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Abstract

To every infinite lower Hessenberg matrix D is associated a linear
operator on l3. In this paper we prove the similarity of the operator
D — A, where A belongs to a certain class of compact operators, to the
operator D — A’, where A’ is of rank one. We first consider the case when
A is lower triangular and has finite rank; then we extend this to A of
infinite rank assuming that D is bounded. In Section 2 we examine the
cases when D = S* and D = (S + S%)/2, where S denotes the unilateral
shift.
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0 Introduction

A lower infinite Hessenberg matrix is a matrix D = {di,j}?}:o with complex
entries and such that d; ; = 0 for j > ¢ 4+ 1. In this paper, when we refer to a
Hessenberg matrix, we will additionally assume that it satisfies d; ;41 # 0 for
all ¢ > 0.

Let us denote by I the space of square summable sequences and by {e; }32,
its canonical basis.

Let A be an infinite matrix such that there is k € Z such that A; ; = 0 for
j > i+ k (eg., Ais Hessenberg). Then for every = € ly, Az is well defined.
Thus we can associate a linear operator to A, which we also denote by A, with
domain

domain(A) = {x €ly: Az € l3}.

The operator A is a closed operator defined on its maximal domain of defini-
tion. Moreover, A is the adjoint of the densely defined operator A with domain
Co, the linear span of the canonical basis {e;}°, (Theorem 1, [7]). All the
operators that we consider here act on the space 5.

In Section 1 we study the similarity of the operator D — A to an operator of
the form D — A’, where A’ has rank one. The main theorems of this section are
Theorems 1 and 2. Theorem 1 assumes that A is lower triangular and of finite
rank. Theorem 2 extends Theorem 1 to A not necessarily lower triangular or of



finite rank, but assumes that D is bounded. In Section 2 we apply these results
to D = S"and D = (S + S*)/2, where S is the unilateral shift.

In the sequel we will work mostly in the context of infinite matrices and
vectors with complex entries. Bounded operators acting on Iy are identified
with matrices through their matrix representation with respect to the canonical
basis of l5. It is with this identification in mind, that sometimes we will refer
to a matrix as being “bounded” or “compact”.

1 Perturbations of Hessenberg matrices

1.1 The Friedrichs’s method

Here we describe a method that has been frequently used to prove similarity
between operators ([3], [2], [1]) Our exposition follows Freeman [2] and Chan

[1].
Given D and A we want to find U such that U(D — A)U~! = D. This
equation implies that
[U,D]=UD — DU =UA. (1)
We notice that [-, D] is a derivation. Thus equation (1) is analogous to the
differential equation
dt
in a Banach algebra.
Keeping in mind this analogy, we first try to integrate the equation [X, D] =

A; that is, find X(A) such that [X(A), D] = A. Then a solution of (1) is given
by the Peano series

U(A) = I+ X(A) + S(B(A)A) + S(S(D(A)A)A)) + ... 2)

In this paper we will use the following modification of this method. Suppose
that instead we have ¥(A), matrix valued, and ©¥(A), vector valued, such that

[2(A), D] = A = (A)eg. (3)
Then U = U(A) defined by (2) satisfies
[U,D] =UA — p(UA)ek. (4)
From this equation, and assuming that U is invertible, we get that
UMD —-AU =D —ypUA)(U tey)t.

That is, D — A is similar to a rank one perturbation of D.

But how does one make sense of these formulas as formulas in the bounded
operators, or even as formulas in the matrices?

In order to do this, we try to find a left ideal F C B(l2) and a norm | - | £,
such that



i) 2] < |4l
i) [BA|x < | BJ||Al.

Then, for |A|£ < 1, equation (2) gives U bounded, and if one takes |A|r < 1/2,
then U is invertible.

It is this general strategy what we will use to prove the Theorems 1 and 2
of this section.

1.2 Finite rank perturbations

Let us denote by C* the subspace of CN of infinite column vectors with the first
k — 1 components equal to zero and let Fj denote the space of matrices of finite
rank such that Xe; = 0 for ¢ > k. Notice that if X € F; and A is an infinite
matrix such that AX is well defined (e.g A is Hessenberg), then AX € Fy.

