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ABSTRACT. This paper is devoted to the study of multigraded algebras and multigraded linear series. For an
N*-graded algebra A, we define and study its volume function F 5 : N$ — R, which computes the asymptotics
of the Hilbert function of A. We relate the volume function Fa to the volume of the fibers of the global
Newton-Okounkov body A(A) of A. Unlike the classical case of standard multigraded algebras, the volume
function F4 is not a polynomial in general. However, in the case when the algebra A has a decomposable
grading, we show that the volume function F 4 is a polynomial with non-negative coefficients. We then define
mixed multiplicities in this case and provide a full characterization for their positivity. Furthermore, we apply
our results on multigraded algebras to multigraded linear series.

Our work recovers and unifies recent developments on mixed multiplicities. In particular, we recover results
on the existence of mixed multiplicities for (not necessarily Noetherian) graded families of ideals and on the

positivity of the multidegrees of multiprojective varieties.
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The main goal of this paper is to study and extend the current theory of graded algebras of almost integral

type and graded linear series to multigraded algebras of almost integral type and multigraded linear series,

Date: April 24, 2021.
2010 Mathematics Subject Classification. Primary 13H15, 14M25; Secondary 13A18, 52B20.

Key words and phrases. multigraded algebras, multigraded linear series, Newton-Okounkov bodies, Krull dimension, mixed

multiplicities, Hilbert function.



2 YAIRON CID-RUIZ, FATEMEH MOHAMMADI, AND LEONID MONIN

respectively. The asymptotic behavior of graded algebras of almost integral type and graded linear series
was extensively studied in the foundational papers of Kaveh and Khovanskii [21] and of Lazarsfeld and
Mustatd [25]. Following ideas from seminal works of Okounkov [29, 30], the authors of [21] and [25]
associated a convex body A(A) to a graded algebra A equipped with a valuation with one-dimensional
leaves. The convex body A(A) is called the Newton-Okounkov body of the algebra A. One of the main
results of [21,25] relates the asymptotic growth of the Hilbert function of a graded algebra of almost integral
type with the corresponding Newton-Okounkov body.

More precisely, let k be an algebraically closed field and F be a field containing K. Recall that a graded k-
subalgebra A C F[t] of the polynomial ring in one variable is of integral type if A is finitely generated over
k and is a finitely generated module over the subalgebra generated by [A];. A graded k-algebra A C F[t] is
of almost integral type if A C B C F[t], where B is a graded k-algebra of integral type. Then, one has the

following theorem.

Theorem 1.1 ([21,25]). Let A C F[t] be a graded K-algebra of almost integral type, and let q = dimg (A(A)).
Then the Hilbert function of A has a polynomial growth. Moreover, the main term of asymptotics has degree

q and its coefficient is given by the volume of A(A).

We generalize Theorem 1.1 to a far-reaching general case of algebras of almost integral type. We con-
sider an arbitrary field k (not necessarily algebraically closed) and we replace the field F with any reduced
k-algebra R. We also relate the dimension of the Newton-Okounkov body of A C R[t] to the Krull dimen-
sion of A.

Theorem A (Theorem 3.6). Let K be a field and R be a reduced K-algebra. Let A C R[t] be a graded

K-algebra of almost integral type. Suppose d = dim(A) > 0. Then, there exists an integer m > 0 such that

the limit )
i dimy ([Alnm)
m ———

n—o0 nd-1

€ R,

exists and it is a positive real number.

We prove this result by analyzing the graded algebras equipped with a valuation having leaves of bounded
dimension. In particular, we show that any algebra A C R[t] of almost integral type has a valuation with
bounded leaves (Proposition 3.13). Our treatment of singly graded algebras also profited from the works of
Cutkosky [9, 1 1].

We now focus on our developments of the multigraded case of algebras and linear series.

1.1. Multigraded algebras of almost integral type. Here we describe our main results regarding arbitrary
multigraded algebras of almost integral type.

Let K be an arbitrary field and R be a k-domain. Our results in principle could cover the case when R is
an arbitrary reduced ring (see the general reductions used in Section 3), however, in doing so the notation
would be quite cumbersome in the notion of volume function that we define below.

First, we introduce our main object of study, which provides the multigraded extension of graded alge-
bras of almost integral type (as introduced in [21]). Let ti,...,ts be new variables over R and consider
R[ty,...,ts] as a standard N¥-graded polynomial ring where deg(t;) = e; € N°® and e; denotes the i-th
elementary vector (0,...,1,...,0). We have the following notions:
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(i) An N®-graded k-algebra A = @, cns[Aln C R[ty,...,ts] is called of integral type if A is finitely
generated over K and is a finite module over the subalgebra generated by [Alg,, [Ale,, ..., [Ale,.

(i) An N®-graded k-algebra A = @, cns[Aln C Rlty,...,t] is called of almost integral type if A C B C
R[ty,...,ts], where B is an N®-graded algebra of integral type.

Let A C R[ty,...,ts] be an NS-graded algebra of almost integral type. To simplify notation, we also need
to assume that [A]e, 7 0 for all 1 <1 <s. One has that the Krull dimension of A is finite (see Theorem 2.5),
i.e., dim(A) < co. Let d =dim(A) and q = d —s. Our main focus is on the volume function of A, which
is defined as

(1) FA:Z5 —R,  Fa(np....ms) = lim
n—oo nd

As a direct consequence of Theorem 3.11, we obtain that the limit defining the volume function F 5 always
exists. Note that, when A is a standard N®-graded algebra then the volume function F 5 encodes the mixed
multiplicities of A (see Remark 4.1).

In a similar fashion to [25], we relate the volume function Fo of A to a global Newton-Okounkov body
that we define below. For that, we can safely assume that R is finitely generated over K (see Remark 3.4)
and that there exists a valuation v : Quot(R) — Z" with certain good properties (see Proposition 3.13). Of
particular importance is the fact that the valuation v has leaves of bounded dimension. Let I'a be the valued
semigroup of the N°-graded algebra A:

Ta = {(v(a),m) €Z"xN° | 0# a€ [Alm}.

We define
A(A) = Con(l'a) CR" xR%,

to be the closed convex cone generated by I'a and we call it the global Newton-Okounkov body of A. We

denote the index of A by ind(A) and the maximal dimension of leaves of A by {4 (these invariants refer to

o0

n—o[Alnn; for more details, see Definition 4.10).

a uniform behavior of the Veronese subalgebras A ™ =@
One has the diagram below

A(A) < R" xR,
RT RS,
where 711 : RT x Ry ) — R" and 7, : R" x R ; — R denote the natural projections. We denote the fiber of
the global Newton-Okounkov body A(A) over x € RS, by A(A)x =A(A) ﬂﬁz_l (x).

The following theorem contains our main results regarding the relations between the volume function
FAa and the global Newton-Okounkov body A(A).

