle is the union of two Mobius etrips.

It is elear from our definitions that there is no distinction between
S, # 8: and Ss £ S,; i.e., the operation is commutative. It is not difficult
to see that the manifolds (Si# Se) # 8. and 5: ¢ (S: 4 8,) are homeo-
rorphic. Thus, we see that the connected sum is a commutative, asso-
ciative operation on the set of homeomorphism types of compact surfaces,
Moreover, Example 4.1 shows the sphere is & unit or neutral element for
this operation, We must not jump to the conclusion that the set of
homeomorphism classes of compact surfaces forms a group under this
operation: There are no inverses. It only forms what is called a semigroup.

The connected sum of two orientable manifolds is again orientable.
On the other hand, if either 8y or Ss is nonorientable, then so is Sy § Sa

5 Statement of the elassification theorem
for compact surfaces

In the preceding section we have seen how examples of compact surfaces
can be construeted by forming connected sums of various numbers of
tori and/for projective planes, Our main theorem asserts that these
examples exhaust all the possibilities. In fact, it is even a slightly stronger
statement, in that we do not need to consider zurfaces that are eonnected
sums of both tori and projective planes.

Theorem 5.1 Any compact surface is exther homeomaorphic (o a sphere,
or {0 @ connected sum of lort, or to o connected sum of projective planes.
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Seeond step. Elimination of adjacent edges of the firsl Eind, We have
now obtained a polygon D whose edges have to be identified in pairs to
obtain the given surface S. These identifications may be indicated by
the appropriate symbol; eg., in Figure 1.16, the identifications are
deseribed by

aa=fhh— Y le\gee gy dd e,

If the letter designating a certain pair of edges oceurs with bolk exponents,
+1 and —1, in the symhbol, then we will call that pair of edges 2 pair of
the first kind; otherwise, the pair is of the second kind. For example, in
Figure 1.16, all seven pairs are of the first kind.

We wish to show that an adjacent pair of edges of the first kind can
be eliminated, provided there are at least four edges in all. This is easily
seen from the sequence of diagrams in Figure 1,17, We can continue Lhis
process until all such pairs are eliminated, or until we obtain a polygon
with only two sides. In the latter case, this polygon, whose symbol will
be ax or aa~!, must be a projeetive plane or a sphere, and we have com-
pleted the proof. Otherwise, we proceed as follows.

Third step. Transformation to ¢ polygen such thai all vertices must he
identified lo a single vertez. Although the edges of our polygon must be
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FIGURE 1.17 Elimination of an adjacent pair of edges of the first kind.
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identified in pairs, the vertices may be identified in sets of one, two, three,
four, .... Let us call two vertices of the polygon equivalent if and only
if they are to be identified. For example, the reader can easily verify that
in Figure 1.16 there are eight different equivalence classes of vertices.
Some equivalence classes contain only one vertex, whereas other classes
eontain two or three vertices.

Assume we have carried out step two as far as possible. We wish to
prove we tan Lransform our polygon into another polygon with all its
vertices belonging to one equivalence elass,

Suppose there are at least two different equivalence classes of vertices,
Then, the polygon must have an adjacent pair of vertices which are
nonequivalent. Label these vertices P and §. Figure 1.18 shows how to
proceed. As P and @ are nonequivalent, and we have carried out step
two, it follows that sides ¢ and b are not to be identified. Make a cut
along the line labeled ¢, from the vertex labeled @ to the other vertex
of the edge a (ie., to the vertex of edge a, which is distinet from P).
Then, glue the two edges labeled o together. A new polygon with one
less vertex in the equivalence class of P and one more vertex in the equiva-
lence class of @ results. If possible, perform step two again. Then carry
out step three to reduce the number of vertices in the equivalence class
of P still further, then do step two again, Continue alternately deing
step three and step two until the equivalence class of P is eliminated
entirely. If more than one equivalence class of vertices remains, we can
repeat this procedure to reduce the number by one. If we continue in
this manner, we ultimately ohtain a polygon such that all the vertices
are to be identified to a single vertex.
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FIGURE 1.1#8 Third step in the proof of Theorem 5.1,



24 [ cHAPTER oNg 7wo-Dimensional Manifolds

im)

FIGURE 1.19 Fourth step in the proof of Theorem 5.1.

Fourth step. How to make any pair of edges of the second kind adjacent.
We wish to show that our surface can be transformed so that any pair
of edges of the second kind are adjacent to each other. Buppose we have
a pair of edges of the second kind which are nonadjacent, as in Figure
1.19{n). Cut along the dotted line labeled a and paste together along b.
As shown in Figure 1.19(h), the two edges are now adjacent.

Continue this process until all pairs of edges of the second kind are
adjucent. If there are no pairs of the first kind, we are finished, because
the symbol of the polygon must then be of the form aigidaas ... Zatl,
and henee 8 is the connected sum of n projective planes.

Assume to the contrary that at this stage there is at least one pair of
edges of the first kind, each of which is labeled with the letter c. Then we
assert that there is at least one other pair of edges of the first kind such
that these two pairs separate one another; i.e., edges from the two pairs
oceur alternately as we proceed around the boundary of the polygon
(hence, the symbol must be of the forme ... d ...t ... d-t ..., where
the dots denote the possible occurrence of other letters).

To prove this assertion, assume that the edges labeled ¢ are not sepa-
rated by any other pair of the first kind. Then our polygon has the
appearance indieated in Figure 1.20. Here A and B each designate a
whole sequence of edges. The important point is that any edge in A
must be identified with another edge in 4, and similarly for B. No
edge in 4 is to be identified with an edge in B. But this contradicts the
fact that the initial and final vertices of either edge labeled “¢” are to be
identified, in view of step number three.

Fifth step. Pairs of the first kind. Suppose, then, that we have two
pairs of the first kind which separate each other as described (gee Figure
1.21). We shall show that we can transiorm the polygon so that the four
sides in question are consecutive around the perimeter of the polygon,
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FIGURE 1.20 A pair of edges of the first Jeimad .

First, cut along ¢ and paste together along b to obtain Figure 1.21(b}.
Then, cut along d and paste together along e to obtain (¢}, as desired.
Continue this process until all pairs of the first kind are in adjacent
groups of four, us cde—1d=" in Figure 1.21(c). If there are no pairs of the
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FICURE 1.21 Fifth step in the proof of Theorem a.1.
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FIGURE 1.28 (a) Connected sum of a Mabiva strip and & torua. (b) Connected
sum of a Mihbius strip and a Klein bottle,

cut in it. In the second stage we then connect the boundaries of these
two holes with a tube that is the remainder of the torus or Klein Bottle.
The difference between the two cases depends on whether we conneet
the boundaries so they will have the same or opposite orientations. This
is illustrated in Figure 1.23, where S is a Mabius strip.

We now assert that the two spaces shown in Figure 1.23(a) and (b)
(i.e., the connected sum of a Mabius strip with a torus and a Klein Bottle,
respectively) are homeomorphic. To see this, imagine that we cut each
of these topological spaces along the lines AB. In each cose, the result
is the connected sum of a rectangle and a torus, with the two ends of the



