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QUANTUM GROUPS AT ROOTS OF 1*

Dedicated to Jacques Tits on his sixtieth birthday

ABSTRACT. We extend to the not necessarily simply laced case the study [8] of quantum groups
whose parameter is a root of 1.

The universal enveloping algebra of a semisimple complex Lie algebra can be
naturally deformed to a Hopf algebra over the formal power series over C
(Drinfield) or over the field of rational functions over C (Jimbo). This
deformation is called a quantum algebra, or a quantum group. With some
care, it can be regarded as a family of Hopf algebras defined for any complex
parameter v. The case where the parameter v is a root of 1 is particularly
interesting since it is related with the theory of semisimple groups over fields
of positive characteristic (see [8]) and (conjecturally, see [7]) with the
representation theory of affine Lie algebras.

This case has been studied in [8] in the simply laced case; several results of
[8] will be extended here to the general case. For example, we define a braid
group action on the quantum algebra (not compatible with the comultiplica-
tion) and use it to construct suitable ‘root vectors’ and a basis.

Assuming that [ is odd (and not divisible by 3, if there are factors G,) we
construct a surjective homomorphism of the quantum algebra in the ordinary
enveloping algebra; this is a Hopf algebra homomorphism whose kernel is
the two-sided ideal generated by the augmentation ideal of a remarkable
finite dimensional Hopf subalgebra. (This construction appeared in [6] in the
simply laced case, in relation with a ‘tensor product theorem’) Thus, the
quantum algebra ‘differs’ from the ordinary enveloping algebra only by a
finite dimensional Hopf algebra.

In this paper, we have generally omitted those proofs which do not differ
essentially from the simply laced case, or those which involve only mechan-
ical computations.

1. NoTATIONS

L.1. In this paper we assume, given an n X n matrix with integer entries a;;
(1 <i,j<n)and a vector (dy, ..., d,) with integer entries d;e{1, 2,3} such
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that the matrix (d;a;;) is symmetric, positive definite, a; = 2 and g;; < 0 for
i # j. (Thus (a;;) is a Cartan matrix.)
Let v be an indeterminate and let o/ = Z[v, v~ 1], with quotient field Q(v).
For heN, let [A] = (" — v "/(v — v ).
Given integers N, M, d > 0, we define, following Gauss,
R B M+ N [M + N1,
(M= 11 Zr—ae s, [ N ] ~ [MIINT,

v
(We omit the subscript d when d = 1.) Following Drinfeld [2] and Jimbo [3]
we consider the Q(v)-algebra U defined by the generators E;, F;, K,
K; (1 < i< n)and the relations

€.

(al) KIK] - KjKi, KiKi*l = Ki_ lKi = ].,
(a2) K.E;=v"iE K,  K,F;=v %F K,

K.— K1
(a3) EF,— FE; =0, ————,
A
1—aq; U
(ad) Y (—Dﬂ: 1 EEEE=0 ifi#],
r+s=1—aj; S d;
1 —a; PO
(a5) Y (»W[ i FIF,F$=0 ifi#].
r+s=1—ai; S d;

If E™, F™ denote EY, FY divided by [N1},, N = 0(cf. [5], [6]), we can rewrite
(ad), (a5) in the form:

Y (—IPEPEEY =0 ifi#],

r+s=1-—a;j

Y (—IFOFF® =0 ifi#).

r+s=1-—a;;
U is a Hopf algebra with comultiplication A, antipode S and counit ¢
defined by
(b) AE,=EQ1+K®E, AF,=F,®K '+1®F,
AK; = K;® K;,
(cl) SE,= —K;'E,, SF;,= —FK;, SK,=K;',

(c2) eE;=¢eF; =0, eK;=1.

By iterating A we obtain as usual an algebra homomorphism
AN U - U®N,
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Let Q, W: U — U° be the Q-algebra homomorphisms defined by
(dl) QEl = Fi’ QFl = Ei’ QKl = Ki_l, QU = U_l,
d2) YE,=E, WF;,=F, YK,=K;', Yv=u.

1.2. Let X (resp. Y) be the free abelian group with basis @; (resp.&;), | <i<n
Let ( , »:Yx X — Z be the bilinear pairing such that {(&;, @;> = J,; and let
2;€X be defined by <{&,a;»=a; Define s;:X—->X, s;:Y—>Y by
5;(x) = x — ¥, xp0;, s(¥) =y~ {ya>%. We identify GL(X)= GL(Y)
using the pairing above and we let W be its (finite) subgroup generated by s,,

s,. Let TI be the set consisting of «y, ..., a,, let R =WII < X and let
R* = Rn(Noy + - + Na,).

1.3. Let U be the «/-subalgebra of U generated by the elements

EgN)5 FgN)a Ki5 I(i_1 (1 < l n N 0)

We have
N
(a) A(EEN)) = z Udl'b(N‘“b)EEN""b)K? ® Egb),
N
(0)  AFM =} o7 OTOFP @ K F .

1.4. Let U* (resp. U™) be the subalgebra of U generated by the clements E;
(resp F)for all i. Let U° be the subalgebra of U generated by the elements K,
=1 for all i.
Let U *(resp. U ") be the .o/-subalgebra of U generated by the elements E™
(resp. F™) for N > 0 and all i.

1.5. We shall regard Q as a Q(v)-algebra, with v acting as 1. Tensoring U, U™,
U~, U° with Q over Q(v) we obtain the Q-algebras Ug, U§, Ug, Ud.

Similarly, we regard Z and F, (the field with p elements) as .«/-algebras,
with v acting as 1. Tensoring U with Z (resp. F ) over </, we obtain the ring
Uy (resp. the F, — algebra Uy).

1.6. Forany j = (js,...,j,)€N" let Ujbe the subspace of U™ spanned by all
monomials in E,, ..., E, in which E; appears exactly j; times, for each i. We
have clearly a direct sum decomposition U = @;U;".

We shall denote the subalgebra U°U™* of U by U 2% We have a direct sum
decomposition U’ = @; U>0 where, by definition, U = U°- U},
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2. THE U-MODULE M

2.1. Let M be the Q(v)-vector space with basis X, (x€ R), t;(1 < i < n). Define
endomorphisms E;, F;, K; of M by

EX,=[h]X,.s

ifa+oeR, aeR, ...,0—(h— Do;eR, o —h;¢R (h= 1),
EX_,=t, EX,=0 for all other xR,

Eit; = (" + v X, Et;=[—a;]X,, ifi#]
FX,=[hlX,,

ifo—o;eR, aeR,...,a+(h— DyeR, a+ ho¢R

(h=1),

FX,=t, F;X,=0 for all other R,

Fit;=@W"+0v %X _,, Ft,=[—a;}1X_, ifi#}j,

KX, =v5%0Xx = Kt =t,.