Theorem B (Theorem 4.7, Corollary 4.11). Under the notations above the following results hold:

(i) The fiber A(A)n of the global Newton-Okounkov body A(A) C R" x RS, coincides with the Newton-
Okounkov body A(A™) for eachn € Z%., that is:

1 (A(A)n) x {1} = m (A(A) N7 ' (n) x {1} = A(A™) © R" x{1}.
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(ii) There exists a unique continuous homogeneous function of degree q extending the volume function
Fa (n) defined in (1) to the positive orthant R;O. This function is given by

Volq (A(A)x)
Fa:RY,—R lp - — %
ARSI X EIATTRAA)

Moreover, the function F o is log-concave:
FA(X+‘J)é > FA(X)% +FA(y)é forall x,y € R,

We illustrate the concrete computation of the volume functions in Example 4.4 and Example 4.15. In
particular, we show that in general, part (ii) of Theorem B is the strongest result that can be obtained in this
setting: for any non-negative, homogeneous of degree 1, concave function f: R‘;O — R>( we construct an
N®-graded algebra A whose volume function is f (see Example 4.12).

1.2. Algebras with decomposable grading. An important question is to determine the following:
o When is the volume function F 5 a polynomial?

By mimicking the classical case of standard multigraded algebras, the existence of such a polynomial
yields a natural notion of mixed multiplicities for the algebra A (see Remark 4.1). It turns out that the
volume function F is not always a polynomial (see, e.g., Example 4.4, Example 4.12 and Example 4.15).
However, we show that the volume function is a polynomial for the family of multigraded algebras with
decomposable gradings.

An N3-graded algebra A is said to have a decomposable grading if the equality

[A] (ny,na,...mg) == [A]nlel : [A]TL262 o [A]nses

holds for each (n,ny,...,ng) € NS,
Now, we additionally assume that the N®-graded algebra A C R[ty,...,ts] of almost integral type has a
decomposable grading. For each p > 1, let /A\[p] = K[[Alpe,,...,[Alpe,] C A be the N®-graded algebra

generated by [Alpe,,...,[Alpe,, and denote by ’Khﬂ = Brens [//i[p]] the standard N*-graded algebra
pn
obtained by regrading A ).

The following theorem deals with the case of algebras with a decomposable grading.

Theorem C (Theorem 5.5). Assume the notations above with A having a decomposable grading. Then,
there exists a homogeneous polynomial G (n) € R[ny,...,ns] of degree q with non-negative real coeffi-
cients such that

Fa(n) = Ga(n) forall meZi.
Additionally, we have

n
Ga(m) = lim —%>— = sup —>——  forall mneZ.
poo  pd pez. P "

We illustrate Theorem C with an example of the Cox ring of a full flag variety (Example 5.6).
Moreover, we can write the polynomial G of Theorem C as follows

Gam) = > $e(d;A)nd.
ldi=q
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Then, for each d = (dy,...,ds) € N% with |d| = g, we define the non-negative real number e(d;A) > 0 to
be the mixed multiplicity of type d of A.

In Corollary 5.8, we provide an extension into a multigraded setting of the Fujita approximation theorem
for graded algebras given in [21, Theorem 2.35]. We show the following equalities

(@A) = fim SEAR) _ @A)
p—o00 pd pez. pd

Furthermore, in Theorem 5.9, we provide a full characterization for the positivity of the mixed multiplicities
e(d;A) of A.

In our findings, we got that a number of interesting applications follow rather easily by studying certain
multigraded algebras with decomposable grading. The list of applications includes the following:

(1) In Section 6, we recover some results from [7, 8, 10] by showing the existence of mixed multiplici-
ties for (not necessarily Noetherian) graded families of ideals.

(2) In §6.1, we provide a full characterization for the positivity of the mixed multiplicities of graded
families of equally generated ideals.

(3) In §6.2, we recover a classical characterization for the positivity of the mixed volumes of convex
bodies.

1.3. Multigraded linear series. Finally, we are interested in the notion of multigraded linear series. Let K
be an arbitrary field and X be a proper variety over K. Let Dy,...,Dg be a sequence of Cartier divisors on
X, and consider the corresponding section ring

$(D1.....Ds) = € H(X.0(m D+ +n,Dy)).

A multigraded linear series associated to the divisors Dy,...,Dy is an N®-graded K-subalgebra W of the
section ring §(Dy,..., D). In particular, W is of almost integral type (see Proposition 7.2). The Kodaira-
Itaka dimension of W is given by

k(W) = dim(W) —s,
where as before dim(W) denotes the Krull dimension of W. As simple consequence of our developments
for multigraded algebras, we have the following theorem for multigraded linear series (which we enunciate
below for the sake of completeness).

Theorem D (Theorem 7.4). Under the above notations, let W C 8(Dy,...,Dg) be a multigraded linear
series and suppose that [W]e.L #0forall 1 <1< s. Then, the following statements hold:

dl.IIl W n

n—o00 nK(W)
of W is well-defined for all n € Z5,.
(ii) There exists a unique continuous function that is homogeneous of degree x(W) and log-concave and
that extends the volume function Fyy (n) to the positive orthant R;O. This function is given by

) VO]K(W) (A(W)x)
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(iii) If W has a decomposable grading, then there exists a homogeneous polynomial Gy (n) € R[ny,...,ng]

of degree k(W) with non-negative real coefficients such that
Fw(n) = Gw(n)

foralln e Z5.

Finally, in Theorem 7.5, we express the mixed multiplicities of a multigraded linear series with decom-
posable grading in terms of the multidegrees of the multiprojective varieties obtained as the image of certain
Kodaira rational maps.

1.4. Organization of the paper. The basic outline of this paper is as follows. In Section 2, we recall
some important results and fix some notations. In Section 3, we deal with singly graded algebras and we
prove Theorem A. In Section 4, we begin our study of multigraded algebras and we prove Theorem B.
Our treatment of multigraded algebras with decomposable grading is made in Section 5, where we show
Theorem C. In Section 6, we obtain some applications for the mixed multiplicities of graded families
of ideals and for the mixed volumes of convex bodies. Finally, in Section 7, we apply our results on
multigraded algebras to multigraded linear series and we prove Theorem D.

2. NOTATION AND PRELIMINARIES

In this preparatory section, we fix our notation and recall some important results to be used throughout
the paper. We denote the set of non-negative integers by N = {0,1,2,...} and the set of positive integers
by Z, ={1,2,...}. Let d > 1. For a vector n = (n,,...,nq) € N4 we denote by |n| the sum of its entries.
We also denote by e; € N¢ the i-th elementary vector (0,...,1,...,0). For n = (n,...,ng) and m =
(mi,...,mq) in N4 we write n > m if ny > m; for every 1 < i < d. The null vector (0,...,0) € N4 is
denoted by 0 € N4. Moreover, we write n > 0 if n; > 0 for every 1 <1< d. We also use the abbreviations
n!=mn;!---nglandn™ =n""...n7

We first describe the notions and methods of Newton-Okounkov bodies and recall some important results
from [21]. Let d > 1. Suppose that S C Z4*! is a semigroup in Z4+!, Let 7t: R4*! — R be the projection
into the last component. Let L = L(S) be the linear subspace of RA*! which is generated by S. Let
M = M(S) be the rational half-space M(S) :=L(S) N7 ! (Rso) =L(S)N (Rd X R>0), and let oMz =
OMNZI*! Let Con(S) C L(S) be the closed convex cone which is the closure of the set of all linear
combinations ) ; Ais; with s; € S and Ay > 0. Let G(S) C L(S) be the group generated by S.

We say that the semigroup S is non-negative it S C M; additionally, if Con(S) is strictly convex and
intersects the space 0M only at the origin, then S is strongly non-negative (see [21, Definition 1.9 and
§1.4]).

