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1 Introduction

The expression of physical laws by employing a variational principle is used
extensively in research both for its simplicity and elegance as well as for its
usefulness in gaining further insights. In particular, the principle of least
action in classical mechanics allows one to conveniently obtain the equations
of motion for even the most complicated of systems. Associated to each
system of particles is a real-valued function, L, of the trajectories ¢;(t) of the
particles, the velocities ¢;(t), and time, t. Here ¢;(t) = z/'(¢t), p=1,2,3. L
is called the Lagrangian and is typically equal to T'— V', where T and V are
the total kinetic and potential energies of the system, respectively. In the
time interval [t1,t5], the action, S, is defined as
to

S = [ L@(®) s an (.10, s iv(t), 1) 1)

According to the principle of least action, the actual trajectory traversed

by the system of particles in [t,t5] is the one for which S is a minimum.

This trajectory is obtained by evaluating the first order change, 65, of the

action as a result of varying the trajectories, ¢;(t) — ¢;(t) + dg;(t) subject to

the condition that the varied paths all meet at ¢; and ¢, so that d¢;(t) = 0

at t; and ty. Setting 65 = 0 (S is extremal) for all d¢;(¢), one obtains a set

of N differential equations for ¢;(t), the actual trajectories of the N particles.
These are the Euler-Lagrange equations of motion

4oL, oL
dt 04" 9g;’

i=1,2,.. N (2)

These equations are equivalent to the Newtonian equations of motion,
which are based on the Hamiltonian formulation of classical mechanics.

The above variational approach not only applies to trajectories of indi-
vidual particles but also to continuous spacetime fields, such as the metric
in general relativity.

The Lagrangian formulation of fundamental physics is also important for
developing quantum field versions of classical field theories. These classical
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field theories are often expressed in terms of a field equation involving a field
of force. One must do away with a force field in developing a quantized ver-
sion of the physics and the Lagrangian formulation of quantum mechanics is
a necessary tool since no fields are involved. For example, Richard Feynman
developed a Lagrangian formulation of quantum mechanics (the path inte-
gral formulation) and used it in developing quantum electrodynamics: the
quantum field theory of the classical electromagnetism of Maxwell. Likewise,
a Lagrangian formulation of general relativity is important for formulating a
quantum theory of gravity.

We now generalize the least action principle to a Lagrangian formulation
of a field theory and apply it to the case of obtaining Einstein’s field equation
of general relativity.

2 Lagrangian Formulation of a Field Theory

In the case of a field theory in flat Minkowski spacetime, the trajectory
(for a single particle) ¢(t) is replaced by a set of spacetime-dependent fields,
i (x*), = 0,1,2,3, over a spacetime manifold, M. Each ®* is a function on
spacetime, in some coordinate system, and the index i labels the individual
fields.

Here, we may express the Lagrangian as an integral of the Lagrangian
density ¢(®*,0,9"), a scalar:

L= / ¢ . (3)
Thus, the action is

S:/edt:/Uzd%, (4)

where U is a compact subspace of M. We now perturb ®* and 9,9" by a
small variation:

N L (5)
0,0 — 9,9" + 6(9,9") = 9,9" + 9,(59"). (6)
Hence, for the Lagrangian density, we have:
0(9',0,8") — P+ 09", 0,9 + 9,09") (7)
, , or . ol ;
~ ((PD'0,P") + ——0P* , 0P*).
( 78M )+ 8@25 + a(auq)l)aﬂ( ) (8)



Substituting this for the action, we have:

ol ol .
S—S4465=S d'z —MD’ —0,,(09")]. 9
—S+d5=5+ 50,570 (0%) )
Integrating the last term by parts, we get:
ol ol ,
d4 P d* P’ d* )P’
/ (0 / 95,0 °%) / 95,8
(10)

Now, by Stokes’ theorem, the first term on the right hand side of (10)
vanishes because, as in the case of a single particle trajectory, the variation
d®* vanishes on the boundary of U. Thus, plugging (10) into (9), we have:

4 ot i
58 = /d a@—a“(w@))]a@. (11)

The functional derlvatlve
P is defined by 85 = [ d*x2
derivative vanishes.

If ®' are the actual fields, then 65 = 0 for all 6®¢ small. Thus, the above
integrand must vanish. Therefore, the equations governing our field theory
are:

qﬂ of a functional S with respect to a function

Tsgs 95 5@, Thus, S is extremal when the functional

ol ol

) —) = — . 12
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3 Deriving the Einstein Field Equation
In general relativity, the field equation is the Einstein field equation:
1
R, — iRgW = 87GT), , (13)

where R, = R;\L/\V is the Ricci tensor, g, is the metric, 7}, is the energy-
momentum tensor, and R = g’ R, is the trace of the Ricci tensor, the Ricci
scalar.

We shall now show that (13) may be derived from a least action principle
analogous to the case presented in section 2.

In curved spacetime, the Lagrangian is a function of the fields and their

covariant derivatives. Thus, in local coordinates,

g — / 07, V,0%)d'z. (14)



In general relativity the metric, g,,, is the dynamical variable, defined on
a four dimensional manifold, M. Therefore, the action must be a functional
of it. We suppose that the variation of the metric vanishes outside of U and
on its boundary.

Due to invariance of S under general coordinate transformations, the La-
grangian density must be a scalar density. Since V,g,, = 0 and the first
derivatives can all be transformed to zero at any one point, the Lagrangian
density must involve at least second derivatives of the metric.