PROPOSITION 2.2. The endomorphisms in 2.1 define a U-module structure
on M and a U-module structure on M, the of -submodule of M generated by the
canonical basis of M. (Compare [7].)

2.3. Since U is a Hopf algebra, the U-module structure on M gives rise, in a
standard way (using A™ in 1.1) to a U-module structure on M®¥ for any

N = 0. Moreover, using 1.3(a), (b), we see that M ®N js a U-submodule of
MON,

3. BRAID GROUP ACTION ON U

THEOREM 3.1. For any ic[1,n] there is a unique algebra automorphism T,
of U such that

’I;'Ei = _FiKiv

TE = X, (CWTREPEEY i),
’I;Fi = _Ki_lEia

TEFj - r+s=24a-< (— 1)rvdiSF§S)FjF5'r) lfl 5&]7
Tin = K;K; .

It commutes with Q and its inverse is T; = WT,W.
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THEOREM 3.2. Let we Wand let s; s;," - - 5;, be a reduced expression of w in
W. Then the automorphism T,, = T, T;,- - - T; of U depends only on w and not
on the choice of reduced expression for it. Hence the T, define a homomorphism
of the braid group of Win the group of automorphisms of the algebra U.

These results are proved by computations which will be omitted.

4. A Basis oF U

4.1. According to [9], multiplication defines an isomorphism of Q(v)-vector
spaces

U @U'@U*xU;

moreover, the monomials K? = IT; K¢¥® (with ¢ running over all functions
[1,n] — Z) form a basis for U°.

Let us choose for each fe R* an element w,; € W such that for some index
ige[1,n] we have w; () = a,. Let NR® be the set of all functions R* — N.
We fix a total order on R* and define for any y, ' e NR":

B = T T (BYO), ¥ = Q(EY),
feR*

where the factors in EY are written in the given order of R™,

PROPOSITION 4.2. The elements E (resp. F¥') form a basis of the Q(v)-
vector space U™ (resp. U ™). Hence the elements F¥ K?E for various y, /', ¢ as
above, form a basis of the Q(v)-vector space U.

4.3. In Section 7 we will construct an «7-basis of U. For this we will need
some particular (pre)orders on R™.

A simple root a eIl is said to be special if the coefficient with which «
appears in any fe R (expressed as N-linear combination of simple roots) is
< 1. A simple root a €Il is said to be semispecial if the coefficient with which «
appears in any feR™ is <1, except for a single root f, for which the
coefficient is necessarily 2. If R is irreducible, then it has a unique semispecial
simple root in types # A, C, and none in types 4, C. Hence if n > 1, there is at
least one simple root which is special or semispecial.

The numbering of the rows and columns of the Cartan matrix (or,
equivalently, of I'T) has been, so far, arbitrary. We say that this numbering is
good if for any ie[1,n], «; is special or semispecial when considered as a
simple root of the root system R N (Za; + -+ + Za,). We can always choose a
good numbering for the rows and columns of the Cartan matrix; we shall
assume it fixed from now on.
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For feR" we can write uniquely f = Zi_; ¢;;a; with ¢;; > 0, ¢; > 0. We
then set g() =i, ¢; = ¢;;. Let R = {feR™ | g(p) = i}.

We define b': R} — Q by H'(B) = c; " height (B) (an integer or half of an odd
integer). We define a preorder on R as follows. If o, fe R™, we say that o <
if g(e) = g(B) and H(x) < W(P). The corresponding equivalence classes are
called boxes.

One verifies that there is a unique function R* — [1,#], (8 — i,) such that
the following three properties hold. First, s; , s;, commute in Wwhenever o,
are in the same box; hence, for any box B, the product of all s, with xeBis a
well defined element s(B) € W, independent of the order of factors. Second, we
have i,, = j. Finally, if feR;" and B,, ..., B, are the boxes in R;" preceding
strictly f, in increasing order (for <), then s(By)--- s(BJ)(a;,) = B; we then set
wp = S(B;) - s(By).

If we now choose a total order on R™ which refines the preorder above,
then we may apply 4.2 to this order and to the functions iz, w, just defined
and we obtain a basis of U which is independent of the choice of order; it
depends only on the choice of good numbering. Note also that the function
B — w, considered above does not coincide with that in [8,3.5]; however, it
leads to the same basis of U when both are defined.

5. INTEGRALITY PROPERTIES IN RANK 2

5.1. In this section we assume thatn =2, a,, =y, u=1,20r 3,a,, = — 1.
Thenv = |R*| = 3, 4 or 6. Consider the sequence consisting of the following v
elements of U:

E,, T(Ey), TT(E,) ffpu=1,

Ey T(Ey), TT(Ey), LTT(Ey) ifpu=2,
Ey T(EY), TTY(E,), T, T TH(E),

TN LT(E), LT LT TE,) ifu=3.

(The last term in the sequence is equal to E,.) We shall also write the terms of
this sequence in the following form (ay):

(al) E,, Ei» E,
(32) EZa E129 E1129 El:
(a3) EZ’ E129 E111229 E112> E11129 El'

(The subscripts correspond to the various positive roots; for example, 11122
corresponds to 3o; + 2a,. The order on R™ suggested by the previous
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sequence coincides with the preorder defined in 4.3.) We shall also need the
divided powers E®™ of any term E in the sequence (ay) for N eN; they are
defined as EN/[N]; where d = d, (resp. d = d,) if E is the second, fourth,
... {resp. first, third, ...) term of the sequence.