Following [21], when S is non-negative we fix the following notation:
~ [Sln:==Snn'(n)=SN(Z% x{n}).

- m(S):=[Z:m(G(S))].

— ind(S) :=[0Mz : G(S)NnoM].

— A(S):=Con(S)N7'(m(S)) (the Newton-Okounkov body of S).

— Volq (A(S)) is the integral volume of A(M,S) (see [21, Definition 1.13]); this volume is computed using

the translation of the integral measure on M.
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The following result is of remarkable importance for us.

Theorem 2.1 (Kaveh-Khovanskii, [21, Corollary 1.16]). Suppose that S is strongly non-negative. Let
m=m(S) and q = dimgr(A(S)). Then

. #[Slam _ Volg(A(S))
lim = —
n—oo MY ind(S)

For a subset U C S of S and n € N, we define n«U := {Z{l:lui Ug,...,Un € U}. For p € N, we
denote by §p the subsemigroup of S generated by [S],, that is,

[§p} =nx[S], and [§p} =0 if p does not divide n.
np n
The following approximation theorem relates the semigroup S with the semigroups §pm for p big enough.

Theorem 2.2 ([21, Theorem 1.27], [25, Proposition 3.1]). Suppose that S is strongly non-negative. Let
m =m(S) and q = dim(A(S)). Let € > 0 be a positive real number. Then, for p > 0 the following
statements hold:

(i) dimg(A(Spm)) = .

(ii) ind(Spm) =ind(S).

(iii) We have the inequalities

lim #[S]nm_e < lim #(n*[s]pm) < lim #[S]nm.
n—oo nNd n—oo nqpq n—oo MY

We now briefly recall Minkowski’s theorem and the notion of mixed volume of convex bodies. Let
K = (Ki,...,K;) be a sequence of convex bodies in RY. For any sequence A = (Ay,...,As) € NS of non-
negative integers, we denote by AK the Minkowski sum AK := A;K; 4 --- + A K and by K, the multiset
K, = Uf:] U?i:l{Ki} of A; copies of K; for each 1 <1< s. Below is the classical Minkowski’s theorem
(see, e.g., [31, Theorem 5.1.7]).

Theorem 2.3 (Minkowski). Volg(AK) is a homogeneous polynomial of degree d.
We write the polynomial Vol4 (AK) as
1 d
VOldO\K) = Z f!MVd(Kd))\ .
deNs |d|=d
where MV 4(—) denotes the mixed volume.

Next, we concentrate on describing the dimension of a subalgebra of an algebra finitely generated over a
field. Following the terminology of [23], we say that these algebras are subfinite. Let K be a field and A be
a k-algebra. We shall always denote by dim(A ) the Krull dimension of A. We say that A is subfinite over
k if there exists a finitely generated k-algebra B containing A. Denote by 6k (A) the maximal number of
elements in A which are algebraically independent over K, that is,

Ok(A) :=sup {d | there exists x1,...,xq € A which are algebraically independent over k}.

Equivalently, 6k (A) = d if d is the largest integer such that there is an inclusion K[x1,...,xq] <> A where
K[x1,...,xq] is a polynomial ring over K.
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Remark 2.4. If A is finitely generated over K, then dim(A) = 6x(A). This is a classical result that follows
for instance from the Noether normalization theorem (see, e.g., [12, Theorem 13.3]).

The following theorem extends the above remark to algebras that are subfinite over k (cf. [14]).

Theorem 2.5 ([23, Theorem 4.6, Corollary 4.7]). Let A be a subfinite algebra over K. Then, the following
statements hold:

(i) dim(A) = dk(A).

(ii) If B D A is a subfinite algebra over K, then dim(B) > dim(A).

3. SINGLY GRADED ALGEBRAS OF ALMOST INTEGRAL TYPE

In this section, we extend the results of [21, Part II] regarding the asymptotic behavior of algebras of
almost integral type. Our results are slightly more complete than the ones in [21, Part II] with respect to the
following points:

(1) We consider an arbitrary field K instead of assuming that K is algebraically closed.
(2) We substitute the field F by any reduced k-algebra R.
(3) We show that the asymptotic growth of an algebra of almost integral type is determined by its Krull
dimension.
Similar results to the ones in this section were also obtained in [1 1] for graded linear series.
Let K be an arbitrary field and R be a reduced K-algebra. Let R[t] be a standard graded polynomial ring

over R. Below we introduce the notion of almost integral type in our current setting.

Definition 3.1. (i) A graded k-algebra A C R[t] is called of integral type if A is finitely generated over
k and is a finitely generated module over the subalgebra generated by [A];.
(ii)) A graded k-algebra A C R[t] is called of almost integral type if A C B C R[t], where B is a graded
algebra of integral type.

Notice that, if A C R[t] is a graded k-algebra of almost integral, then dimg ([A]) < oo for all n € Z.
By definition, one has that a graded k-algebra of almost integral type is a subfinite algebra over K. For any
positively graded k-algebra A which is subfinite over k, we denote by G1(A) the finitely generated graded
k-algebra that is generated by the graded components [A]y, ..., [Al;, that is,

G'(A) = k[[Alp,...,[A)] C A.
First, we discuss some properties of graded k-algebras that are subfinite over K.

Lemma 3.2. Let A be a positively graded K-algebra which is subfinite over K. Then, the following state-

ments hold:
(i) There exists iy € N such that dim(A) = dim (Gi(A)) foralli> 1.
(ii) Suppose that d = dim(A) > 0. Then there exists h € Z and « € R such that

dimy ([A]nh) > ond—!
forallm > 0.

Proof. (i) This part follows from Theorem 2.5.
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(i) Let C = G'(A) such that dim(C) = d. Since C is finitely generated over K, by [15, Lemma 13.10,
Remark 13.11], one has a positive integer h > 0 such that the Veronese subalgebra C(") = Dy _o[Clanisa
standard graded k-algebra. The ring [A]j is Artinian because by assumption it is a finite dimensional vector
space over K. As dim(C(™)) = dim(C) = d, by [27, Corollary of Theorem 13.2] the Hilbert polynomial of
C(M) has degree d— 1 and it coincides with length (A], ([Clnn) for n>> 0. Therefore, there exists a positive
real number o such that dimy ([Alnn) = dimg([Clpn) > and~! forall n > 0. O

Lemma 3.3. Let A, B and C be graded K-algebras which are subfinite over K. Suppose there exists ng > 0
such that for all n > ng we have a short exact sequence 0 — [Al, — [Bln — [Cln — 0. Then dim(B) =
max{dim(A),dim(C)}.

Proof. After choosing some h > ng, we substitute A, B and C by the Veronese subalgebras A ("), B(") and
ch, respectively. Thus we may assume that 0 — [A], — [B];, — [Cly — 0 is exact forall n > 1.

By invoking Theorem 2.5, we choose i > 0 such that dim(G*(B)NA) =dim(A), dim(G'(B)) = dim(B)
and dim(G*(C)) = dim(C). Notice that we have the short exact sequence

0— [GB)NA], — [G}(B)], = [G'(C)], —0,

+

where [S]+ = @4, [Sln for any graded k-algebra S. From the above short exact sequence, we obtain that
the ideal [Gi(B) N A] , is finitely generated (as it is an ideal over G'(B)), which implies that G1(B) N A
is a finitely generated graded k-algebra (see, e.g., [3, Proposition 1.5.4]). We substitute A, B and C by
GYB)NA, G'(B) and G'(C), respectively. So, we assume that A, B and C are finitely generated k-
algebras.

