6.2 Attaching Maps

Given A C X with f: A — Y, we define “the space obtained from Y by attaching
X by means of 7 (written X Uy Y) as

XU Y =(XIIY) /~

where a ~ f(a) Ya € A.

A / Y
X xuv
3!
Z
is a pushout in the category of topological spaces.
1y is always an injection.
jx is an injection iff f is.
Example 6.2.1 Y = % fiA—x
Then X Uy x = X/A.
Associativity: A C X, BCY.
f:A—>Y, g:B— Z.
Then

XYz

~J

X Ujyor (YU 2) = (X UpY) Uy Z
Assume A is closed in X.

Proposition 6.2.2
1. In X Up Y, iy (Y) is closed, jx(X \ A) is open.

2. (CL) iy Y gZy(Yv),
() jx : X \A=jx(X\A).

Proof:
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L XU Y =iy (V) Ujx (X \ A) and iy (Y) Njx (X \ A) = 0
m: XIOY - XU Y
T Hix(X\4)) =X\ A openin X IIY
Therefore jx(X \ A) openin X Uy Y
Therefore iy (Y) closed
2. (a) Show Y open in Y = iy (U) open in iy (Y)
Notice that iy (Y) =AU Y C X Uy Y
miy(U)) = fFHU)IIU openin AITY.
Therefore iy (U) open in AUy Y = i(Y)
(b) Show V open in X \ A = jx(V) open in jx(X)
ix(V)) =V open in AIIY
Therefore jx (V') openin X Uy Y
Therefore jx (V') open in jx(X) (since it is even open in entire space)

From now on we think of Y as the subset iy (Y') of X Uy Y.
Corollary 6.2.3 ' C X Uy Y is closed < FNiy(Y) and FNjx(X \ A) are closed.

Proof: Since X Uy Y =iy (Y) U jx(X \ A) this follows from the fact that iy (Y) is
closed. 0

Proposition 6.2.4 If X and Y are compact, then X Uy Y is compact.
Proof: X, Y compact = X I1Y compact = X U; Y = n(X 1Y) compact O

Proposition 6.2.5 If X and Y are normal, then X Uy Y is also normal.

Proof: Suppose B,C C X Uy Y with BN C = () where B, C are either closed or
singletons. (We don’t assume singletons are closed — have to show T} as well)
Then BNY, CNY are disjoint closed subsets of Y sodg : Y — I s.t. g¢(BNY) =0,
g(CNY)=1
Define f: j5' (B) U jx (C)UA — I'by hl;-15 =0, Al oy =1, ha=go f.
This agrees on overlaps (which are closed) so yields a well-defined cont. function.

' _ (Tietze) _
Domain of h closed in X, X normal =———= 3H : X — [ extending h.

Hllg

X1y -1

R

¢

"« universal property of quotient
XUyY
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¢(B) =0, ¢(C) =1,
Therefore 4 open sets separating B and C'. Applied to singletons gives Hausdorff
(thus 77) and then applied again to closed sets gives normal. O

Proposition 6.2.6 If Y is Hausdorff and X is metric, then X Uy Y is Hausdorff.

Proof:

l.z#weX\A
Separation in X \ A gives a separation in X Uy A since X \ A is open.

2. XeX\AyeY
Find e > 0s.t. No(z) C X\ A

Then x € N.(z) C N(x) C X \ A, (where the closure can be taken either in
X\ Aorin X UyY — it’s the same)

Then Ng(x),<NE(x)>c separate = and y.

3.y, €Y

Lemma 6.2.7 X metric. AC X. V open in A.
Then 3 open U in X s.t. UNA=V and UN A = closure of V in A

Proof:
See Problem Set I. O

Proof of Prop. (cont):

Let U’, V' be a separation of y1, yo in Y (with y; € U’, yo € V)

f~YU’") open in A. X metric so by Lemma, 3 open U in X s.t. UN A= f~}U),
U N A =closure of f~4(U") in A= f~1(U") (since A closed).