Lemma 1. Let D be a Hessenberg matrix and ¢ an infinite column vector.
There are X € F,—1 and a vector 1% such that

(X2, D] = ¢e!, — viep. (5)

If € O™, then X¢ is strictly lower triangular (i.e., X is lower triangular
with zeroes in the main diagonal).
The vector ¢ and the columns of X? belong to the subspace

span{D'¢ : i > 0}

Proof. Let us define Xf’ and 1/)? by Xéb =0, z/)g) = ¢ and the recurrences (here
dnt1.n # 0 gets used)

n+1
> dniX{ = DX+ gel, (6)
=0
n+1
= Dyg. (7)

=0

It is not difficult to prove by induction that X ¢ and ¢ satisfy the conditions
of the lemma. O

Let us define X(-) and ¥(-) by
S(¢er,) = X5, ¢(der,) = 45, (8)

and extend them by linearity to UJ2,F,. The following properties are readily
verified:

i) X(-) and ¢ (-) satisfy (3),



i) S(F,) C Fao,
iii) if A is lower triangular, then X(A) is strictly lower triangular,

iv) Col(2(A)) C > ,50 Col(D"A) and (A) € 3, o Col(D™A). Here Col(A)
denotes the space spanned by the columns of A.

Theorem 1. Let D be a Hessenberg matriz and A a lower triangular matriz
of finite rank. Suppose that A € Fy for some k. Then there exist unique v and
U =1+ X such that X is strictly lower triangular, X € Fj_1 and

U(D - AU =D — e,

Suppose additionally that Col(D™A) C domain(D) for all n > 0. Then
¥ € ly and U is bounded with bounded inverse.

Note: For every lower triangular matrix of finite rank there exists k such
that A € F.

Proof. Let us prove uniqueness first. Suppose that (U, 1) and (Us, ¢2) satisfy
the conditions of the theorem and X; — X5 # 0. Let us write U; = I + X; and
Uy = I + X5. Equation (4) implies that

[Xl — XQ,D] = (Xl — XQ)A — (’1/11 — ¢2)66. (9)

Let ¢ be such that 0 <i <k —1and X; — Xo € F\Fi_1.

We notice that:

1. If A € F,\F,_1 then [A, D] € F;1\F; (this is because [4, D]e;11 =
dnfl,nAei 7é 0)

2. If A and B are lower triangular and A € F;, B € F,, with ¢ < n, then
AB € F; (this is not difficult to verify).

Applying 1 and 2 in equation (9) we get that the right side is in F;\F;_1,
while the left side is in F;1\F;. This is a contradiction. Therefore U; = Us,
and this implies that ¥ = 1.

Since A € Fy, XL(A) € Fr—1 and A is lower triangular, property 2 above
implies that X(A)A € Fi_1. In the same way, we see that L(XZ(A)A)A € Fr_o
and so on. Thus, the right side of (2) is a finite sum. Let us take U = U(A)
and ¢ = ¢(UA). Since U is of the form I + X with X strictly lower triangular,
U is an invertible matrix. This proves the first part of the theorem.

Suppose that Col(D"A) C domain(D) for all n > 0. By property iv) of X(-)
listed before, we have

Col(%(A)) < Y Col(D"A) C domain(D),

n>0
Col(S(S(A)A)) € Y Col(D"S(A)) € Y Col(D"A) C domain(D),

n>0 n>0



This implies that Col(X) C domain(D). Hence the columns of X are in ls.
Since only a finite number of the columns of X are nonzero, X and U represent
bounded operators. Also, X is strictly lower triangular of finite rank. So U is
injective and a compact perturbation of the identity. Hence, U has bounded
inverse. O

Let D1 = (d} ;) and Dy = (d7 ;) be two Hessenberg matrices. Denote by T
. 2
the diagonal matrix such that Y;; = 0if i # j, Yoo = 1 and T, ; = [[h_h Tkt

k,k+1

for i > 0. Then YD>Y~! — D; is lower triangular, and if we assume that

0 | g2

dk,k+1
1
kk+1

< o0, (10)

k=0

then Y is bounded.

Taking into account this remark, the hypothesis in last theorem that A is
lower triangular can be relaxed to A such that D — A is still a Hessenberg
matrix. In order to see this we take Dy = D, Do = D — A and T as before.
Since A € Fj, for some k, the condition (10) clearly holds, so Dy is similar to a
perturbation of D; by a lower triangular matrix A’ of finite rank. Now we can
apply Theorem 1.