Finally, by standard arguments we can show that dim(B) = max{dim(A),dim(C)}. We choose h > 0 such
that 0 — A(M) — B — C(") —; 0 is a short exact sequence of standard graded k-algebras (see, e.g., [15,
Lemma 13.10, Remark 13.11]), and then the result follows from the additivity of Hilbert polynomials and
[27, Corollary of Theorem 13.2]. O

The following easy remark shows that we can always substitute R by a reduced finitely generated k-
algebra (cf. [21, Proposition 2.25]).

Remark 3.4. Let A C R[t] be a graded K-algebra of almost integral type. By definition, let B D A be a
graded k-algebra of integral type and suppose that filtil e fin, t'm are generators of B as a k-algebra. Let
R’ C R be the reduced K-algebra generated by the elements f;,,...,fi € R. So, one has that A C R’[t] with
R’ being a reduced finitely generated k-algebra.

Thus, as a consequence of the above remark, we now safely assume that R is a reduced finitely generated
algebra. Hence, let py,...,p¢ € Spec(R) be the minimal primes of R. Since R is assumed to be reduced, we
have a canonical inclusion R[t] < @le R/pilt]l. Let A C R[t] be a graded k-algebra of almost integral
type. For each 1 <1< (, let B be the k-subalgebra defined by

. k ifn=0
@ Bla=9 0
MY ifn>0
where M1 := (ANpRIEIN---Npi(RIED /(ANpiRIEIN---Npi_ Rt NpiR[t]). By construction, Blisa
graded k-algebra of almost integral type and we have a canonical inclusion B* < R/p;[t].
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Lemma 3.5. Under the above notation, the following statements hold:
(i) dim(A) = max {dim (B') | 1 <i<(}.
(ii) For alln.> 0, one has dimy ([Aly) = Y {_ dim ([BY] ).

Proof. For each 1 <1 < { we have the short exact sequence

A A

0 M A RRIUN - Ap RO APRI  ANpRIUN- A p Rl

— 0.

Since Ris reduced, p;R[t]N---Np¢R[t] =0. Therefore, part (ii) is clear and part (i) follows from Lemma 3.3.
O

The following theorem contains the main result of this section. By using the general arguments above,
the first idea in the proof is to reduce to the case when R is a domain. For organizational purposes, in
the next subsection, we encapsulate a proof of Theorem 3.6 under the assumptions of R being a finitely
generated k-domain (see Theorem 3.11).

Theorem 3.6. Let K be a field and R be a reduced K-algebra. Let A C R[t] be a graded K-algebra of almost
integral type. Suppose d = dim(A) > 0. Then, there exists an integer m > 0 such that the limit

li dimy ([A]nm)
m ——

€R
n—o00 nd_l +

exists and it is a positive real number.

Proof. By Remark 3.4, we assume that R is finitely generated over K. Suppose that pi,...,pe are the
minimal primes of R, and consider the algebras B* constructed in (2). Since each BY C R/p; [t] is an algebra

of almost integral type, Theorem 3.11 yields the existence of the following limits

dimi (B ., )
lim :

n—ro0 ndi—1

€R,

where m; = m(B') and d; = dim(B'). Therefore, after taking m = Icm(m;,...,my), the result of the
theorem follows from Lemma 3.5. O

3.1. The case where R is a domain. The setup below is used throughout this subsection.

Setup 3.7. Let K be a field, R be a finitely generated k-domain and r = trdegy (Quot(R)). Let A C RIt]
be a graded k-algebra of almost integral type. Let d = dim(A). Let m(A) be the index m(A) :=[Z: G]
of the subgroup G of Z generated by {n € N | [A],, # 0}. For any p > 0, we denote by Kp the graded
k-subalgebra /A\p :=k[[A]lp] C A generated by the graded part [A],. By regrading the algebra Rp, we

obtain the standard graded k-algebra A, defined by [Ap]n = [Ap]n‘p for all n > 0. As customary, let

_ N dimy ([A
e(Ay) = (dim(Ap)—1)! - lim M
n—oo TLdlm[Ap)fl

be the multiplicity of the standard graded k-algebra /N\p.

Remark 3.8. We fix an order on Z" which is compatible with an addition, i.e., for any n,m,p € Z" with
n < m, we have n+p < m+p. One way to do this is to fix a linear function 1 on Z" with rationally
independent coefficients and set n < m <= 1l(n) < l(m) forn,m € Z".
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We assume that Quot(R) admits a valuation v : Quot(R) — Z" such that v(a) =0 for all x € kK C
Quot(R). We further suppose that v : Quot(R) — Z" is faithful and has leaves of bounded dimension. By
Proposition 3.13 we can always construct such a valuation. The faithfulness of v means that v(Quot(R)) =
Z". For any n = (ny,...,n,) € Z", we define K, := {f € Quot(R) | v(f) > n} and K} := {f € Quot(R) |
v(f) > n}, and we say that the leaf with value n is given by

Ly == Kn/K{

We say that v has leaves with bounded dimension if sup,c»+ (dimy (L)) < co. Let { be the maximal
dimension of the leaves of v:

(= Irlréaz)g(dimk(l_n)).

For every t > 1, we define
3) M\ = {(mn) = (ni,ompem) €27 %N | dimic (Kn O [AIn /Ky O1ATR) >t
For any n > 0 and n € Z" one has the inequalities
dimy (Ko N[Aln/Ki NIA]R) < dimg (Ly) < L
We consider the integer
) La = max{t eN| F/E\t) g {0}} < L
Then, we have the following equalities
dimy ([A]n) = dimi (EB (KaNIAIn/Kq N [AJn)>
5) . nezr
(t)
=2+,
foralln > 0.

We have the following general lemma.

Lemma 3.9. Let S C Z™ x N be a strongly non-negative semigroup and let I C S be a non-trivial semigroup
ideal (i.e., a+S CT forall a € S), then

(i) A(T) =A(S).

(ii) ind(T") =ind(S).
(iii) m(I") =m(S)

Proof. Let a € ' be any point, then we have an inclusion a+ S C T, and hence G(S) = G(T') and, in
particular, ind(T") = ind(S) and m(T") = m.(S). Moreover, we obtain inclusions of closed convex cones

Con(S)+a c Con(I") C Con(S),
which guaranties the equalities Con(S) = Con(I") and A(T") = A(S). d

In the next proposition, we study some properties of F/(\t). For the special case t = 1, we simply write
Ta =T

Proposition 3.10. Suppose that 1 <t <A (that is, rf\” Z {0}). Then, the following statements hold:
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(i) T\ CTa.

(ii) Ta is a semigroup, and F/E\t) is a semigroup ideal of T a. In particular, one has that
AT =ATA), ind(T) =ind(Ta) and m(r{))=m(A).
(iii) I“}(\t) is strongly non-negative.

Proof. (i) This part is clear.

@ii) Let (m,n) = (nq,...,n,M) € F}(\t) and (m,m) = (my,...,my,m) € Ta. Then we can choose el-
ements fi,...,fy € [A]l, such that v(f;) = n and the classes fy,...,f; are linearly independent over K in
Kn N [A]L /K N[A]},. Similarly, let g € [A], such that v(g) = m.