Let W= (jxU)UU C XU; Y

7} (any) = jx' (any) ITiy ' (any)

Since jy' (U'Ujx (U)) = f~HU")UU = U and iy (U'Ujx (U)) = U'U(jx(U)NY) =
UUfUNA)=U weget m'(W)=UIIU in XIIY so W is open in X U; Y.
Claim: W = jx(U)u U’

Proof: B C f~}(f(B)) = B C f'(f(B)) = f(B) C f(B) in general, and so
W C WU])((U) C Wij(U) =W.
Therefore sufficient to show that U’ U jx(U) is closed.
SubClaim: jy'(jx(UUU)) =UU j¢' (U)
Proof: U C jy'jx(U) so RHSC LHS.
Conversely, suppose that a €LHS.
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If a € j3'(U’) then @ €RHS and if a € U then a €RHS.

So suppose a € (jx'jxU) \ U.

Then 3b € U s.t. jx(a) = jx(b). Since a # b this implies a,b € A. Hence
be UnN A= closure of f~1(U’) in A.

If Z is a nbhd. of jx(b) then j3'(Z) is a nbhd. of b, so j5x'(Z) contains pts.
of V. Hence Z contains pts. of jx(f'(U’)) C U’. True V nbhds. of jx(b), so
jx(a) = jx(b) € U".

Therefore a € j3'(U’) € RHS.

Proof of Claim (cont.):
SubClaim = j' (jx(U)UU') =U U j5' (U) closed in X

iv' (x([@)uT") = (ix(O)NY)u (@' NY) (6.1)

ix(U)NY = jx(UNA) = fUﬂA f(
f(f_l(U’)) inY cU'NY, and so ( = iy
inY.

Therefore we have shown that 7 (jx(U) U U’) = closed I closed so jx (U UT")
closed, as desired.

closure of f~}(U") in A) C closure of
( U)uU U’) U’'NY which is closed

Proof of Prop. (cont.):

U1 € Ucw

Show yo & W so that W, (W)¢ is the desired separation.

Suppose yo € W. Then yo € WNY = i,'(W) C U'NY = closure of U’ in Y.
But y, € V' and V' N (closure of U’ in Y) = @

=

So yo & W, as desired. O
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6.3 Coherent Topologies

Let X; C Xy C --- C X,, C be topological spaces.

Let X = U, X,

The coherent topology on X defined by the subspaces X, is the topology whose
closed sets are {A C X | ANX,, is closed in X,, Vn}. (Clearly this collection is closed
under intersections and finite unions.) This is the weakest topology on X s.t. all the
inclusion maps are continuous.

Notation: Write X = li_n>1Xn for U, X,, with this topology.

n

Proposition 6.3.1 Given f, : X, = Y s.t. f"‘Xk =fpfork<n, 3 f: X =Y st
f

x, = fn-

3'

A’

Y

Proof: Let f be the unique set map on X restricting to f,, on X,,. Given closed A
inY, f71(A)N X, = f,'(A) which is closed in X,,. Hence f~'(A) is closed in X.
Therefore f is continuous. O

Proposition 6.3.2 Suppose Yn that X,, is normal and X,, is closed in X. Then X
15 mormal.

Proof:

Vo € X, {z} N X, = {{z} or 0} = closed in X,

Hence {x} closed.

So X is Tl-

Suppose A, B closed in X with AN B = (.

Xinormal = 3¢; : X; — Ist. g1 (X7NA) =0, 1(X;NB)=1.

Suppose g, : X, — I has been defined s.t. ¢,(X, NA) =0, g.(X, N B) =1,
gn‘Xk = g for k < n.
To define g,,41:

Define f, : Y, ;== X, UAU B — I by f.(X,) = gn, fu(A) =0, and f,(B) = 1.

A, B, X, closed and f,, agrees on the overlaps, so f,, is continuous.

Y, closed in X = Y, N X, closed in X, 1, so by Tietze (using X, 1 normal)
dgni1 0 Xny1 — I extending f‘YanH.

Hence gn—i-l‘Xn = f"‘Xn = Gn> Inr1(Xny1NA) =0, gn1(Xpp1 N B) = 1.
By universal property of lim, I g : X — [ extending g, Vn.
Then g(A) =0 and g(B) = 1. O
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6.4 CW complexes

Motivation: Finite CW complexes:

A finite O-dimensional CW complex consists of a finite set with the discrete topol-
ogy.