5.2. The following commutation formulas are verified by direct com-
putations. If u = 1, we have

E\,E, = v °EyEy,, E\Ei; =v ‘Ep,Ey,
E,\E, = v'E,E, + v"E,,
andd =d, =d,. If u =2, we have
EE, =0 2E3Ey,, Ey12E1; = v 2EqE
E\Ei, =v 2E LBy,
E By = EE p + oo™ —0)EQ, E\E;, = E,E; +[2]Ey,,
E\E, = vV’E,E, + v?Eq,.
If u = 3, we have
ELE, =0 PEEy, Eii12:E12 = v ’E3E 1120,
Ei12E 11220 = v *Eq1122E 112
Ei112E11 =0 Eq12E 1112 E(Ei112 =v ’Ej11:Ey,
Eyy122E; =vPEE 110, + (0 — 0)(v ™% — v))EP),
Ey12E1 = v 'E3E 15 + v '[31Eq1120,
Ei112E11122 =0 2Eqq122E 112 + (07 — 0o 2 = 0)E),,
E\E ;, =v 'E{,E, + v '[3]1E{ 12
Ey13Ey = E;Eqp +0(072 — v?)ED),
Ei112E12 = Ej3Eqq1p + 0072 — v)ER,,
E\E 1122 = Eq112:E) + 0072 — v)ER,,
Ei112E; = 0PE3E; 155 + (—0v* —v* + DEj12;
+ (¥ — v)E;E 12

E\E , = vE,E; + v[2]E 5, E\E, = v*E,E, + vVEy,.

5.3. The commutation formulas in 5.2 give rise, by induction, to commuta-
tion formulas between the generators of U*. We shall make them explicit in
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the case where p =1 or 2. If u = 1, hence d; = d, = d, we have:

@  EDEY =0 TEED,
(6)  EPER = o "EQED,
(C) E(1k) Egc') — Z plr+s) E(zr) E(ls)z E(lt)'

rz0,s20

r+s=k'

st+t=k

If u =2, hence (d,, d;) = (1, 2), the relations are:
@ EBEY = v EOED,
©  EflaEf—o ERED
0 EPED, = o *EQ,EY,
k k'

(8 E{),EY

_ —2sr—2st+2s 2— 41_ (r) (2s) (1)
= ) v H EYEYSEY)
rz0,520,t20
r+s=k'
stit=k

s
k k) —sr—st+s 2i r &) t
(h) EPEH = Y v [T 0% +1) ) EQESLEY,
rz20,5s20,t20 i=1
+s %
stt=k
M k kY __ 2rut 2rt+us+2s+ 2t o (r) (s t .
) EPEY) = v EQESLED ,E.
rz0,520,t20,u=0
r+s+t=k’
s+2t+u=k

5.4. In the case where = 3 we have the commutation formula:

@)  EPED =Y o EOEQEL o B R, Y,
where the sum is taken over the set

{p.gr.s, t,)eN°|p+q+2r+s+t=k,q+3r+2s+3t+u=k},
and

f(p, g, 1,8t u)
=3up + 2uq + 3ur + us + 6tp + 3tq + 3ir
+ 3sp +sq + 3rp + 3q + 6r + 4s + 3t.

We shall not make explicit the commutation formulas between other pairs of
generators of U™ except in the following special cases.

@2  EEY = v3k'E‘2""E1 + P E¥-VE,
(a3) E\EY) = WERE, + v(v + v DE{, VE
+02 K@ + 1+ v )EY PE, 15,
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(ad) E(EfY, = v ESLE + 07 0 + 1 + U_Z)E1121)E11125
(as) EE§) 20 = ESpEy + 07 21 — vM)EY 13 ED
@6)  EWE, = v*E,E® 4 ¥ 1E,,E¢-D
+0*2E HEE TP + 0B, BT,
(a7) E122E; = v ELEY 55 + 07 (0% — 1)(0* — DEGEY Y,
(ad) ENE, = EyEF), + 072 2073 — 0)E HE 115, E(5Y
+U_3k+6(1"6 - U6)E(121)122E(1k123)
o Y,
(@9) EY 1B, = vFELE 5 + (=0 — 0® + DE 115, B8
+(0* — vEE R ENGY
+o7 350 — 1)(0* — DEYLEY 3,
(a10) EYLE = v EGEY, +v7 2 (1 + 0% + vME 110, EYLY,
(all) EY 1B, = EfEf) 1 + v 4072 — ) EQLENSY.
5.5. We have:
EQ = Y (— 1) o SEEOEPED.

t=0
Furthermore, E%) (when u = 1), E¥), (when u = 2) and E¥);, (when u = 3)
are given by:
dzk’

dok’ —k —k (k) k') pr(dak’ — k
3 (1), BRI,
=0

These formulas can be deduced from 5.3(c), 5.3(1), 5.4(al).

5.6. The divided powers (see 5.1) of the elements in the sequence 5.1(au)
belong to U™. This follows from 5.5 for all elements except for E;,, E{11,, in
the case p = 3. For these, we use the following argument. Writing 5.4(al) for
(k, k') = (2g, q) and (k, k') = (3p, 2p), we see that v*E{), — EPPEY is a sum of
terms of form u,E®),,,EQ) ,u, with b < gq/2, ¢ <gq, while vSPE¥],,, —
EGPEZP is a sum of terms of form uyE®Y 5, EShu, with b, < p, ¢; < 3p/2;
here, u;, u,, us, u, are elements of U ™. These two facts imply by induction the
desired result.

PROPOSITION 5.7. The elements EY defined in 4.1 and 4.3 form an o/ -basis
of U,

From 5.6, we see that these elements are contained in U*. Let ue U™. By
42, we can write u uniquely as a Q(v)-linear combination of our basis
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elements, and it remains to show that the coefficients are in «/. When u = 1 or
2, this follows easily by a repeated application of the commutation formulas
in 5.3. In the rest of the proof we assume that u = 3. We shall adapt a method
from Kostant’s paper [4] (see also the exposition in [11, section 2, Lemma
8.

We define a lexicographic order on N® as follows. If n = (n,, ..., n),
n' = (n),...,n;) belong to N€, we say that n < 0’ if there exists an index j such
that n; < njand n, = n;, for all hsuch that h > j. Wesay thatn < n’ifn < n' or
n=n

For neNS, let L(n) be the 2 x N matrix:

(1...13 31 .. 10 .- 0
0 -« 0 1 2 1t - 1 1 - 1

1 3 2
which contains n, columns ( O)’ n, columns < 1), n, columns ( 1), n, columns

]

2 23
1 1 2

3 1 0
<2), ns columns (1) and ng columns <1) (We have N = Z;n;.)

To cach of the following six column vectors we associate a set of column
vectors (said to be its subordinates) as shown:

W= (-1} GG
-1 G =M GG O
(=10 C)-=

ASSERTION A. Assume given n, n' € N° with £ in; = X;n; = N. Assume also
given N matrices A, ..., Ay with two rows and N columns each, with entries in
N. Assume that the sum of these N matrices is the matrix L{n'). We assume that,
Joreach ke[1, N1, at least one entry of A, is non-zero and that the last non-zero
column C, of A, is equal to the kth column D, of L(n) or to one of its
subordinates. Then n < n'. If we have n = 0, then C, = D, for all k.