By contradiction, suppose that the classes of gfy,...,gft € [Aln+m are K-linearly dependent in

Kn+m N [A]n+m/K;1L+m N [AJn—l—m-

Thus, there exist a; ..., at € K such that v(a;gf; +-- -+ argfy) > n+m, which implies that v(a;f; +---+
aifi) > n. But, the last inequality v(a;f; +---+ a¢fi) > n yields the contradiction a;f; 4 --- + afy =
0 € KnN[AlL/KF N[A],. So, as required we have (n+m,n+m) € F}(\t).

Finally, Lemma 3.9 implies that A(T\") = A(Ta), ind(T'\") = ind(Ta) and m(I'\") = m(T'a). Also,
notice that m(Ta ) = m(A).

(iii) Since F/E\t) C T'a, it is enough to show that I'a is strongly non-negative. By definition, there is a
graded K-algebra B C R[t] of integral type such that A C B. Consider the semigroup

Mg :=={(n,n) €Z"xN | KaN[Bln/K N[Bln #0}

determined by B. After possibly extending B by a bigger algebra of integral type, we can assume that
G(T'g) = Z"! (see [2], Lemma 2.29]). Since B is a finitely generated module over a standard graded
k-algebra and dim(B) < v+ 1, it follows that dimy([B],,) becomes a polynomial of degree bounded by r
for n > 0. So, [21, Theorem 1.18] implies that I'g is strongly non-negative, and since I'a C I'g, the result
follows. Il

The following theorem deals with the asymptotic behavior of the growth of A. The semigroup I'a is
given by
Ta =TV = {(v(a)n) €Z"xN | 0£a€ [Al.}
and we call it the valued semigroup of the graded k-algebra A. To simplify notation, we denote A(T'a ) and
ind(T'a) by A(A) and ind(A), respectively.

Theorem 3.11. Assume Setup 3.7, set m = m(A) and let d = dim(A) and {a be as in (4). Then

L dim (Alm) , Vola 1 (A(A))
n—co  md-l ATTTnd(A)
and we have the equality
dimy ([A A
(@—1)t- tim S0lAInm) -y elApm)
n—oo n p—o0 P

Proof. For any p > 0 and t > 0 we consider the semigroup

ri — {(n,n) €Z"xN | (K.,m [Apm]. /K N [Rpm]n) > t};

Apm
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these semigroups play the same role for /A\pm than the semigroups in (3) for A.
By using the inclusions

©6) n [r}\”}pm c [r&”

(t)
Apm < [FA }

:| npm
and Theorem 2.2, we can choose p > 0 such that

dimg (A(T5" ) =dimg (A(T3")).

From Theorem 2.5, by possibly making p larger, we can assume that dim(/A\pm) = d. After regrading Rpm
and considering the standard graded k-algebra Apm, we obtain the existence of a polynomial Qpm (n) of
degree d — 1 such that dimk([Apm npm) = Qpm(n) for n > 0 (see, e.g., [3, Theorem 4.1.3]). Similarly
to (5), we have the equality

£~

Apm
: 2 _ (t)
7 dimy ([Apm] npm) =y # {rﬁpm]
t=1 npm
From the inclusion "'\") ¢ FA , it then necessarily follows that the growth of # [FA ] is asymptot-
Apm npm

ically a polynomial of degree d — 1. So, by applying Theorem 2.1 to the semigroup FA , we obtain
dimg (A(A)) =dimg (A(T;  ))=d—1.

From Proposition 3.10, we also have A(F}(\t)) =A(A), ind(F}(\t)) =ind(A) and m(F/E\t)) =m(A) =m for
all 1 <t < La. Therefore, by using (5), Proposition 3.10 and Theorem 2.1, we obtain the equality
lim dil'nk ([A]nm) _ . VOld—l(A(A))
n—oo  md-l A ind(A)
So, the first statement of the theorem holds.
From (6) and Theorem 2.2, for any € > 0, we can choose p >> 0 such that
(t)
(1) #[ ¢ }
#|I"
lim % —¢ < lim _L Apminpm
n—oo nd_l

for all t. Finally, by (7) we obtain

. dimk ([A]nm) . . dimk ( [Apm] np m) 1 . (;&pm)
lim ——————— = lim lim = 1 ,
n—oo nd-1 p—oopd—l \ n—oo nd-—1 (d—1)!p>oo pd-l
which gives the second claimed equality. 0

3.2. Valuations with bounded leaves. In this subsection, we show that the valuations used in §3.1 can
always be constructed. Here we continue using Setup 3.7. We start with the following lemma that will
allow us construct a valuation on Quot(R).

Lemma 3.12. There exists a regular local ring (S,m,K’) such that R C S, Quot(S) = Quot(R) and the
residue field K’ = S/m is finite over K.

Proof. From [32, Proposition 07PJ] and [32, Definition 07P7], we have

Reg(R) = {p € Spec(R) | Ry is a regular local ring }


https://stacks.math.columbia.edu/tag/07PJ
https://stacks.math.columbia.edu/tag/07P7
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is an open subset of Spec(R). As R is a domain, Reg(R) is non-empty. Then we can choose 0 # g € R such
that Spec(Rg) C Reg(R). Let m C Spec(Ry) be a maximal ideal of Ry. Therefore, by setting S = (Rq)
the result follows. 0

m

From Lemma 3.12, fix a regular local ring (S,m,k’) such that R C S, Quot(S) = Quot(R) and the residue
field k' = S/m is finite over K. Let v = dim(S) = trdeg (Quot(R)), and choose yi,...,y, C m a regular
system of parameters for S. Let by,...,b, be rationally independent real numbers with b; > 1 for every
1 <i<r. Since S is a regular local ring and Quot(S) = Quot(R), we can construct a valuation w on
Quot(R) with values in R by setting

w(y?l---y}”) =niby+---+n:br € R

for every (ny,...,ng) € N", and w(y) =0 if y € S has non-zero residue in k' = S/m. Let (V,, my,Kw)
be the valuation ring of w in Quot(R). Notice that V, dominates S and we have the equality k, = k.

Since by,...,b; are rationally independent, we can define a function ¢ : Quot(R) — Z" determined by
@(f) =(ny,...,n,) if f € Quot(R) and w(f) =m by +---+n,b;. Asin Remark 3.8, we now fix the order
on ZT that is determined by the linear function 1: Z" — R, (n4,...,n;:) — nyby +--- +n,by. Therefore,

we obtain the valuation v : Quot(R) — Z", f — ¢(f) for which the proposition below is valid.

Proposition 3.13. There is a valuation v : Quot(R) — Z" that satisfies the following conditions:

(i) v(a) =0 forall « € k C Quot(R).
(ii) v is faithful.
(iii) v has leaves of bounded dimension.

4. MULTIGRADED ALGEBRAS OF ALMOST INTEGRAL TYPE

Here we define and study a volume function for multigraded algebras of almost integral (see (9)), and we
relate this function to certain global Newton-Okounkov bodies. In [25], similar volume functions have been
considered for the case of multigraded linear series in an irreducible projective variety over an algebraically
closed field. First, for the sake of completeness, we recall the notion of mixed multiplicities for the well-
studied case of standard multigraded algebras, and we explain how this volume function encodes the mixed

multiplicities.

