9.6 Homology of C'W-complexes

Let X be a C'W-complex.

If T:A, — X € 5,(X) is a generator, then Im 7T is compact so Im7T C X for some p.
Therefore S.(X) = U,S,(X®).

How does this tell us H,(X) in terms of the H,(X®)’s?

9.6.1 Direct Limits

Definition 9.6.1 A partially ordered set J is called a directed set if Vi,7 € J Jk s.t. i < k
and j < k.

Definition 9.6.2 Given a directed set J, a directed system of abelian groups indexed by J
consists of:

1. An abelian group G for each j € J;

2. For each pair 1,5 € J a group homomorphism ¢;; : G; — G; s.t. ¢;; = lg, and
®k,j © Qjii = Pri-

Examples

1. J=17%; G, = M, (k) (n x n matrices over a field k )

A0

2. J = {finite subcomplexes of a CW complex X, ordered by inclusion}
Gy = Hy(Y) (where Y is a finite subcomplex of X)

3. X topological space; J = {open subsets of X ordered by inclusion}
Gy = H,(U).

4. J =177 G, =17 ¢ji L —ZLbylwp™

Definition 9.6.3 The direct limit of the direct system {G,};es consists of an abelian group G
and homomorphisms ¢; : G; — G s.1.
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G b3 G,
¢i commutes Vi, j
b;
G

2. G is univesal w.r.t. property (1). i.e., given H and homomorphisms ¢; : G; — H s.t.
wi o¢j,i = ’QZ)]', 3'9 :G — H s.t. \V/Z,j

We write G = lim {G;}.

Note: By the usual categorical argument, a direct system has at most one direct limit up to

isomorphism. As we shall see, every direct system of abelian groups has a direct limit.
Observe that if ¢;; is an inclusion map Vi,j then G = Ujc;G; is the direct limit of the

system.

Theorem 9.6.4 Fvery direct direct system of abelian groups has a direct limit.

Proof: Let H = @©;c;G; with «; : G; — H the canonical inclusion.

Let G = H/~ where o;(g) ~ a;(g) Vi,j and Vg € G;. More precisely, G = H/H' where H’
is the subgroup of H generated by {a;(g) — a;¢;(9)}.

Let m : H — G be the quotient map.

Define ¢; to be the composite G; —— H .G,

Then Vi, j and Vg € G, ¢,;0;.:(9) = ma;05:(9) = ma;(9) = ¢i(9)-

Also, given k and maps ¢; : G; — K s.t. ¥; 0 ¢;; = 1;: The maps v; induce a unique map
6 : H — K (by the universal property of direct sum). Furthermore, since ¢; o ¢;; = 1;, 6

o is

135



the trivial map so by the universal property of quotient

H K

|

Remark 9.6.5 The definitions make sense and this proof still works even if the poset J is not
a direct system. There is a more general notion called colimit when the poset J is not directed.

From now on we will omit the inclusion maps «;.

Notice: Any element of G has a representative of the form ¢(g) for some g € Gy.

Proof: Let X = (g;);jes represent an element of G. Since z has only finitely many nonzero
components, the definition of direct system implies that 3k € J s.t. j <k Vjs.t. g; # 0. Then
adding ¢y ;(g;) — g; to x for all j s.t. g; # 0 gives a new representative for x with only one
nonzero component. (i.e. for some k, z = ¢(g) with g € Gy.)

Lemma 9.6.6 If g € Gy s.t. ¢)k(g) =0 then ¢ i(g) =0 for some m.

Proof:
Notation: For “homogeneous” elements of @,ec G, (i.e. elements with just 1 nonzero compo-
nent) write |h| = a to mean that h € G,, or more precisely that the only nonzero component
of h lies in GG,.

ou(g) =0 =g e H =

9= Z Gjeic9t — gr  where g € Gy, (9.1)
t=1

Find m s.t. kK <m and i, <m and j, < m Vr. Set ¢’ = ¢ 9.
Adding ¢' — g = kg — g to equation 9.1 gives

9= g —g  whereg =g (9.2)
t+0

Note that for any a < m, collecting terms on RHS in G, gives 0, since LH S is 0 in degree a.
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Among S := {ig,...,in,Jo,---,Jn,m} find a which is minimal. (i.e. each other index
occuring is either greater or not comparable) Since j; i;, a is one of the i’s so this means
J —t # «a for any t.