(We leave the easy verification to the reader.) Recall from 1.6 that U>° has
been decomposed in a direct sum of subspaces Uf° indexed by pairs j of
natural numbers. It will be convenient to write such a pair as a column

j= Cl> A vector in the subspace Uf? is said to have degree j. If xe R™, then

2
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1\ /3 /2) /3)\ /1\ /0O
th j of E, is well defined,; it i
e degree j of E, is well defined,; it is one 0f<0),<1), <1>, (2), (1>, (1> and

we have:

ASSERTION B. (i) A(E) = E,® 1 + k, ® E, plus a sum of terms of form
u; ® u, where uy, u, € U>° have well-defined degrees and the degree of u, is
subordinate to j. (k, is a monomial in K |, K ,.) (i) AW E,) e (UZ9® s equal to
the sum over ke[l,N] of the terms (said to be principal) K®:--
®K®E,®1--® 1 with K a fixed monomial in K, K,, and E, in the kth
position, plus a sum of terms (said to be subordinate) of form
U Uy Qu®1® - ® 1, whereuy, ..., u, are elements of U>° with
well-defined degrees and the degree of u, is subordinate to j.

One verifies (i) directly; (ii) is deduced from (i). (Note that in the classical
case of enveloping algebras, there are no subordinate terms. The presence of
subordinate terms is the main reason for the present proof to be more
complicated than in the classical case.)

Let L be a 2x N matrix with entries in N. Then L defines a subspace
Ui'®- @ UR° of (UZ%)®N where j!, ..., " are the first, . .., Nth column
of L. The vectors in this subspace are said to have multidegree L. When L
varies, these subspaces form a direct sum decomposition of (UZ°)®N .Letn,
n'eN°® be such that Z;n; = X;n;= N. Let E(m) = EVE" ,E",E% 5, X

15E3€U”°. Let 1,, be the projection of AN(E(n)) onto the subspace of
vectors of multidegree L(n') (in the direct sum decomposition above).

For each je[1, 6] define a subset S;(m) of the set {1, 2, ..., N} as follows:
S1(n) consists of the first n, elements in this set, S,(n) consists of the next n,
elements, ..., S¢(n) consists of the last ng clements.

Let E((n)e(U>)®V be defined as x, ® - ® xy, Where x, = E, for
keS;m), x, = E;,, for keS,m), x, = E{;, for keS;m), x, = E,,,,, for
keS,m), x,=E;, for keSsm), x,=E, for keS¢n). Let c(n)=
["1]!["2]!3["3]!["4]!3["5]![”6]!3 ed.

ASSERTION C. (i) If 1y # 0, thenn < n'.
(ii) For n = n’ we have
Ton = (o’ kE(());
here f is some integer, k = k; ® - - ® Ky and k; are certain monomials in K,
K,.

Since A™ is an algebra homomorphism, we can express AV(E(m)) as a
product of factors AWYE)); each of these factors can be written as a sum of
terms as in Assertion A(ii). Let us select one such term &, in the kth factor such
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that the product &, --- &y is non-zero, of multidégree L(w). (Then 1, is the
sum of all such products). Let A, be the multidegree of &,. We have
T, Ay = L(n'). We can apply Assertion A (its assumptions are satisfied by
Assertion B(ii)). Assertion C(i) follows; moreover, in the case where n = n', it
follows that the terms &, are necessarily principal terms (in the terminology of
Assertion Bi(ii)). Assertion C(ii) then follows essentially as in the classical case
of enveloping algebras.

ASSERTION D. The U-module M (see 2.2) has the following property. Let
Ho) = E, X _,, (@€ R"). Then t(a) is an indivisible element of the </ -lattice M.

Indeed, we have o) =1, tBoy +o)=v Y, —t, t0, +a,)=
—v " [ 2]t; +[3]t,, 30y + 2a5) = —v 75t + v 3[2]t,, Hoy + o) =073, —
(312, toy) = £,

Assume that there exists an element ueU™ which is a Q(v) linear
combination of basis elements EY with at least one coefficient not in /.
We will show that this leads to a contradiction. For w'eU?*, we can
write uniquely u' = X, b(n, u')E(n) with b(n, v') e Q(v). Using our assumption
and the fact that W(U™") = U* we see that b(n, w)é¢c(m) 1o/ for some n,
where ' = W(u). Moreover, we can choose n so that we also have
b, w)ecm) 1o/ for all m <n Let u" =u — T, b, uw)Em). Then
weU?*, bn,u")¢cn) to/, b, u") =Oforallm <m Let N=n, + - + n,.
In the U-module M®¥ (see 2.3) we consider the elements
Xm)=x, @ - @xy, th)=y; ® @ yy, where x, = X_,, y, = H(a,) for
keSim); xp=X_34-a» V=130 +a;) for keS,m) x.=X_3, 4,
Ve = 200y + &) for ke Ssn); x;, = X _3,, - 24, Vi = t(3a; + 2a;) for ke Sy(n);
Xp =X _ 4 —up Vi = tay +oy)for keSsm); x, = X _,, v = t{y) for ke Sqn).
Let M, (resp. M) be the Q(v)— (resp. o —) submodule of M (resp. M)
generated by t,, t,. Consider the projection M — M, which takes #; to t;
(i = 1, 2) and all other basis elements to zero. Taking a tensor power, we get a
Q(v)-linear projection MO®N _, M0® N which is denoted by . We have clearly
A(M®Yy = MPN. In particular,

mu’ X () e MOV,
If n” e N®, then from the definitions, we have

HE@")X (@) = m(zypn X W)

Hence, if this is non-zero, we have n” < n (by Assertion C). Since u” is a linear
combination of E(n’) with n’ > n, it follows that

n(u’ X)) = b, u")n(EmX 1)) = b, u")n(ty, X (m)
= b(n, u")em)v’ E((n)) X (n) = b(n, u”)c(n)o"t(n),
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where f is some integer. It follows that the last expression is contained in
M®N. From Assertion D, it follows that t(m) is an indivisible element of the
o-lattice M ®N hence also of its direct summand MPV. Tt follows that
b(n, u”)c(m)p’ is contained in . This is a contradiction; the proposition is
proved.