Remark 4.1. Let k be a field and A be a standard N*-graded k-algebra (i.e., it is finitely generated over
k by elements of degree e; for 1 <1 <'s). Suppose A is a domain and set d = dim(A). Let Pa(n) =
Pa(ny,...,ng) be the multigraded Hilbert polynomial of A (see, e.g., [18, Theorem 4.1], [6, Theorem
3.4]). Then, the degree of P is equal to ¢ = d—s and Pa (n) = dimg ([A],) for all n € N¥ such that n > 0.
Furthermore, if we write

e T (M) (%)

then 0 < e(d;,...,ds) € Zforall d; +---+ds = q. Ford = (dy,...,ds) with |d| = q, we say that
e(d;A) = e(dy,...,ds)
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is the mixed multiplicity of A of type d. We define a function

F R dimy ([A}nn) T
A(n) := lim — = lim q
n—oo n n—o00 n

.....

For all n € Z% , we have Fa (n) = G (n) where G A (n) is the homogeneous polynomial
Ga(n) = Z e(d;A)n? = Z e(dl,...,ds;A)nfll---nfs.
ldl=q dj+--+ds=q

So, the function F 5 (n) encodes the mixed multiplicities of A.

Let k be a field and R be a k-domain. We introduce new variables ti,...,ts over R and consider
R[ty,...,ts] as a standard N*-graded polynomial ring where deg(ti) = e; € N°. We have the following
definition.

Definition 4.2. (i) An N®-graded k-algebra A =@, cns[Aln C R[ty,...,t] is called of integral type if A
is finitely generated over K and is a finite module over the subalgebra generated by [Ale,, [Ale,,. .., [Ale,.
(i) An N®-graded k-algebra A = @neNs [Aln C R[ty,...,ts] is called of almost integral type if A C B C
R[ty,...,ts], where B is an N®-graded algebra of integral type.

The following setup is used throughout the rest of this section.

Setup 4.3. Let Kk be a field and R be a k-domain. Let A C R[tq,...,ts] be an N®-graded k-algebra of almost
integral type. Set d = dim(A) and q = d —s. We assume that [Ale, #0forall 1 <i<s.

Letn=(ny,...,ng) € Z5. We consider the graded k-algebra

(8) A = DAl

n=0
By definition, A™ is a graded k-algebra of almost integral type with a canonical inclusion A™ < R[t]
into a standard graded polynomial ring R[t]. Denote by A () C Quot(A) the subfield of fractions of multi-
homogeneous elements with the same degree, that is,

Ay = {g € Quot(A) | x,y € A multi-homogeneous elements with y # 0 and deg(x) = deg(y)}.

Let 0 # f; € [Ale; for each 1 <i<'s. Since Quot(A) = A g (fy,...,fs) with fi,...,fs transcendental
elements over A o), Theorem 2.5 yields that dim(A) = s+ trdeg; (A(O)). In the same way, Quot(A(“)) =
Aoy (' -++fIrs) with ] ---fT transcendental over A ), and Theorem 2.5 yields that dim(A™) =1 +
trdegy, (A(O)). It follows that dim(A ™) = dim(A)—s+1 = d—s+ 1. Therefore, for n € Z5_, Theorem 3.11
applied to the algebra A (™ gives a well-defined function
©) Faln) = lim S0 AInn)
with ¢ = d —s. We say that Fa (n) is the volume function of the N°-graded k-algebra A.

The following simple example shows that, for an arbitrary algebra of almost integral type A, F4 (n) may
not coincide with a polynomial (also, see [10, §7]). So, in general we do not have a suitable extension of
Remark 4.1.
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Example 4.4. Let R = K[x] be a polynomial ring and consider R[t;,ts]. Let a(ny,ny) = {2\ /n% —i—n%—‘,
where [ 3] denotes the ceiling function of a real number 3 € R. We define the family of vector spaces
2(n1+n,)

[Alnim) = @ k- [ t]1t52 C [R[tl,tﬂ}

j=a(ngns) (nim)

over K. Then, A =D 1, n,)en2[Al(n;.n,) C Rlt1,t2] is naturally an N2-graded k-algebra. Since A C
B with B =k [th,xztl,xtz,xztz} , it follows that A is an N%-graded k-algebra of almost integral type.
However, in this case the corresponding function F 5 (ny,1;) is equal to

dimy ([A
FA(TI1,T12): lim k([ ](nnl,nnz))

n—o0 n
~ tim 2(nn; +nny) — a(nng,nny) + 1
- n—oo n

=2(n +mny) —2y/n3+n3.

Therefore, in this case FA (ny,n,) is not a polynomial function.

4.1. Global Newton-Okounkov bodies. Here we study the function Fa (n) for an arbitrary algebra of
almost integral type and we relate it to the construction of certain “global Newton-Okounkov bodies”. We
continue using Setup 4.3. Since we may assume that R is finitely generated over Kk (see Remark 3.4), we fix
a valuation v : Quot(R) — ZT that satisfies the conditions of Proposition 3.13; in particular, v has leaves of

bounded dimension. By using the fixed valuation v : Quot(R) — Z", we make the following construction.
Definition 4.5. Let I'a be the valued semigroup of the N°®-graded algebra A:
Ta == {(v(a),m) € Z"xN°* | 0# a € [Alm}.

We define A(A) =Con(T'a) C R" x RS>0 to be the closed convex cone generated by 'y and we call it the
global Newton-Okounkov body of A.

Remark 4.6. By abusing notation and following [25], although A(A) is actually a cone, we call A(A) the
global Newton-Okounkov body.

We consider the following diagram

A(A) ¢ —RTXRY,
/ X

R" R,

where 71 : R" x Ry ) — R" and 7, : R" x RS ; — R denote the natural projections. We denote the fiber of
the global Newton-Okounkov body A(A) over x € R, by A(A)x =A(A)N 7[{1 (x). Since A is a domain
and [Al, # 0 for all 1 <1i < s, it follows that m(A™) =1 and A(A™) C R™ x {1} C R" x R>g. The
following theorem describes the Newton-Okounkov bodies of the graded k-algebra A™ (see (8)).

Theorem 4.7. Assume Setup 4.3. The fiber A(A)y of the global Newton-Okounkov body A(A) C RT x RS,
coincides with the Newton-Okounkov body A(A™) for each n € Z3, that is:

i (A(A)n) x {1} = m (A(A) N7 ' (m) x {1} = A(A™) © R" x{1}.
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For the proof of Theorem 4.7 it is convenient to use the following well-known result.

Lemma 4.8. Let S C Z" x N be a strongly non-negative semigroup. The Newton-Okounkov body A(S) can

be computed as

A(S) = {(%,m) €R"XRxg | (n,nm) €S forall n >O},
where m = m/(S).
Proof of Theorem 4.7. Fix a vector n € Z5 of positive integers. The statement follows from the fact that
the valued semigroup of A™ is given by
Fam = {(mn)€Z"xN | (m,nn) €T }.

Hence, by Lemma 4.8 we have that

AAM) = {(%1) €R™xRso | (m,nn) € Tx for all n>o}

= m ({(I::,n) € R x RS>0 | (m,nn) € T4 for all n>0}> x {1}

= m (AA)N7; () x {1}
= 1 (A(A)a) x{1},

which completes the proof. O

The following lemma provides a required uniformity result for the algebras A ™)
Lemma 4.9. Letn € Z5 and m € Z% . Then, one has ind(A™) = ind(A™)) and Cam =Lam.