For each ¢ with |g;| = o, add g¢ — ¢y g, 9+ to both sides of equation 9.2.

As noted above, Z{tHgt|:a} g = 0 so Z{tngt\:a} P, g9t i also 0 and so we are actually

adding 0 to the equation. However we can rewrite it using:

(lgt1=it) -
Gjrindt — 9t + Gt — Om |9t = PjrinGt — Pmjge| 9t ——— Pjpi, 9t — Pm,js Pji.is Gt = Pm.j ¢ Where

Gt = —;j,i,9t- Therefore we now have a new expression of the form ¢ = > ¢, :,9)t — g
however the new2 set S is smaller than before since it no longer contains « (and no new index
was added).

Repeat this process until the set S consists of just {m}. Then no i’s are left in S (since
iy < m Vt) which means that there are no terms left in the sum. That is, Equation 9.1 reads
g’ = 0, as required. O

Notice that from the construction: If J is totally ordered and 3N s.t. ¢, is an isomorphism
Vk,n > N (in which case we say the system stabilizes) then the direct limit is isomorphism to
the “stable” group Gy.

Remark 9.6.7 Above can be dualized by turning the arrows around: That is, define

Inversely directed system = poset J s.t. Vk,ne J I e J st j <k, j<n.

Define an inverse system of abelian groups to be a collection of abelian groups G; and “com-
patible” group homomorphisms ¢y ; indexed by the inverse system. The inverse limit, @J Gj,
of the inverse system is defined as an abelian group which has the property that there exists a
“compatible” collection of homomorphisms ¢y, : @J G; — G}, and such that given any group H
with the same properties 3! 6 : HliLnJ G; making the diagrams commute. The construction of
a group satisfying this definition is gwen by lim  G; = {(z;) € H]EJ Gj | ¢ jx; = xi}.

Theorem 9.6.8 (“Homology commutes with direct limits”)
Let C' = 1im(C}).. Then H(C) =lim H,(C;).
— —J

Remark 9.6.9 Even if lim  C; is just a union, {H.(C;)} may be a non-trivial direct system.
(Homology need not preserve monomorphisms.)

Proof: Let ¢, : (C;). — (C}). be the maps in the direct system lim C;. Definition of maps
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Claim 6 is onto:
Given [z] € H(C), where x € C, find a representative xj, € Cy, for z. (That is, z = ¥xy).
Since x represents a homology class, dxr = 0. Hence ¢,0x, = OYpxr = Oxr = 0. Replacing
Zi by Zp, = ¢y for some m, get a new representative for x s.t. dz,, = 0. Therefore z,,

represents a homology class [z,,] € H(C),.) and
[#m]  H(Cpx) lim H(C})
J

>

[z]  H(C)
shows € Im 6.
Claim 0 is 1 — 1:
Let y € lim; H(C}) s.t. 6(y) = 0.
Find a representative [xy| € H(Cy,) for y, where x; € Xi.. (That is, y = ¢p(xk).)

(] [y]
J
(7 0
H(C)



Since Oy = 0, [Yrxy] = 0in H(C). That is, Jv € C s.t. Ov = Ypxi.

May choose [ s.t. v = ¥y (w;).

Find m s.t. k,I < m. Then replacing zy, w; by their images in (C,,). we get that x — dw,,
stabilizes to 0 so that Im’ > m s.t. [z,] = [Ow,y] = 0. Hence y = 0. O

Theorem 9.6.10 H,(X) = lim H,(X®)
—p

Proof: Every compact subset of X is contained in X®) for some N, so by A8, S,(X) =
Up,S(XP) = lii)np S.(X®). Therefore H,(X) = lii>np H,(X®). O

Theorem 9.6.11 If X = U2V, where V, openin X andV, C Vi1 then H(X) =lim H.(V,).

Proof: Sufficient to show that S.(X) U, S.(V},).
If T'e S.(X) is a generator then Im 7" is compact.
{V,} covers X so ImT C V,, for some n (since V,’s nested).
Hence T € S.(V},) for that n. O
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9.7 Cellular Homology

Let X be a C'W-complex.