5.8. Let us write the sequence 5.1(ay) in the form:

(@) €1, €5, €3, ...,8,

(In particular, e, = E,, e, = E,.) From the formulas in 5.2, it follows easily, by
induction, that for any i <jin [1,v], and any k, k' N we have

k) (k) — i i+1)) ... j
(b) eWel) =Y ¢, .\ efMEEiHL) . el
Z

where & runs over all maps of the interval {zeN:i < z <} to N, and all but
finitely many of the coefficients ¢, ; ;. .- € Q(v) are zero. These coefficients are
uniquely determined and belong to .7, by 5.7. Hence these are some universal
quantitics. We can define an abstract «/-algebra (with 1) V7(d,,d,) with
generators ef™(1 < i < v, NeN) with ¢/ = 1 for all i and relations given by
(b) above and

© e = [M +N J oM+
N

where d = d, if i is even and d = d, if i is odd. (Note that d; = d, if v = 3,
(dy,dy) =(1,2)if v=4and (d, d,) = (1, 3) if v = 6.) We shall also nced some
variants of this algebra. We can replace the multiplication by the opposite
one, or we can keep the original generators but change the original relations
by applying v — v~ ! to their coefficients, or we can change the multiplication
in the last algebra to the opposite one. We thus get three new o/ algebras
V I*d,d,), V,*dy, dy), V, (d,d,). We have o/-algebra homomorphisms

Vidy,d) U™, Vi*dy, dy) - U,
Vv_ *(dl’ dZ) - U_5 V\T(dla dZ) - U_,

the first two map e, to E,, e, to E, and the last two map e, to F,, ¢, to F,.
They are actually algebra isomorphisms. (Compare [8,4.5].)

6. SOME PROPERTIES OF U

6.1. We now return to the gencral case. Consider a two-dimensional
subspace P of X ® Q such that R, = R~ P generates P over Q; let
R} = RpnR”. We say that P is an admissible plane if one of the conditions
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(a)—(f) below is satisfied.

(a) Rp ={o, o} with i< g(a),
(b) R ={o, 0 + o, ;3 with i < g(),
{©) Rf ={o,o +o,a} withhW()=1LNc)=1+1,
20+ 1 ,

hl(‘xl + “) = —2"_9 g(a) = g(OC )s
(d) Ry ={o, o0 + o, & + 20, ;) with i < g(a)
(e) Ry = {o;, o; + o, o; + 20, ot}

21+ 1

with (@ = I, (e, + 20) = ~;— i< @)

(f) R;‘ - {aj, 0(,- + aj, 30£i + 20(j, 2di + fx]', 30€i + aj, O(i}.

Given P as in (b)—(f), we define (d', d") to be (1, 3) in case (f); (1, 2) in cases
(d), (e); (dy, d,) in cases (b), (c), where « is in the W-orbit of «,.

6.2. We define an o7-algebra V* (with 1) by generators and relations as
follows. The generators are

(a) EM™ (xeR*, NeN)

with E©® = 1. For each admissible plane P (see 6.1) we impose a set of
relations among the generators EQH), EG3), ..., EQ)) (where the subscripts are
the elements of R} arranged in order as in 6.1(a)—(f)) as follows.

If Pis asin 6.1(a), these generators commute. If P is as in 6.1(b), (d), (f), these
generators are required to satisfy the relations of the algebra V.J(d',d"). If P is
as in 6.1(c), (), these generators are required to satisfy the relations of the
algebra VI*(d',d"). (Here, (d,d") is as in 6.1.)

6.3. Similarly, we define an o/-algebra V'~ by generators and relations as
follows. The generators are

() F® (xeR*, NeN)

with F® = 1. For each admissible plane P we impose a set of relations
among the generators FO, FO2), ..., F§y (where the subscripts are the
elements of R; arranged in order as in 6.1(a)—(f)) as follows.

If P is as in (6.1(a), these generators commute. If P is as in 6.1(b), (d), (f),
these generators are required to satisfy the relations of the algebra V_ (d', d").
If P is as in 6.1(c), (), these generators are required to satisfy the relations of
the algebra V, *(d', d). (Here, (d', d”) is as in 6.1.)
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6.4. We define an of-algebra V° (with 1) by generators and relations as
follows. The generators are:

K.:
@) K,, K;l,[ : C] (ie[1, n], ceZ, teN).

The relations are:

(b1) the generators (a) commute with each other,

®2) KK l=1, [Kg C]=1,

K; 0K — K5
(b3) [ : ][ t]z[t“][ O] ¢ =0),
t t A d; r+t
(b4) [Kit; C] _ v;al—t[K:‘? ct + 1] = —p TR -1 [tKi; i] =1,

K;; 0
P :|=Ki-Ki_1'

CUNNNCE )[ ;

6.5. Let V be the «7-algebra (with 1) defined by the generators 6.2(a), 6.3(a),
6.4(a), subject to the relations of V*, V~, ¥° and the following additional
relations:

@) EUWFUD = FUOED ifi#]

(a2) EMFM = Y oo | K A-N-M EWN-1
S P13 o

t
(@3)  KEE® = praNENKE,
(a4) KiilFaj(N) — Uidia,-jNFg)Kiil’

R K Na;;
(35) [ i C] Eaj(N) = Eaj(N) l: c :' aj:|,

t

(@6) [Kj "’] Fo(N) = Fy(N) [K‘; ¢ N ““}

t

The following result provides a presentation of U™, U™, U by generators and
relations.

THEOREM 6.6. (i) There are unique homomorphisms of </-algebras with the
indicated properties:

@) Vi S UHEM S E® Vi, N)
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b) VT SU(FDF® Vi N)

©  VoUEDED FP»F® KE S KE Vi N)
These are actually algebra isomorphisms.

(ii) The braid group action on U restricts to a braid group action on U.

(iii) Under (a) and (c), E§ is carried to T, (E{N) for all B R¥, (notations of
4.3). Similarly, under (b) and (c), Fi’ is carried to T, (F{¥ for all BeR".

(iv) The obvious homomorphism V°® — V composed with (c) is an injective
algebra homomorphism

(d) Ve - U.

(Compare [8, 4.3, 4.5, 4.7].) We shall identify V* = U* V- =U",V=U
using (a), (b), (c) above. We also identify ¥'° with a subalgebra of U, denoted
U°, using (d). In particular, we have well defined elements

K
EMeU*, FMeU-(BeR™), [ 't’c}eUO.