Now, the Riemann tensor,

Ry = 06175, — 1%, + 17,1, — T3, 1%, (15)

is made from second derivatives of the metric and any tensor made from
product of the metric and its first and second derivatives can be expressed
in terms of the metric and the Riemann tensor. Since the only independent
scalar constructed from the Riemann tensor is the Ricci scalar, R, the only
independent scalar constructed from the metric with derivatives no higher
than second order, is R.

Thus we propose, as Hilbert did, the Lagrangian R vol, where vol is the
volume form associated to g. In local coordinates, vol = y/|det(g,,)|d*x.

We set det(g,,) = g < 0. Thus vol = \/=—gd*xz. We thus form the Einstein-
Hilbert action (although it was discovered by Hilbert and he used it to derive
Einstein’s field equation five days before Einstein published the field equa-
tion)

SH:/ Ry/—gd*x. (16)
U
Therefore,

55 — /U (6R)v—gd'z + /U R(6y/=9)d"z. (17)

To calculate the second integral, we use the following fact for any square
matrix M with nonzero determinant: In(det(M)) = tr(In(M)), where In(M)
is defined by e™M) = M.

The variation of both sides of this yields mé(det(M)) =tr(M~1oM).

Taking M = g,,, we get: 169 = ¢" 69, = —gu0g", using g*°gas = 4, for
which the variation (using the product rule) is zero. Thus, 6g = —g(g,,09"").

Therefore,
oyv/—g = _—15g = 1L,C/yyég*“’ = —1\/—_gguu59“” (18)
2\/—g 2\/—g 2
Now,
R = (5g"") Ry + 9" (6 Ryw) (19)
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It is convenient to carry out the variation of the action with respect to the
inverse metric, which we can do since stationary points of the action with
respect to variations in the metric are equivalent to those with respect to
the inverse metric: ¢*?0gas = —gapdg®. Thus, we need only calculate the
second term in (19).

Recall the definition of the Christoffel symbols:
rg, = 290Gy + 0498y — Ongsy). From this, we compute the variation:

(0% 1 le%
(5F57 = 59 ”(Vﬁ(SQ,W +V,008, — Vnégﬁ'y)' (20)

Now, from the definition, (15), of the Riemann tensor, the variation is:
oRg., = Vgol's, — V., 0I'G,. Therefore, the variation of the Ricci tensor
is: 0Rap = 6R), 53 = Vadl 5 — V00,5 Upon substituting (20), we get:
0Rap = 5(97"VaV30gyy + 7"V NV 1090 — 7"V (V30 gan + Vadgsy,)). Upon
substituting this into (19), we get:

SR = Rudg"™ + V V(9" 0gu) — V'V 6gu, (21)
= Ruo0g" +V*"(g""V 169y — V" 9,) (22)
= R,09" + Viw,. (23)

We now substitute (18) and (23) into (17), thus giving
1
58 — / Ry — 5 Rgyulig™ vol + / Vhw, ol . (24)
U U

The second term in (24) can be ignored. It is generally argued that this
term is zero because, using Stokes’ theorem, w, vanishes on the boundary
of U. Although, by assumption, the variations of the inverse metric vanish
on the boundary of U, its covariant derivatives may not vanish. In more
rigorous derivations, one may either use a variational principle so that both
the metric and the Christoffel symbols (i.e. the connection) are independently
varied (as in the Palatini action), or one may include a boundary term in the
Einstein-Hilbert action to cancel the V*w,, term in (24).

Thus, Sy is extremal if 6Sy = 0 for all 6g"” which is true only if
R, — %ng, = 0, which is Einstein’s field equation in vacuum (zero energy-
momentum tensor).

Since we dealt only with the gravitational part of the action, Sy, ne-
glecting matter fields, we arrived at Einstein’s equation in vacuum. For the
complete field equation, (13), we consider the following action:

S St + Su, (25)

~ 167G
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where Sj; is the action for matter.
Recall that the functional derivative of the action satisfies:

08 1 48
= e HY — dp — = ./ — . 2
oS /Ud zdgwég /Ud x\/__gégwég V=g (26)
Thus, in our case:

55 = G&SH-+5SM (27)

1 1
= /Um[RW— —Rg,] (59’“’1}0[—1—/ \/_5 (59’“’1}01. (28)

Therefore, for S to be extremal, we must have:

1 1 1 0SSy
].67TG [Rl“’ - aRg#V] - /_g 6g,ul/

(29)

Defining
2 0Su

T, = ——— M (30)
T V=g ogm
we arrive at Einstein’s field equation, (13): R, — %Rg,w = 81GT,, .
In some sense, (30) is in fact the energy-momentum tensor only because
it is a symmetric, conserved, (0,2) tensor with dimensions of energy density.

4 Conclusions

Fundamental physical laws of nature may be derived from a least action
principle using an appropriate Lagrangian. General relativity is no different,
as we have seen. One may also derive the field equation via a variational
principle whereby both the metric and the connection are varied. The re-
sulting action is called the Palatini action. Among the advantages of using
a Lagrangian formulation for any theory are that conserved quantities can
easily be obtained by looking for symmetries of the Lagrangian (according
to Noether’s theorem, every symmetry of a Lagrangian implies the existence
of a conservation law) and a Lagrangian formulation of a classical field is a
necessary first step when constructing a quantized version of the field. In the
case of general relativity, a Lagrangian formulation is very important in the
quantization of gravity, which eludes physicists to this day.
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