By convention X® = () if p < 0.

Let D,(X) = H,(X® X(P=1),

Define dp : D,(X) — D,_1(X) to be the connecting homorphism from the exact sequence
of the triple (X® X ®=1 X®=2)) Therefore dp factors as

H,(X®), X F-1) 2, H,(X®) I, Hy(X®=1, X =),

Hence 9% = 0 since

H X(p—l)) 2, HP(X(p)) LN Hp(X(p_l),X(p_Q)) 2, Hp(X(p_l)) LN Hp(X(p—2)’X(p—3))

p

( x ()

Y

contains the consecutive maps H,(X®) L [, (X¥-1D X#-2) AN H,(X®=Y) which is 0
from the exact sequence of the pair (X ®~1 X #=2)),

Therefore (D.(X),dp) forms a chain complex called the cellular chain complez of X. Its
homology is called the cellular homology of X, written H(X).

Fa{p —cellsof X} ¢=0p

Lemma 9.7.1 Hq(X(P)’X(p—1)> i~ |
0 otherwise

Proof: In each p-cell of X, select a point z;.

Notice that XV U (¢! — z;) ~ X®~V. That is, XD U (e} — x;) is the subspace of
X® formed by attaching D™ to X~ along 9D™. X®=V U (¢! — z;) is formed by attaching
D™ — {x} to X®~Y along 9D™. But using the homotopy equivalence D™ — {x} ~ 9D™ can
construct a continuous deformation of X @~V U (e} — z;) back to X®»~V. (i.e. gradually enlarge
the hole.)

XD ~ xr-ly ( U (ef {x]}))
p—cells of X
Note: If A € B C X where j is a homotopy equivalence than H,.(X, A) =, H.(B) using
— Hy(A) —— Hy(B) — Hy(X, A) — Hy1(A) — Hy1(X) —

I
I



and the 5-lemma. (This avoids using the homotopy axiom directly, which would require a
homotopy equivalence of pairs.)
Therefore

H*(X(p),X(p‘l)) ~q. (X(p)7 x®=1) ( U (e? ~ {%})))

p—cells of X

Notice that X ®~1 U ( U (ef — :L'j)> = X® < (U{z,}) which is open.
p—cells of X
By excision

H*(X(p),X(p‘l)U< U (eg\{xj})>) %H(( U (eg?)),< U (e?x{a:j})))

p—cells of X p—cells of X p—cells of X
~ p _p .
= @ H, (e, el ~{x;})
p—cells of X

where we have excised the closed set X =) from the open set X P~ (U{x]})

Z q=p
0 otherwise

since

Up to homeomorphism, e? :5P and H, (51’, 5;: \{*}) =

o )

Hy(DP ~{}) — Hy(DP) — Hy(DP, D" ~{#}) —= Hy (D —{x}) — Hyy(D") —

0 H, (S"7)

Hence

12

Hq(X(p),X(p_l)) = p—cells of X

0 otherwise

b z itg=p; Fy{p—cells of X} if ¢=p;
otherwise.

H,(X) q<n;

Lemma 9.7.2 H,(X™ = {
0 q > n.

Proof:
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Ifg>n:

Hoyyy (X)) — oy (X™, X0D) — Hy(X®70) — Hy(X™) — H, (X, x=0)

o=

I
0

So Hy(X™ = g (XD = =~ H (XY >=H/())=0.
Similarly if ¢ < n:
Hq+1(X(n+1)’ X(n)) ., q+1(X(n)) i Hq(X(n+1)) . lr_[q()((n—l-l)7 X(n))
I I
0 0
So Hy(X™ =~ H (X)) >~ =~ [ (X® vp,
Therefore H,(X) 2 lim H,(X® = H,(X™). O

lim
Theorem 9.7.3 H(D.(X)) = H.(X).
Proof: From the triples (XD XM X "=2)) and (X, X"=D X("=2)) we have