In the same way, some of the results that follow, even though they are stated
for perturbations by a lower triangular matrix, can be extended to A such that
D and D — A are both Hessenberg matrices.

Next we will extend Theorem 1 to include perturbations by a A of infinite
rank.

1.3 The associated polynomials of k-th kind

A Hessenberg matrix D can always be written as D = S'V, where V is a lower
triangular matrix such that Vp o = 1 and S = (0;41,)i,; is the unilateral shift.
The matrix V' has nonzero elements on the main diagonal; thus it is an invertible
matrix. Let us define D(0) = V~! and

D(z) = (I + (D(0)S)z + (D(0)S)22% +...)D(0). (11)

Notice that, since the first n rows of (D(0)S)™ are zero, the entries of D(z)

are well defined. The matrix D(z) plays an important role in several questions
related to D; we refer to [7] for a more thorough treatment of the properties of
this matrix. We have

(D —2I)D(2) = 5S*, D(2)S(D —zI) =1 —p(2)el,

where p(z) is the first column of D(z).



We denote the entries of D(z) by (E(z))nk = pF_,(2). These are the so
called associated polynomials of k-th kind in the theory of orthogonal polyno-

mials. They satisfy the recurrence relations, pf(z) = dk—ll =

n+1
prz—k(z) = Z dn,ipi‘c—k(z)- (12)
1=0

The next lemma shows the relationship between the polynomials pﬁ_k(z)
and the functions X(-) and ¢ (-) that were constructed in Section 1.2.

Lemma 2. We have
S(gen) = (0n-1(D)9,...05(D)$,0,0,...), (13)
U(gen) = pa(D)o. (14)
Notice that (p,(2),pL_1(2),...pR(2),0,0,...) is the n-th row of D(z).

Proof. Recall from (8) that X(¢el) = X2 and ¥(¢el) = ¥¢. It is enough to
check that the right sides of (13) and (14) satisfy the recurrence relations used
in Lemma 1 to define X¢ and ¢¢. This follows from the recurrence relation
(12). O
1.4 Extension of Theorem 1

From this point on we assume that D represents a bounded operator on [s.
Let {a;}$2, be a sequence of positive numbers. For X € B(l2) define

. 1/2
1X]7 = (Z az-nXein?) . F={Xe€B(l):|X|r <oo}.
=0

Lemma 3. F is a left ideal of B(l2) and |BX|x < ||B|||X|.
Proof. |BX|% =3 ai|| BXei||* < || BI*(3 asl| Xes]|?). 0

Let us take a, = > 1 |Ipi,_;(D)||* and define | - |+ and F accordingly. We
have the estimate

lo(@er) I + 12(0ei) 13 < 1112 D llpr—i (D> < anllgll*. (15)
=0

Here ||-||2 is the Hilbert-Schmidt norm (the sum of the squares of the absolute
values of the entries). This estimate shows that we can extend X(-) and v (-) by
continuity to F (recall that they were originally defined in U2 ,F,,). We have

(AN +I2(A))13 < |AlF

for all A e F.
For the functions 3(-) and ¢(-) defined on F we have:



i) X(-) and ¢(-) satisfy (3),
ii) X(F) C Ba(lz) (Bz(lz) denotes the space of Hilbert-Schmidt operators),
iii) if A is lower triangular, then 3(A) is strictly lower triangular.

Let us write |f[oo,m = sup|g <ar |f(2)]. Taking into account the inequality
lp(D)]| < [ploo,|p||> the coefficients a,, in the definition of | - [ can be replaced
by the more computable numbers b,, = ), |pil—i‘§o,“ p|- However, in many cases
by, has geometric growth, while a,, has polynomial growth (e.g., the Chebyshev
matrix).

Now we are ready to state the extension of Theorem 1.

Theorem 2. Let D be a bounded Hessenberg matrixz and A be a member of F
that satisfies one of the following two conditions:

i) ALF < 1/2,

it) A is lower triangular.
Then there are ¥,v € lo and U = I + X with X of Hilbert-Schmidt class such
that U(D — A)U™Y = D — . In case ii) we can take X to be strictly lower
triangular and v = €.