Proof. For each n > 0 we have a canonical multiplication map

(A] @ [am] [amm] agya’ s aa
n

n n

Then, by proceeding similarly to Proposition 3.10, we obtain that ind(A™) > ind(A™*™)) and £ @) <
e/\(.ﬁm)-

Take k > 0 big enough such that (k—1)-n > m. As above, by considering the multiplication maps
[AlTm)] @y [Alk=Dm=m)] -y TARD)] e get ind(AMT™)) > ind(A™M™) and € mim) < € em-
Since ind(A™) = ind(A*™) and €5 @) = L, (em, it follows that ind(A™) = ind(A®+F™)) and €, w =
a (nim).

Symmetrically, we also have that ind(AM)) = jnd(A™+m)) and Cam =Lamim). O

Definition 4.10. By using Lemma 4.9, we set:

(i) ind(A) be the index of A which is the constant value of ind(A™) for all n € Z5.
(i) €A be the maximal dimension of leaves of A which is the constant value of { , n) for allm € Z5 .

The corollary below gives an important characterization of the volume function of A in terms of the
global Newton-Okounkov body A(A).
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Corollary 4.11. Assume Setup 4.3. There exists a unique continuous homogeneous function of degree q

extending the volume function F A (n) defined in (9) to the positive orthant RS>0~ This function is given by

Volq (A(A)x)
Fa:RY,—R lp - — %
ARSI X EIATTRAA)

Moreover, the function F A is log-concave:
FA(X+‘J)é > FA(X)% +FA(y)é forall x,y € R,

Proof. By combining Theorem 3.11, Theorem 4.7 and Lemma 4.9, it follows that FA : Rs;o — R, x+—
QA - w extends the function F4 (n) defined in (9) for allm € Z5..

Now, the homogeneity follows from the fact that A(A)x.x =A-A(A)x. Since A(A) is convex we have
A(A)x+A(A)y C A(A)x4y and hence the log-concavity follows from Brunn-Minkowski inequalities for

the volume of convex bodies. |

As our next example shows, in general, Corollary 4.11 is the most general statement about volume

function F for some multigraded algebra A.

Example 4.12 (Every concave function is a volume function). Let R = k[u] be a polynomial ring and
consider the polynomial ring R[tq,...,ts]. Let further f : R;O — R> be any non-negative, homogeneous of
degree 1, concave function. We define a family of vector spaces indexed by n € N¢:

Ah=| @ ku']ec|Ri,....t]]

0<i<f(n)

n

The algebra A := @neNs [Aln C R[ty,...,ts] is naturally an N¥-graded algebra. Since f is concave and
homogeneous, the global Newton-Okounkov body A(A¢) of Ay is a cone in RS*! given by:

A(Af) = {(y,x) €ERXRY;,|0<y< f(x)}.
In particular, we get Fa, (x) = f(x), for any x € RYo.

However in some cases one can say more about function Fa (x). Let C C R® be a convex cone and
consider a family {Ax }xec of convex bodies of dimension q parametrised by C. We say {Ay }xecc is linear
if Ax\x1ay = AMAx + A4y for any x,y € C and A;,A; > 0. According to Minkowski’s theorem (see
Theorem 2.3), the volume of a linear family of convex bodies is a homogeneous polynomial. Thus we

obtain the following proposition.

Proposition 4.13. Assume that the fibers of the global Newton-Okounkov body form a linear family of

convex bodies. Then the function Fa (x) is a homogeneous polynomial of degree q.

Proof. Since

Volq (A(A)x)
F =y
A=t A
the statement of the proposition follows from Minkowski’s theorem and the fact that A, = X1 A, + -+ +
XsAe, forall x = (x1,...,Xs) GR;(). O

Another important case is when the global Newton-Okounkov body is a polyhedral cone. In this case, the

multiplicity function is a piecewise polynomial with respect to some fan supported on the positive orthant.
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Proposition 4.14. Assume that the global Newton-Okounkov body A(A) is a polyhedral cone. Then there
exists a fan ¥ supported on R;O such that the function Fa (x) is polynomial at each cone of L.

Proof. Indeed, by [22, Proposition 4.1], for any polyhedral cone C C R9 x R® with m,(C) = R, the
family {C N7, '(x)}xec of polytopes is piecewise linear with respect to some fan L supported on RLp.
Therefore, the proposition follows from Minkowski’s theorem. U

Example 4.15. Let R = k[u] be a polynomial ring and consider the polynomial ring R[t;, t5]. Let f: R2>0 —
R be a function defined by f(x1,x2) = min(x1,%;). We define a family of vector spaces:

f(nin,

)
[A](nl,nz) = 6_9 kut t?ltgz C [R[tl,tz]} (nima)
i=0
The algebra A = @(nl,nz) ene C R[ty, t2] is naturally an N2-graded algebra. The global Newton-Okounkov
body of A is a cone C in R® generated by vectors (1,0,0),(0,1,0),(1,1,1) and, as in Example 4.12,
Fa(x1,x2) = f(x1,%2) = min(x,%2).

5. MULTIGRADED ALGEBRAS OF ALMOST INTEGRAL TYPE WITH DECOMPOSABLE GRADING

In this section, we introduce and study the notion of mixed multiplicities for certain multigraded algebras
of almost integral type. We treat a family of algebras that we call algebras with decomposable grading.
Our approach is inspired by the methods used in [7, 8, 10].

Definition 5.1. An N®-graded algebra A is said to have a decomposable grading if we have the equality

[A](nl,nz ng) — [A]nlel : [A]nzez R [A]nses

.....

for all (ny,n,,...,ng) € NS,

We now proceed to define the mixed multiplicities of a multigraded algebra A of almost integral type with
decomposable grading. Here we extend Remark 4.1: our approach relies on showing that the corresponding
function Fa (n) coincides with a polynomial G (n) when n € Z%. We use this polynomial to define the
mixed multiplicities of A. For the rest of this section we use the following setting.

Setup 5.2. Let k be a field and R be a k-domain. Let A C R[ty,...,ts] be an N3-graded k-algebra of almost
integral type with decomposable grading. Set d =dim(A) and q = d —s. We assume that [Ale, 7 0 for all
1<i<s.

Foreachp > 1, let
A[m = k[[A]pels---v[A]pes] C A

be the N®-graded algebra generated by [Alpe,,...,[Alpe,, and denote by K[p} = Prnens [;‘:[p}} the
pn

standard N*®-graded algebra obtained by regrading A ). For p > 0, Theorem 2.5 and the fact that A has

a decomposable grading imply that dim (A[p]) = d. Then, by Remark 4.1 the function F A ](n) coincides
P
with the homogeneous polynomial

(10) Gz, ()= > e(d:Ap)n

ldl=q
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forallm € Z% , where ¢ = d —s and e(d' /~\ ) denotes the mixed multiplicity of R[p} of type d € N*.

For each a > 1, we consider the a-truncation G!*/(A) :=k Ui Uis | [Alje; | C A of A which is the
subalgebra generated by the graded components [Alje, with 1 <1 <'s,1 <j < a. The next proposition says
that the a-truncations can be used to approximate F (n).