We have

dis —dis

Ki; C _ lL[ Kivdi(c—s+1) _ Ki—lvd.-(~c+s—1)
t s=1 vt —v

THEOREM 6.7. (i) The elements
(a) [T EX? (N,eNVy
aeR*
form a o/-basis of U™, the elements
(b) [T F® (N,eNVa)
acR*

form a sf-basis of U~. (The product in (a) is taken in an order as in 4.3, while
that in (b) is taken in the opposite order.) The elements

(© ﬁ (K‘isi [K;; 0:]) #>=20,6,=00r1)
i=1 :

13

form a o -basis of U°.
(ii) Multiplication defines an isomorphism of o/-modules

) U-@U°QU* ~U.

Hence the elements FKE with F as in (b), K as in (c), E as in (a), form a s/-basis
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of U. They also form a Q(v)-basis of U. Hence the natural homomorphism
UR®Qw)-U

is an isomorphism of Q(v)-algebras.

The proof is essentially the same as that in [8,4.5].

7. THE QUANTUM COORDINATE ALGEBRA

7.1. In [1], Chevalley constructed a Z-form of the coordinate algebra of a
simply connected semisimple algebraic group. Another approach to it has
been given by Kostant [4] by taking a suitable dual of the enveloping
algebra. We shall adapt Kostant’s procedure to quantum groups.

Let & be the set of all two-sided ideals I in U such that:

(a) I has finite codimension in U and
(b) there exists some reN such that for any ie[l,n] we have
h=—r (K = v"Mel

Let /o =Q[v,v" '] and let U, =U®, 4, For IeF we set
Iy = I n Uy, . Let U* be the set of Q(v)-linear maps U — Q(v) and let O be the
set of all fe U* such that f|; = Ofor some I € #. Similarly, let U¥_ be the set of
all o -linear maps U 4, — &/, and let O = O n U¥, . (We identify U¥, witha
subset of U*, using 6.7.) We can regard O (resp. O) as a Hopf algebra over
Q(v) (resp. .&,): as in loc. cit. we define product and coproduct in O, O by
taking the transpose of the coproduct and product in U, U. To see that the
coproduct is well defined in O, we must check the following statement:

(c) For any Ie #, the o/ y-module U /I, is free of finite rank.

It is clearly torsion-free, and due to the special nature of &7, it is enough to
verify that it is finitely generated. Now the U-module U/I is a direct sum of
finitely many simple, finite-dimensional U-modules, to which we can apply
[5,4.2], hence we can find an .o/ y-lattice . in U/I which is stable under left
multiplication by U, . Using the U, -module structure on ., we find an
injective ¢ p-linear map U, /I, — End , (£). The last .o/ ;-module is finitely
generated; since &/, is noetherian, it follows that U, /I, is finitely generated,
as required.

7.2. In the last paragraph, we have used the complete reducibility of finite
dimensional U-modules. This is proved in [10], using a description of the
centre of U, together with the main result of [5]. However, there is a simpler
proof, which still uses [5] but does not use the structure of the centre. By an
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argument of Borel (given in [10]) it is enough to prove that any finite
dimensional U-module L generated by a highest weight vector is simple. Let
Ly be the U, -submodule of L generated by x. This coincides with the
U.,n U~ -submodule of L generated by x (just as in [5, 4.5]). It follows
immediately that L, is the direct sum of its intersections with the weight
spaces of L, that these intersections are free o7 ;-modules of finite rank and
that the natural homomorphism Q(v)® ., Lo — L is an isomorphism.
Arguing just as in [5, 4.11, 4.12], we see that the dimension of L is given by
Weyl’s dimension formula; the same proof shows that the simple quotient of
L has dimension given by the same formula. Hence, L is simple. (I would like
to point out that the proof of Proposition 4.2 in [5] is unnecessarily
complicated (we assume that F = F(g).). In fact, parts (b), (c), (d) of that
proposition are almost obvious and 4.6, 4.7, 4.8, and most of 4.9 in loc. cit. are
unnecessary. Moreover, that proposition holds for any highest weight
module, not just for simple ones.)

7.3. Tt is easy to see that the inclusion O < O induces an isomorphism of Hopf
algebras over Q(v)

0 ®4,Q@)=O0.
We call O the quantum coordinate algebra and O its &/ ,-form.

74. Let . be a U, -module which is free, of finite rank as a o/ ,-module. We
say that ./ is of type 1 if .# ® Q(v) is a direct sum of subspaces on which each
K; acts as multiplication by some integral power of v. Assume that .# is of
type 1. If xe .# and £ e Hom,, (4, o/ o), the matrix coefficient ¢, : u — &(ux)
(an element of U% ), belongs to 0. Moreover, it follows from the definitions
that O is exactly the &/ ,-submodule of U%, spanned by the matrix coefficients
¢, ¢ for various .#, x, £ as above.

7.5. The definition of O in terms of matrix coefficients of finite dimensional
U-modules is suggested by Drinfeld in [2], where he describes O in type A,;
for further results on O (or, rather, its variant over formal power series) see

[12].

8. SPECIALIZATION TO A ROOT OF 1

8.1. We fix an integer [ > 1. Let B be the quotient ring of Q[v,v 1] by the
ideal generated by the Ith cyclotomic polynomial. We denote the image of v in
B again by v. Then v has order [ in B.

Let [, be the order of v®* in B (a divisor of I). For any ae R* we set [, = [,



QUANTUM GROUPS AT ROOTS OF 1 107

where g; is in the W-orbit of «. We regard B as an «/-algebra via the natural
homomorphism ./ — B, taking v to v, and we form the B-algebras
Upg=U®,B, Ui=U"®, B, Us=U" ® 4B, U3 =U° @ ,B. The
generators of U are mapped by the canonical homomorphism U — Uy to
generators of Uy denoted by the same letters. Similar conventions apply to
the other algebras.

8.2. Letu™ (resp. u”) be the B-subalgebra of Ug (resp. Ug) generated by the
elements E® (resp. F) with 0 < N < [,, xe R*. Similarly, let u® be the B-
subalgebra of US generated by the elements K. Let u be the B-subalgebra
of Ug generated by the elements E™, F™, K *! just considered.