Proof. i) Take U = U(A) as in (2). Notice that if A is lower triangular then
U(A) is lower triangular too.

ii) Let us write A = Ay + Ay, with Ay lower triangular of finite rank and
|A1]7 < &. By i) there is Uy lower triangular such that

Ui(D — Ay — AU = D —wpely — Ui AU

The right side is a finite rank perturbation of D. Thus, an application of
Theorem 1 completes proof. O

We can improve ii) of the previous theorem. Let 7F denote subspace of the
lower triangular elements of F. For every n we write 7F =T F, ®7TF", where
TF,={X€TF:Xe;=0,i>ntand TF"={X € TF: Xe; =0,i <n}.

Proposition 1. Formula (2) is well defined for every A € TF and
UQC):TF,|-|r— B(la) |-l
18 a continuous map.

Proof. For A € TF we define the linear map T4 : B(lo) — B(l2) by Ta(X) =
Y(X A). Notice that formula (2) can be written as

First we prove that U(-) is continuous on the unit ball of 7F. Take A, B €
TF such that |[A|r =a <1, |Blr =b<1and |[A— B|r < e. We have,

TH(1) ~ TH(1) = ST (1) — T8 (1)A) + (75 (1)(4 - B)).



From this we get by induction that [|T%(1) — TE(1)| < eaZ:gk. This implies
that [U(A) — U(B)|| < em Hence U(+) is continuous on the unit ball
of TF.

Next we prove that the sum on the right side of (2) is well defined for all
AeTF. Let A = Ay + Ay with Ay € Tfn7 |A1|}‘ <1land Ay € TF,. We
notice that if A and X are lower triangular, then by property 2 in the proof of
Theorem 1 we get T4 (XAz) € TF,_1. Hence we have T} (X Ag) = 0.

Let us prove by induction that TX(1) = TKTK:”(l), for k > n. This is
clearly true for k = n. Assuming it is true for k, we get

TAM() = TRUTX"(1) = TATA(TA, " (1) = TR(S(TA, " (1)(A1 + A2)))
= TRTAT'"(1) + TA(S(TR, "(1)A2)) = TRTXT " (1).

This completes the induction.
Adding TX(1) = TgTﬁl_"(l) for all k we get

n—1

ZTA )+ TR(U(AY)).

Hence U(A) is well defined.

Finally we prove the continuity of U(-) on all A € TF. Let A € TF and take
0 = 0(A,n) > 0 with the property that for every A’ such that |[A — A’|z < 4, it
is true that if A’ = A} + A5 with A} € TF" and A} € TF,, then |A]|r < 1.
That this is always possible follows from the continuity of the projection of 7F
onto TF™. Then

Z ThA/(1) + TA(U(AY))

for all A’ in the neighborhood of A of radius §. The right side is continuous on
a neighborhood of A, hence U(A) is continuous. O

2 Perturbations of the shift and the Chebyshev
matrix

In this section we study perturbations of S! and the Chebyshev matrix J =
%(S’ + S*), where S = (&;,j+1)i,; denotes the unilateral shift. In some cases
the perturbing matrix A is assumed to be lower triangular, but taking into
account the remark at the end of Subsection 1.2, these results can be extended
to perturbations by a matrix A of Hessenberg form.

2.1 Theorem 2 applied to S* and J

The shift.
The similarity of perturbations of the shift to the shift itself has been con-
sidered in papers [2], [5], [8] and [1]. In [2] J.S. Freeman proved that if A is



a strictly lower triangular matrix satisfying >, ; [A; ;| < co and A1 # —1,
then the S + A is similar to S. O. I. Soibelman and B. Chan proved indepen-
dently that S + A is similar to S when A is an infinite matrix that satisfies
Zi,j |Ai,j| <1

The matrix S? is Hessenberg, so the results of the previous section apply
to it. Using (12) we compute the associated polynomials of k-th kind. We
obtain p¥ , (2) = 2" and from this we get a,, = n for the coefficients in the
definition of | - |z. Hence, by Theorem 2, we get that if A satisfies one of the
two conditions:

D) 3, illAel* < 1/4,
I) A is lower triangular and Y~ j[|Ae;|* < oo,

then St — A is similar to S* — ¢vt for some ¢,v € lo. In case II) we can take
v = €p.

The following theorem is proven in [1].

Let A be such that 3, . |A;j| < 1. Then there is a bounded operator U
bounded such that U(S* — A)U~ = St. Moreover, if A is lower triangular then
U can be taken to be lower triangular too.