A finite (n+1)-dimensional CW complex is a space of the form ([ .; D" Uy X
where

(1) X is a finite k-dimensional CW complex for some k <n

(2) D™ denotes [0,1]"**. ], D™ has the “disjoint union” topology: U is
open if its intersection with each D"*! is open.

(3) f:[1oD™"! — X, where S™ =2 9D"*! C D!

Examples:
(1) 1 =10,1]
(2) S™ which is homeomorphic to D" Uy pt = D" /0D™.
Definition of CW complex which follows is more general and allows for infinite

CW-complexes as well.

Terminology:
Spaces homeomorphic to D™ will be called m-cells.
Spaces homeomorphic to the interior of D™ will be called open m-cells.
m is called the dimension of the cell.

Definition 6.4.1 A CW-structure on a Hausdorff space X consists of a collection of
disjoint open cells {e,}acs and a collection of maps fo : D™ — X s.t.

1. X = Uges€a (disjoint as a set)
2. Vo :

[}
D™ =e,

(a) fo(D™) C e, and f, S
(b) fo(OD™) C {union of finitely many of the cells e, having dimension less than m }

3. AC X is closed & ANe, is closed in e, for all a
A space with a CW-structure is called a CW-complex.

To see that this generalizes the above description:
Suppose ¥ = X U (]_[ﬁeK Dg“) Uy X where X = Uqes e, is a CW complex with
dime, <n Va. Write C' = [[4c, D™ and 9C = [] 50, 0D

So C\9C = [1ex DiH.
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¢ ———C

X ;Z, Y
Let fs = j‘D”+1 : Dg“ — X. (So X is a union of cells having dimension < n+1.)
8

Since Y = Uayes €, | Ugek €5 in the case of a finite CW complex (where the sets
J and K are finite) the third condition is automatic.

Terminology:
U{e, | dime, < n} is called the n-skeleton of X, written X ™
The restrictions f,|gpm are called the attaching maps.

Notice that we can recover X from knowledge of X and the attaching maps
as follows: Inductively define X ™+ by X+ — (Hﬁe Koin Dg“) Us X™ where

K1 = {all (n+1)-cells}. (Knowledge of a map includes knowledge of its domain so
we know the set K,.1.)

XO cxO cc.iicxm

Define X = U, X™ = U,cse, and topologize it by condition 3.
If 3M s.t. XM = X then X is called finite dimensional.
X is called finite if it has finitely many cells.

Note: A space can have more than one CW-structure giving the same topology.

c.g.
52 =egUeq

52:60U60U61U61U62U62

Note: The open n-cells comprising X are not necessarily open as subsets of X. Only
the top dimensional open cells are actually open in X.

Lemma 6.4.2 &, = f,(D™)

Proof: D™ compact = f,(D™) compact = f,(D™) closed as X is Hausdorff. (In
fact X is normal )

fa(Dm) C fo(D™) = &y
Converselyf L(en) = frl(eq)

Corollary 6.4.3 g, C X(™,

C a(Dm).
= Int(D™) = D™ so f,(D™) C &,. O
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Proof: g = fu(D™) = fu(D™) U fa(OD™) with fa(D™) = o and fu(8D™) C
Xm=1 g0 ey C XM, O

Corollary 6.4.4 For any ap, €uy Neq = O for all but finitely many .
Proof: By definition f,,(0D™) Ne, = 0 for all but finitely many «. O
Theorem 6.4.5 A compact C X = ANe, =10 for all but finitely many .

Proof: X =U,cse,. Let I ={a € J|ane, # 0}.

For all a € I, choose y, € ANey. Set Y = {yataer-

Vi3, {a | €egNe, # 0} is finite, so 5 NY is finite.

Suppose S C Y.

V3 € J, SNeg is finite, thus closed in X, since X is T3.

Hence S is closed in X. (Property 3)

In particular, Y is closed in X and every subset of Y is closed in Y.

So Y has the discrete topology.