THEOREM 8.3. (i) The elements F (resp. E) with Fe Ug, E€ Uy as in 6.7(b),
(a), satisfying respectively N, < 1,, N, <1, YaeR*, form a B-basis of u”
(resp. u™).
(ii) The elements K = IT{., K¥(0 < N, < 2, — 1) form a B-basis of u°.
(i) The elements FKE with F, E as in (i), K as in (ii), form a B-basis of u.
(iv) In particular,

dimgu=2"T] & [I 2
i=1  asR"

In the simply laced case, this is proved in [8, §5]. The same method
could be used in general, provided that we could verify the following
statement in the setup of Section 5 (when n = 2).

Consider a relation 5.8(b) (the prototype of a defining relation for the .«/-
algebra U™). Assume that the exponents k, k' in the left-hand side of that
relation satisfy: k < I, if jiseven, k < [, ifjisodd, k' < [, fiiseven, k' < 1, if i
is odd. Then the exponents £(h), (i < h < j) in the right-hand side satisfy the
analogous inequality &(h) < I, if h is even, &(h) < I, if h is odd, at least when
the coefficient ¢(¢, i, j, k, k') is non-zero as an element of B. (In other words, if
we regard the relation 5.8(b) over B, then from the fact that the left hand side
has small exponents, it should follow that the right-hand side has small
exponents.)

Assume first that g =1 or 2. Then the relations 5.8(b) are described
explicitly in 5.3 and the statement above is easily verified. (In 5.3(g), (h), some
coefficients in the right-hand side can be non-zero in ./ but zero in B and this
is crucial for the truth of our statement.) Assume now that g = 3. Since not all
relations 5.8(b) are known explicitly, we argue in a different way. Let u, be the
B-subspace of Uy spanned by the elements E in (i). It is sufficient to show that
u, is stable under left and right multiplication by a set of algebra generators of

+
u .
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This can be easily checked using the commutation formulas in 5.4. (Note
that we can take as algebra generators for u* the set E, E, if > 6 or [ = 5,
the set E;, E,, E|,, if | = 4, the set E,, E,, if | = 3 or 6 and the empty set if
I=1o0r2)

8.4. We shall assume, from now on, that / is odd and that [ is prime to 3
whenever the root system has a component of type G,. We then have I, = [
for all ke R*. Let 4, (resp. &) be the derivation of the algebra Ug defined by
54x) = E®x — xE® (resp. 6(x) = FPx — xFY).

LEMMA 8.5. (i) J; leaves u and u™ stable.
(i) O; leaves u and u™ stable.

This is trivial for I = 1. Assume now that / > 1. Then the algebra u™ (resp.
u”) is generated by the elements E; (resp. F;) for 1 < i < n; moreover, the
algebra uis generated by the elements E;, F;, K;, K; * (1 < i < n). Itis enough
to show that our derivations map these generators into the corresponding
subalgebra. We have:

ME)= ¥ | V| EPEES ifa;= -1,
k>0 h J
h< —ajj

0E;)) = —E{"VEE; ifa;= —1,

ary=| i e

and §; maps the generators F(j # i), E; and K*! to 0. Similarly,

S(F)=—- Y [—h“"’] F{"WF,F® ifa;= -1,
275

S(F) = F,F,F~Y if g, = 1,
SI(E) = —F?-”[Kff 1]

and §; maps the generators E,(j # i), F; and Kx!to 0. (These formulas follow
from the results for rank 2 in Section 5.)

LEMMA 8.6. There is a unique B-algebra homomorphism \ - U§ ®oB— Uy
which takes E; to EY for all i.

It is enough to check this in the setup of Section 5 (when n = 2). Assume for
example that u = 2. Using 5.3(i) we compute in Ug:
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ESUWEQR® = Y EDEQES,EED
rt+s+t=1
s+2t+u'=31-hl

— Z E(r) E(S) E(lt)l 5 E(Zu)
r+s+t=I hl
s+2t+u=31

(0 < h < 3); we use the convention that [m,] =0if 0 <m < m. Let
m

w

A= Z ( l)hE(3l hl)E(l)E(hl)
K=0

We want to show that 4 = 0. By the previous computation it is enough to
show that for any integer u > | we have

3 u
2z, [hl] -

in B. This property of Gaussian binomial coefficients follows immediately
from [6,3.2]. From loc. cit. it follows also that E* = (E")"/(h!). Hence the
equation 4 = 0 can be written as

E(l)3 h E(l)h
ZO( 1)"( ) e E"’(h!) =0,

An entirely similar argument shows that

0.

W ED(EDY
Z( 1) G Ep ==

This proves the lemma in the case where u = 2. The proof in the case where
u =1 or 3 is entirely similar.

8.7. Consider the B-vector space ¥ = (Ug @ oB) ® gu*. We identify
Ug ® B (resp. u™) with a subspace of ¥ via x - x ® 1 (resp. y — 1 ® y).
From 8.5, 8.6, it follows that there is a unique associative B-algebra structure
on ¥"* which coincides with the already known structure on U ®¢oB (an
enveloping algebra of a nilpotent Lie algebra) and on u*, and is such that

E;"y =y E; + 5;()

for all ie[1,n] and all yeu™; moreover, we see that there is a unique B-
algebra homomorphism y: ¥"* — Uy which takes each E;ceUg ®oB to
E® e Uy and takes each yeu™ to y.

LEMMA 8.8. v is an isomorphism of algebras.
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The image of y contains E;, EP for all i. These elements generate U as an
algebra. Hence, y is surjective. For any je N, let U be the intersection of U+
with U;" (see 1.6). We have a direct sum decomposmon U* = @;U;.
Tensormg with B or with Q we get direct sum decomposmons
Ug= @;(Up)jand U§ @ oB = @;(Us ®qB);