Combining Theorem 1 with this assertion we get that if:

IIT) A is lower triangular and 3772\ 3777 [A; | < oo for some N > 0,
then S* — A is similar to St — ¢efy for some ¢ € Is.

Remarks.

i) Taking adjoints, these results can be restated for perturbations of S.

ii) There are rank one perturbations of S* of arbitrarily small norm that are
not similar to S?.

The Chebyshev matrix.

Now we consider perturbations of J = (S+5%)/2. A computation shows that
the associated polynomials of k-th kind are p* _, (2) = T,,_1(2), where {T},}22,
are the Chebyshev polynomials. The Chebyshev polynomials are defined by
To = 1 and the recurrence

22T, (2) = Th—1(2) + Trt1(2).

We have ([6])
ITo (D)l = sup |Tn(z)| = 1.
z€[—1,1]
Thus, we can take a,, = n in the definition of | - |#. Hence, by Theorem 2,
we see that if A satisfies conditions I) or II) stated above, then J — A is similar
to J — ¢vt for some ¢, v € l. In case 1) we can take v = eg.

2.2 Perturbation determinants

Let us denote by R(z,A) = (2I — A)~! the resolvent function of the bounded
operator A. If A’ is a bounded operator such that A — A’ is of trace class, then

the analytic function
det(I + (A — A")R(z, A))



is called a perturbation determinant. A reference for several properties of per-
turbation determinants is [4].

In this subsection we discuss the link between perturbation determinants
and the similarity of perturbations of S* and J.

We start with the shift. Let A be lower triangular and of trace class (hence
bounded). Let us write D = S* — A. Let us define the function

Y_1(z) = det(I + AR(z71,8%)).

This function is analytic in the interior of the unit circle. It is known as
Szego’s function in the theory of orthogonal polynomials. (One has to allow that
A be Hessenberg, and not just lower triangular, to make St — A the Hessenberg
matrix of orthogonal polynomials in the unit circle. See [7].)

Next we define the operator-valued function

U(z) = ¢-1(2)R(z"", D).

An application of Carleman’s inequality shows that this function is analytic
in the interior of the unit circle (see [7]).

Let us denote by ¥, (2) = (¥(2))o,n, for n =0,1..., the entries of the first
row of ¥(z). The following formula is proven in [7], Theorem 8:

o0 oo
Pn(z) = 2"+ Z Z A2 p?jifl(z), (16)
7=0 \'i=j
for n = —1,0,1.... The right side of (16) is a series converging uniformly in

compact sets of the open unit disk. From this formula we see that ¥, (z) =
2+ O0(2"+?) for n > —1. Moreover, 1, (z) should be close to 2" if we
make the perturbation small in a suitable sense.

Let us write ¢;(z) = Z;’ij ;72 for j = —1,0,1,.... Let Hy denote the
Hardy space of the unit circle.

The following theorem establishes a simple relationship between the func-
tions U(-) and ¢(-) constructed in Section 1 and the coefficients 9; ; of the
functions v, (z).

Theorem 3. If A is lower triangular of trace class satisfying condition II),

then U(A) = (i )75=0 and (U(A)A) = (i, —1)iZ0-

Notice that by Theorem 2 and Proposition 1, U = U(A) and ¢ = (U (A)A)
are precisely the matrix and the vector implementing the similarity between
St — A and St — vef.

Proof. Let us write U = (¥i,)75=0 and ¥ = (1), (¥ is a column vector).
First we assume that A € TF}, for some k. Let U = I + X. Using (16) we
can prove that:
1. X is strictly lower triangular (because ¥, (z) = 2"*1 4+ O(2"1?2)),
2. X € TFy_1 (because ,(z) = 2"t for n > k),

10



3. The columns of X are in Iy (because 3, A; ;2! € Hy and p?j;_l(z) is
a polynomial. Hence 1,,(z) € Hs for n > —1).
The definition of ¥(z) implies that

(Yo(2),¥1(2),...)(z7' T — D) = ¢_1(2)ef,
which can be written as
(2,22,..)U(z"'T = D)= (1,z,...)0¢,

and then we get

(1,z,..)(U = SUD) = (1, z,... )ibed.