But Y C A, A is compact, and Y is closed, hence Y is compact. Therefore Y is
discrete implies Y is finite. Hence [ is finite. O

Corollary 6.4.6 If A is a compact subset of X, then A C X™) for some N.
Corollary 6.4.7 X is compact < X 1is finite.

Proof: = If X is compact then X intersects only finitely many e,. But X intersects
all e, so X is finite.

= XD = O, Uy X where O, = HﬁeKn+1 Dt

If X is finite, then K, is finite, and so C,,; is compact, and hence X"*+1 ig
compact (by induction).

If X is finite, then X = X for some N. O

6.4.1 Subcomplexes

Let X = U,es e, be a CW complex. Suppose J' C J.
Y = Uqey €4 is called a subcomplex of X ife, C Y Va € J'.

Example: X™ is a subcomplex of X Vn.
Proposition 6.4.8 Let Y be a subcomplex of X. ThenY is closed in X.
Proof: For 3 € J show Y Neg is closed in eg.

{ae J|e,NeEg # 0} is finite, so €5 = e, U+ Uegy,.
The e, are disjoint so Y Ne, = @) unless e, C Y.

58



Discarding those a for which Y Ne, = 0, write

YNneg =((YNea,)U---U(Y Ney,))NeEg  with eqy,... 60, CY
c(YNne,)u---U(YnNe,)) Nes
C (€ U---Utq,)NEg
cYnes

using e,; C Y and applying the definition of subcomplex.
Hence Y Neg = (€5, U---Ue,, ) Negis closed in e3. Hence Y is closed in X. O

Corollary 6.4.9 A subcomplex of a CW complex is a CW complez.

Proof: Let Y C X be a subcomplex where Y = U,cy e, and X = U,cj €,.
For a € J', fo(D™) =€, C Y (thus it is in finitely many cells of Y since X is a
CW-complex) so condition (2) is satisfied.
Check condition (3).
Suppose ANe, closed in e, for all o € J'.
Given € J, write Y Neg = (€, U---Ue,, ) Neg with ay,...,a,. € J" as above.
Then ANnez = ((ANeg)U---U(ANe,)) Neg.

ANeg, is closed in &, thus compact, for j =1,...,7.
Therefore ANez = (compact) N ez =closed subset of e3.
Hence A is closed in X and thus closed in Y. O

Corollary 6.4.10 X s closed in X Vn.
Corollary 6.4.11 X =lim X,
—n

Proof: X is closed in X for all n. If A C X satisfies AN X closed for all n,
then Va, (AN X™)Nez = ANes closed, since g, C X™ for some n. O

Proposition 6.4.12 X s normal Ym.

Proof: X0t) =, ., Uy X where Cpyq = ]_[ﬁ D" is normal. Hence X is
normal Vm by induction. O

Corollary 6.4.13 X is normal.

There is a stronger theorem which we won’t prove which says

Theorem 6.4.14 (Mizakawa) X is a CW -complex = X is paracompact.
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6.4.2 Relative CW-complexes

Definition 6.4.15 A relative CW-structure (X, A) consists of a Hausdorff space X,
a subspace A of X, a collection of disjoint open cells {e4 }acs and maps f, : D™ — X
s.1.

1. X =AUU,c, €a
2. Va

(a) f(D™) C ea and fol o =

(b) fo(OD™) C AU { union of finitely many of the cells e, having dimension
less than m}

Cao

3. B C X is closed < BN A is closed in A and BN (AUey) is closed in AUe, Va.
A pair (X, A) with a relative CW-structure is called a relative CW-complez.
Define X" = AU UdimmSn eq. By convention, set X(-1) = A.

Proposition 6.4.16 Let (X, A) be a relative CW-complez.
1. X =lim X,
—n
2. A is normal = X is normal.
3. X" s closed in X Vn.
4. (X/A, %) is a relative CW complex.

6.4.3 Product complexes

Let X = Uyeye® and Y = Ugeg €® be CW complexes.
Then X XY = U, gesxx (€a X €5).

Note: If e, is an m-cell and e is an n-cell then e, x eg is an (m + n)-cell.

Define f, 5 by D™ = D™ x D7 1298 x y,

pmtn — pmos pr P x v viisa homeomorphism from D™ to its image.