Hn+1(X("+1),X(")) A_, Hn(X("),X("_z)) ., n(X(nJrl),X(n—?)) . Hn(X("H),X(”))
0 by J
Hn(X(") Hn(X("),X("_l)) —_—D
dp
Hn_l(X("_Q),X("_l)) S Y

j«ix is induced by the canonical map of pairs (X™,0) — (X™, X"V s0 j,A = j,i,0 =
Op.
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The diagram shows that ker(0

D)n an(X( n) x(n— 1))
Therefore H,(D,) = ker(0D),/Im

(5D n=H, (X(n) X (n—=1) )/ImA H, (X(n+1)’X(n—2))‘

H, (X0 — H,(X")) — H, (XD, X022y — [,y (X2)

I I
0

0
Thus H,(D,) & H, (X", X0=2) = g (X)) = H, (X) O

9.7.1 Application: Calculation of J,(RP") (for 1 <n < o0)

p:S"— RP" p = quotient map (covering projection)

Want to find “compatible” C'W-complex structures on S™ and RP™ (i.e. such that p is a
“cellular” map).

S"=eg Uey Uef Uey U...Uef Ue, where e = {(z0,...,2;) € & | z; > 0}.

Let e; = p(e]) C RP™

p‘ej is a homeomorphism. In fact, e; = p(e;’) = p(e; ) is an evenly covered open set in RP"

with p~'(e;) = e Uej . So e; is an open j-cell and RP™ = ey Ue; U... Ue, is a CW-complex
structure on RP™ (and p is a cellular map).

We define RP*>® := U,RP" = ey Ue; U...Ue, U...and topologize it by declaring that
A C RP" shall be closed if and only if A U€, is closed in €, for all n. Thus by construction
RP> is also a C'W-complex.

p induces a map of cellular chain complexes p, : D.(S™) — D.(RP™).

D;(S") =2 Fap{j-cells ofS"} = Z & Z D;(RP") = Z

YAY/ YAY/ YAY/ YAY/
| I e
0 —— D (8") ——> Dpy_1(S") — ... —— D;(S") —— ... —— Dy(5") —— 0
{ lp* 5 {p* 5 a {p* a 5 lp*
0 — D,(RP") = D,,_{(RP") = ... — D;(RP") — ... — Do(RP") — 0

To determine 0 : D;(RP™) — Dj_l(]RP”) first determine 0 : D;(S™) — Dj_l(S"_l).
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Let a : 8™ — S™ denote the antipodal map a(z

a respects the cellular structure of S™: ale
so it induces a chain map a, : D,(S™) — D.(S™).

We pick generators for D,(S™) = Z & 7Z as follows.

In the summand Z C Dy(S™) corresponding to ed pick one of the two generators and call it
foF. Then a,(f;") will be a generator for the other Z summand in Dy(S™) so set ; = a. fg"

) =z.
D= ) =of

Lemma 9.7.4 f — f; generates Im 9.

Proof: ainduces the indentity on Hy(S™) (any self-map of a connected space does), so [fof~] =

a.[fo] = a.lfe] = [f]- Hence [fy] — [fy] is the zero homology class so f — fi € Im .
Since D, (S™) is a complex whose homology gives H,(S™) and we know Hy(S™) = Z, we
conclude that fi” — f, generates Im &. O

Pick a generator of the Z summand of D;(S™) corresponding to e and call it f;". So
oft = m(fy — fi) for some m. Replacing f; bye — f;" if necessary, we may assume that m > 0.
Let f; = aff. Then 9f; = m(afy —afy) = m(fy — afs) = m(fy — fi) = m(fs — fy)-
Since G(Dl(S")) is generated by df;" and df;, the only way it can be generated by fi — fy
is if m = 1.

Off =fo —fo  Of ==(fg = fo)

Therefore kerd; : Di(S™) — Dy(S™) is generated by f;" + f;. But since H;(S") = 0,
ker 9; = Im 0.

Pick a generator f,” € Dy(S™) corresponding to ey . Then df;" = m(f;” — f;) for some m,
and as above we may assume m > 0. Let f5 = a.fy . Then 0f; = m(f; + fi7) and so as
above we conclude that m = 1.

of = f+ fo dOfy = fof + fo Therefore ker 9y is generated by fF — f; . As above,
pick ff and fi st. fi = a i) 0ff = ff — fy and 0fy = —(f5 — fy).