Let u;" be the intersection of u* with (Ug); and let

~~~~~

Then the four algebras Uy, Uj ®qB,u*, ¥ * are decomposed in direct sum
of subspaces defined by the subscript j for the various je N". The dimensions
of these subspaces are computable from 6.7(i) and 8.3(i) and we see that the
subspaces of Ug, ¥ with the same subscript j have the same (finite)
dimension. On the other hand, it is clear from the definitions that y maps 7 *
into (Ug )j; being surjective, it is necessarily an isomorphism.

LEMMA 89. There is a unique B-algebra homomorphism Ug — U§ ® oB
which takes each E® to EN® if | divides N and to zero otherwise.

The uniqueness is clear. We now prove the existence. Let 7: u* — B be the
unique homomorphism of algebras with 1 which takes each E; to 0, and let
J* be its kernel. It is clear that all derivations &; of u* (see 8.5) map u* into
J*. It follows that the B-linear map #"* —» U§ ® B defined by x® y —
ni(y)x is an algebra homomorphism. Composing it with the inverse of y (see
8.8) we obtain an algebra homomorphism Ug — U§ ® oB which has the
required property. (If R has no components G,, one can give a more direct
proof, using the defining relations of Uy .)

THEOREM 8.10. There is a unique B-algebra homomorphism y:Ug —
Uqg & o B such that y(E) is E if | divides N and is zero otherwise; y(F{™) is
FD if | divides N and is zero otherwise; (Kt = KA (1 <i < n).

Our requirements define y on Uy, by 8.9 and, by symmetry, also on Ujg.

K;;0 K;0] .
We define y: Ug— Ug ®oB by x(K*') = Ki*, X[ N ]:[N/l] "

.. K;0 . .
divides N and x[ N ] = 0, otherwise. It is easy to check that these maps

extend to the whole of Uy as an algebra homomorphism. (We use the
presentation of Uy provided by 6.6(i). We only have to verify the relatively
simple relations 6.5(al)—(a6); the other relations are automatically satisfied.)
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8.11. The Hopf algebra structure on U (see 1.1) induces a Hopf algebra
structure on U (by 6.7(ii) and 1.3(a), (b)). This, in turn, induces Hopf algebra
structures on Ug, Ug ® o B, u. It is easy to check that y in 8.10 is compatible
with the Hopf algebra structures.

8.12. The braid group action on U (see 6.6(ii)) induces braid group actions on
Ug, Ug ® ¢ B. u, and one verifies that y in 8.10 is compatible with these braid
group actions. It follows that, for any x e R™, y takes EN to E¥P if I divides N
and to zero, otherwise; it takes F™ to F™ if | divides N and to zero,
otherwise. It follows that the kernel of y is precisely the subspace .# of Uy
spanned by the basis elements F K E with F, K, E as in 6.7(b), (c), (a), such that
at least one of the exponents N,, N, t; is not divisible by L

8.13. Let # be the quotient ring of &/ by the ideal generated by the Ith
cyclotomic polynomial. We regard # as an «/-algebra via the natural
homomorphism .« — %, taking v to v, and we form the %-algebra
Uy=U® ,4%.

COROLLARY 8.14. There is a unique %B-algebra homomorphism yg: Ugz —
Uy ® % which is given by the same formulas as y in 8.10.

The uniqueness is clear. For the existence, define x4 as the restriction of y
to Ug.

8.15. Assume in this paragraph that our I/ (in 8.4) is a prime number p. We can
regard the finite field F, as a #-algebra with v acting as 1. Applying the
functor ® 4 F,, Uz ® % becomes Uy (by the definition 1.5), Uz becomes Ur,
(exactly as in [8,§6]) and x5 becomes the F,-algebra homomorphism
%p: Ug, = Ug, defined by the same formulas as y in 8.10.

Let Uy, be the quotient of the F-algebra Uy by the ideal generated by the
central elements K, — 1, ..., K, — 1. Then Up is the ‘hyperalgebra’ of a
semisimple algebraic group G defined over F, and Xxp induces on Up an
endomorphism which coincides with that induced by the Frobenius morph-
ism G- G.

In this sense, we may regard y or yz as a lifting of the Frobenius morphism to
characteristic zero.

8.16. We no longer assume that [ is prime. The quotient of Ug by the ideal
generated by the central elements K; — 1,..., K, — 1 is denoted 170. This is
the classical enveloping algebra corresponding to the semisimple Lie algebra
over Q with the given Cartan matrix. Composing the obvious homomorph-
ism Uy @B - UQ ® B with y, we obtain a surjective homomorphism
¥ :Ug— UQ ® o B. (This homomorphism has been introduced, in the simply
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laced case, in [6,7.5].) From what it has been said in 8.12, we see that the
kernel of y’ is precisely

£ =3 (K- )
i=1

where .# is as in 8.12. It is easy to see that #' coincides with the two-sided
ideal of Upg generated by the augmentation ideal of u.

Hence the classical enveloping algebra Ug ) o B may be regarded as the
‘Hopf algebra quotient’ of the Hopf algebra Ug by the finite dimensional
Hopf subalgebra u.

8.17. Let
OB=O®£{0B, 0Q=0®»‘?{0Q

Then Og may be regarded as the coordinate algebra of the simply connected
semisimple group over Q with the given Cartan matrix. The homomorphism
¥ induces by passage to dual, an imbedding of Hopf algebras over B:

Thus, the classical coordinate algebra appears as a sub-Hopf algebra of the
quantum coordinate algebra.

APPENDIX (by Matthew Dyer and George Lusztig)

Theorem 6.7 admits the following generalization. Let s;,s;, - - s;, be a reduced
expression of the longest element w, of W; thus, v = #R". We have a
bijection [1,v] — R™ defined by

j - Si1si2 T Sij_l(aij)'

We use this to totally order R*. If BeR™ corresponds to j, we set
Wg = 8;,8;, 5, and ig = i;. We define

E = Twﬂ(Eﬁf))e u*, FP= Twﬁ(Fﬁf;”)e U-.
These elements generalize those in 6.7 (which are obtained for a particular
reduced expression of wy). Moreover, the statement of 6.7 remains true in this
more general case. We sketch a proof.

Let U be the o/-submodule of U™ generated by the elements 6.7(a) (in the
present, more general setting). Using 4.2 and 6.7(d) we see that we only have
to check that U] = U*. When n = 2, this follows easily from the results in
Section 5. The general case can be reduced to the rank 2 case as follows.
Consider another reduced expression s, 57 - - s; for wy and let US be the
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corresponding /-submodule of U™*. We first want to show that U} = U;.
Now any two reduced expressions of w, can be obtained one from another by
a successive application of the braid group relations; hence, we may assume
that our two reduced expressions are related to each other by an application
of a single braid group relation. In this case, the equality U; = U follows
immediately from the analogous equality in the rank 2 case corresponding to
that braid group relation and from 6.6(ii). It is clear that U is stable by left
multiplication by the elements E{™ (N > 0). Now any simple reflection
appears as the first factor in some reduced expression of wy. Since Uy is
independent of the reduced expression, it must be stable by left multiplication
by any element E{M (N > 0, 1 < i < n). Since it contains 1, it must coincide
with U™, as desired.
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