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8. Let φ : C → D be a chain map. If φ is an injective map then we can form a quotient

complex which fits into a long exact sequence with H∗(C)
φ

−→ H∗(D). It is sometimes
convenient to have this in the case when φ is not an injection. To accomplish this, we
construct a chain complex D̃ and a chain homotopy equivalence j : D → D̃ together
with an injection i : C → D̃ such that i ' j ◦ φ and φ = k ◦ i, where k is a chain
homotopy inverse to j.
a) Define D̃ by D̃p = Cp ⊕ Dp ⊕ Cp−1. Define ∂̃ : D̃p → D̃p−1 by ∂̃(cp, dp, cp−1) =

(

∂cp − cp−1, ∂dp + φ(cp−1),−∂cp−1

)

for cp ∈ Cp, dp ∈ Dp, and cp−1 ∈ Cp−1.

Verify that (D̃, ∂̃) forms a chain complex.
b) Define i : C → D̃ and j : D → D̃ by i(c) = (c, 0, 0) and j(d) = (0, d, 0). Verify

that i and j are chain maps.
c) Show that i ' j ◦ φ.
d) Find a chain map k : D̃ → D having the properties that k is a chain homotopy

inverse to j and that φ = k ◦ i.
Remark: D̃ is called the Algebraic Mapping Cylinder of φ.
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