Continuing, get f;” and f; for j = 0,...,nst. f; = a.f; and Of =0f; = f", — f;,
when j is even, while 0f;" = f;_, — f;_, when j is even, 0f; = —(f;_, — f;_,) when j is odd.

For each j, f; := p.(f;) = p«(f;) € Dj(RP") since p.a. = p..

fi-1+ fi-1=2fj—1 J even,;

Therefore 0f; = {f' 4+ fi =0 j odd
J— J—i .

D.(RP™) Z ez Y.z 2.7 .7 0
n even: n odd:
Z q=0 Z q=0,n
H,(RP")=<{Z/(2Z) qodd,q<n H,(RP")=<(Z/(2Z) qodd, qg<n
0 gevenor q>n 0 q even or q > n.
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Z n (if n odd)
0 4
That is, H,(RP") = 7.)(27) 3
0 2
Z)(2Z) 1
7 0.

\

9.7.2 Complex Projective Space

Regard S?"*! as the unit sphere of C"*!.

An action S* x $#"*1 of S* on 2"+ is given by (A, (20, .. .,2n)) — (A2, ..., Az,). Note that
Aol + .o+ Az P= AN (20P + - 4 |2]?) = 1-1=1s0 (A2, ..., Az,) € S2HL

Define as the orbit space CP™ := 5?1 /S,

The inclusions C"* —— C"*', (29, ..., 2zp_1) — (20, ..., 2n_1,0) respects the S' action so i
induces CP"! —— CP".

Proposition 9.7.5 CP" has a CW -structure: e® Ue? U ... Ue*"

Proof: Suppose by induction that we have given CP"~! a C'W-structure with one cell in each
even degree up to 2n — 2: CP" 1 =¢y U2 U... U 1

Let z = (2¢,...,2,) represent a point in CP". Then z lies in CP"! if and only if z, = 0.
By multiplying by a suitable A € S! we may choose to new representative for z in which z,
is real and z, > 0. Unless z, = 0, z will have a unique representativve of this form. Writing
z; = xj + x; + iy, (with y,, = 0) we have z = (20, Y0, - - -, Tn—1, Yn—1, Tn, 0) With x, > 0.

Let E2" = {(wo, ..., ws,) € S | wa, > 0}. E¥ is a 2n-cell.

Define f?" to be the composite E" — S?" —— §2n+1 auetient ¢ pn, (That is, (wo, . . ., way,)
[(wo + twy, we + tws, . . ., Wop_o + 1Wap_1, Way)].)
e = {wy, ..., wy € S?* | wy, > 0}. By the above, the restriction of f, to € is a bijection.

It is also an open map (by definition of quotient topology a set map is open if an donly if its
inverse image is open and the inverse image of f**(U) is Uyesi A+ U) so it is a homeomorphism.
Therefore CP" = CP" ' Ue? =’ Ue? U...Ue? is a CW-complex.

(Note: By compactness, the 3rd condition is automatic when there are only finitely many
cells.) 0

Can define a CW-comples CP* by CP> := U,Cp" =’ Ue* U...Ue*™ U ... topologized
by A C CP® is closed if and only if AN e2n is colosed in €, for all n.
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Z, qeven, q<2n

Theorem 9.7.6 H,(CP") =
0 qodd, g>2n.

Proof:
0 — Dy, (CP™) — Dy, 1(CP") —+ Dag, 1(CP™) — ... — D;(CP"™) — Dy(CP™) — 0
I I I I I
A 0 A 0 A
Every 2nd group is 0 so the boundary maps are all 0. Therefore H,(CP") is as stated. O

Remark 9.7.7 Using the same ideas as above, one can define quaternionic projective space HP™
by HP™ := S4F3/S3 where we think of S as the unit sphere of the quaternions H and S3
as the unit sphere in HIP™ ™! with quaternionic multiplication as the action. n this case we get
that HP" is a CW -complex of the form HP™ = e Uet U...e*. We can also define HP> =

Z q=0(4),q < 4n;

UHP" =e®Ue*U...e™ ... As above we get ~ H,(HP") =
0 q#0(4), or ¢ > 4n.

(Details left as an exercise.)
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