Thus U — SUD = vel,. Multiplying by S* on the left and by U~ on the right
we get o ~
UDU™ = S' — (S'4)e},. (17)

Now recall that, by Theorem 1, there are unique U and v satisfying (17)
and properties 1 and 2 listed above. This proves the theorem when A € 7 Fy.

Next we assume that A € 7F. Take A € TF, such that |A—A|z — 0.
We know by Proposition 1 that U(A™) and (U (A™)A™) converge in the
norm topology to U(A) and (U (A)A) respectively. On the other hand, by the
definition of ¥_1(z) and ¥(z), and the continuity of the determinant and the
resolvent function, we have ¢£”1)(z) — 1p_1(z) and ¥ (2) — W(2) uniformly on
compact sets of the unit circle. So ¢}'; — 1 ; fori=0,1...,5=-1,0,1....
Therefore U = U(A) and S = ¢(U(A)A) for every A € TF of trace class. [

The arguments in the case of the Chebyshev matrix are analogous to the
case of the shift, so we will just give a succinct presentation.

Let J = (S + S%)/2, A be a lower triangular matrix of trace class and
D = J — A. Define the function (sometimes called Jost function)

Y 1(2) = det(I + AR((z + 271)/2,J),
and the operator valued function
(=) = 61 (2)R((z + 2 1)/2, D).
The functions ¥_1(z) and ¥(z) are analytic in the interior of the unit cir-

cle. If ¥, (2), n = 0,1,... denotes the elements in the first row of ¥(z), then
(Theorem 8 of [7])

Gn(2) = 2" Y AT it (+27Y)/2), (18)
i=0 \i=j

forn=-1,0,1....
Again let us 9;(2) = D% by 52T for j = —1,0,1....

11



Theorem 4. If A is lower triangular of trace class satisfying condition II),

then U(A) = (¢ j)75=0 and (U(A)A) = (i —1)iZ0-

Proof. Suppose that A € TF}, for some k. Define U and 1 as in the proof
of Theorem 3. Using (18), again we see that U satisfies properties 1, 2 and 3
listed in the proof of Theorem 3 (the computation must be more careful now,
since p;-’fyll_l((z—i—z*l)ﬂ) is not a polynomial. Nevertheless, zj*"’lp;-’fyll_l((z—i—
271)/2) is a polynomial).

The definition of ¥(z) implies that

Wolen(a)eo) (FE1-D) = vilare

2

~ _1 ~
(z,z27...)U<Z+2Z I—D) = (1,2,...)ve}

1 2. - -
(1,2’,...)( —ZS U—SUD) = (1,2,...)0e.

Thus 42
I ~ ~ ~
i U — SUD = e},.

Multiplying by S* on the left and by U~! on the right we get
UDU~' = J — (S§%))el,. (19)

Now we invoke the uniqueness of U and 1 satisfying (19) and the properties 1
and 2 listed in the proof of Theorem 3. This proves the theorem when A € 7 F.
In order to finish the proof, we use the same continuity argument that was
used in Theorem 3. O

Acknowledgments

I am grateful to Peter Rosenthal for encouraging me to write this paper and for
suggesting many corrections to one of its early drafts.

References

[1] B. CHAN, Perturbations of shifts, J. Math. Anal. Appl. 88 (1982), no. 2,
572-590.

[2] J. M. FREEMAN, Perturbations of the shift operator, Trans. Amer. Math.
Soc. 114 1965 251-260.

[3] K. O. FRIEDRICHS, Perturbation of spectra in Hilbert space, Providence,
R.I. : American Mathematical Society, 1965. Lectures in applied mathe-
matics; v. 3.

12



[4] 1. C. GOHBERG, M. G. KREIN, Introduction to the Theory of Linear Non-
Selfadjoint Operators, Amer. Math. Soc., Providence (1969).

[5] SUE-CHIN LIN, Perturbations of the unilateral shift, Bull. Amer. Math.
Soc. 77 1971 621-624.

[6] T. J. RivLIN, The Chebyshev polynomials, New York, Wiley (1974).

[7] L. ROBERT, L. SANTIAGO, Finite sections method for Hessenberg matrices,
J. Approz. Theory 123 (2003), 69-88.

[8] O. I. SOIBELMAN, Perturbations of the shift operator. (Russian) Mat.
Issled. 8 (1973), no. 3(29), 76-91, 181.

13