D™ = (D™ x D™) U (D™ x 0D") — X x Y

fap(OD™™) C {((m—l)—cells) X (n—cells)}u{ (m—cells) x ((n—l)—cells)} =

{(m+n—1)— cells}.
So X x Y will be a CW-complex if condition 3 is satisfied. In general, it will not
be satisfied.
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6.5 Compactly Generated Spaces
In this section, all spaces will be assumed to be Hausdorff.

Definition 6.5.1 A (Hausdorff) space X is called compactly generated (or a k-
space) if it satisfies A C X is closed < ANK is closed in K for all compact subspaces
K of X.

Examples:
1. Compact spaces
2. CW-complexes

Given X we define a space Xy as follows.
As a set, Xy = X. Topologize Xy by: closed sets = {A C Xy|A N K is closed
(in the original topology) in K for every K C X which is compact in the original

topology }.
Note: Since X is Hausdorff, A closed in K is equivalent to A closed in X.

A C X is closed in the original topology = A is closed in X.
Hence

Proposition 6.5.2 X 24, X is continuous.

Thus the topology on Xy is finer. In particular Xy is Hausdorft.
Clearly X compact = X = X.

Proposition 6.5.3 f : X — Y continuous implies that f is continuous when con-
sidered as a map Xy — Yi.

Proof: Suppose B C Yk is closed. If K C X is compact, then f(K) is compact, so
BN f(K) is closed in Y

This implies f~}(B N f(K)) is closed in X. Hence f~Y(B N f(K)) = f~4(B)N
FYAK) D fFYB)NK. So f7YB)NK = f~Y(BN f(K))N K which is closed in K
Hence f~!(B) is closed in Xj. 0

Proposition 6.5.4 If A is closed in X, then Ay is the subspace topology from the
inclusion A — Xj.

Proof: A — X = A, — X is continuous so the Ay topology is finer than the
subspace topology. Suppose that B C Ay is closed. So for all compact K C A, BNK
is closed in K. We show that B is closed in Xy. Suppose L C X is compact. A is
closed, so AN L is a compact subset of A. However BNL =BNANL,so BNLis
closed. Hence B is closed in Xj. O

Corollary 6.5.5 K is compact in Xy < K is compact in X.

61



Proof: K is compact in Xy = id(K) = K is compact in X.

If K is compact in X, then K is closed in X which implies that Ky is the subspace
topology as a subset of Xy. Hence K is compact when regarded as a subspace of X.
O

Corollary 6.5.6 Xy is compactly generated.

Proof: Suppose A C Xy is such that A N K is closed for all compact K of Xj.
{compact subspaces of Xy} = { compact subspaces of X} so this implies A is closed
in Xy. Hence Xy is compactly generated. a

Proposition 6.5.7 If X is compactly generated, then Xy = X. In particular (Xy)x =
Xk.

Proof: If A is closed in X, then A is closed in Xy. Conversely suppose A is closed
in Xx. Then AN K is closed V compact K of X. Hence A is closed in X. O

Theorem 6.5.8 Let X and Y be CW complezes. Then (X X Y)y is a CW complex.

Proof: Write X = Uycjeq, and Y = Ugereg. Soasaset Z = X XY = U req Xeg.
Since D™ is compact, fa g(D™*™) is compact so its topology as a subspace of X is
the same as that as a subspace of X x Y. Hence f, 3 is continuous as a map from
D™ to Z and fa,5|Dn3+n is still a homeomorphism to its image in Z, so property (2)

in the definition of C'W-complex is satisfied. For property (3): Suppose ANe, X eg
is closed for all a, 5. For any compact K, m1(K) and my(K) are compact so m (K) C
Uj:17...7r6aj, 7T2(K) C Uk:l,...,seﬁk~

Hence
K C Ulgzi,;',:',;eaj X €g,
C Uj:1 o 6% X eg,
k=1,...,s
Hence
AﬁK:Aﬂ<UJ—1 ,,,,, reajxeﬁk)ﬁK
k=1,...,s
= (Ué;ll,’,:sA N eaj X €5k> NK
which is closed. So A is closed in Z. O
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