Proposition 5.3. Assume Setup 5.2. For eachn = (ny,...,ng) € Z3, we have the equality

FA(H) = ah—>mooFG[a (A) (n)
Proof. Fixn= (ny,...,ns) € Z$.. To simplify notation, set C = A(™ and D¢ = (Gl¢/(A)) ™) Note that
Fa(n) = limy, o Sl (Cln) dimie([D]n)

and Fgrai(a) (n) = limn o0 a
§3.1, we can define strongly non-negative semigroups

. By following the same steps as in

l“((:t) c N+ and FI(DQ c N™tL

such that dimy ([ Zec #[F ] and dimy ([D%,) = eD“#[F } . Consider the integer a’ =
n n

| a/ max{ny,. ..,ns}j (where | 3] denotes the floor function of 3 € R) and the inclusions

nefr®] e [ e 1)
a’ na’ na’

Then, Theorem 2.2 implies that

(t)
#|I5a
lim <lim M‘) = lim —&-n
a—o0o \ n—00 nd n—oo nd
and so the result follows. O

The following proposition deals with the case when A is also a finitely generated k-algebra.

Proposition 5.4. Assume Setup 5.2 with A being finitely generated over K. For eachn= (ny,...,ng) € Z%,
we have the equality
Fx._ ()
A
Fa(n) = lim —2—
p—oo  pd
Proof. Fixn= (ny,...,ng) € Z5 . We define the graded k-algebra
o0
B:= EB[A]R%. AT - [AIR

n=0
For each p > 1, let CP be the graded k-algebra

. (n) o0 o0
= (Ap) =D [Aw],, = DA ARE - AR
n=0 n=0
Once again, we can define strongly non-negative semigroups FBt c N™*! and Fg,) C N™*! such that
dimy ([Bln) = Y '  # [rf;)L and dimi ([CPy) = ¥ {7 # 1) | N
Since ([B],)™ = [CP].. C [Blnp, we obtain the corresponding inclusions
P n p P g

n*[r{;)}p c [r&)}n c [r{;)}np.
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By Theorem 2.2, it follows that

(t) (t)
lim (1 lim W) .y

p—oo \ P9 n—oo nd n—oo nd
Fx, dimy ([Bln
As a consequence, we get limy, ;\[;71] =limn oo w To finish the proof, it remains to show
di Bln
the equality Fa (n) = lim;, o %
As A has a decomposable grading, the algebras A (€1) ... Ales) are also finitely generated over k. Hence,

by [15, Lemma 13.10] we can choose h > 0 such that

[A]nhn = [A]nnlhel : [AJnnzhez """ [A]nnshes = [A]Eiie] ’ [A]E%’Lez ettt [A]R?'les = [BJnh
for all n > 0. We then obtain

Fa(n) = lim M_ lim w_ lim M
A - oo ndhd  nooo ndhd  n—oo nd )

So, the proof of the proposition is complete. 0

The next theorem contains the main result of this section. It shows that Fa (n) is a polynomial like
function when A has a decomposable grading.

Theorem 5.5. Assume Setup 5.2. Then, there exists a homogeneous polynomial G (n) € R[ny,...,ng] of
degree q with non-negative real coefficients such that

Fa(n) = Ga(n) forall neZs.

Additionally, we have

G/fi[ ](n) G;\[ J(n)
Ga(n) = lim —>— = sup —~—— forall neZs.
Proof. Fixn= (ny,...,ng) € Z5. Forany a > 1 and p > 1, we have the following inequalities
Fga (n) Fx.  (n)
B A
lim —2— < lim —2— < Fa(n)
p—o00 pd p—oo  Ppd

where B¢ = G!%/(A). Therefore, by combining Proposition 5.3 and Proposition 5.4, we obtain the equali-

ties P F ()
Apy, I Ap, I
Fa(n) = lim —%— = sup —2—
p—oo  pd pez. pd
From Remark 4.1, the function F;\[ ] (n) coincides with the polynomial G/~\[ ] (n) = Zld\:q e (d; K[p})nd
P P
in (10) for all n € Z%_. It then necessarily follows that, for all n € Z%, Fa(n) = GA (n) where Ga (n) €

R[ny,...,ns] is the polynomial

G: (n) 5
Ga(n) = lim PAp Y Yy <lim e(d’A“’”)> nd

p—00 pd
d|=
(1 ldl=q N

— sup G;\[p](n) _ Z sup e(d?A[p}) nd
! a=q \Peze P
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(see, e.g., [10, Lemma 3.2]). So, the result of the theorem follows. O

Below we have an example of a family of algebras with decomposable grading.

Example 5.6. Let G be a complex semisimple group and let B C G be a Borel subgroup with a character
lattice M.. Denote by A the Cox ring of G/B, i.e.

A= D H(G/B.L),

LEPic(G/B)

with a product induced by the natural maps:
H’(G/B,L1) ®H(G/B, L) = H(G/B,L; @ Ly).

The Cox ring A is naturally an algebra graded by the Picard group Pic(G/B) of the flag variety G/B. By
Borel’s theorem, Pic(G/B) is isomorphic to M, for a character A € M, we will denote by L, € Pic(G/B)
the corresponding line bundle. Moreover, by Borel-Weil theorem one has

Vi if Ais a dominant weight

H(G/B,L)) =
0 otherwise.

Therefore, the Cox ring A of G/B is given by

where A is the positive Weyl chamber, i.e., the direct sum is over dominant weights.

The product maps [A]y ® [A]y — [A]x4,. can be described in the following way. The tensor product
[Al ® [A] = Vi) ® V,, decomposes into a direct sum of irreducible representations of G with V1, ap-
pearing with multiplicity one. Then the multiplication map [A]) ® [A],, — [A]x4,. is the projection on

Vi in the above decomposition. In particular, we have

[A]Zniwi — [A]nlwl e [A]nsws’

where (14,...,ns) € N® and wy,...,w; are fundamental weights of G. Therefore, the Cox ring A has
decomposable grading and by Theorem 5.5 the volume function F 4 is a polynomial.

Finally the global Newton-Okounkov body of A has a nice description. By [20] there exists a valuation
v on A such that for any dominant weight A, the Newton-Okounkov body A(A ™)) is the string polytope
Sta. Therefore, the global Newton-Okounkov body A(A) is the weighted string cone, which is in particular
a polyhedral cone ([1,26]).

Note that, in general, string polytopes St) provide only piecewise linear family of polytopes on the
positive Weyl chamber. So a priory by Proposition 4.14, the function F 5 is only piecewise polynomial with
respect to some fan decomposition of the positive Weyl chamber. However, using virtual polytopes, one
can construct a linear family of virtual string polytopes which makes the polynomiality of F 5 evident. See
[19, Section 10] for more details.

With Theorem 5.5 in hand we are now able to define the mixed multiplicities of A.
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Definition 5.7. Assume Setup 5.2 and let G 5 (n) be as in Theorem 5.5. Write

Ga(m) = > $e(d;A)nd.
di=q

For each d = (dy,...,ds) € N® with |d| = g, we define the non-negative real number e(d; A) > 0 to be the
mixed multiplicity of type d of A.

The next straightforward corollary shows that the mixed multiplicities e(d; A) of A can be expressed as
a limit that depends on the multiplicities e(d; /~\[p]) of the standard multigraded algebras K[p]. It can be
seen as an extension into a multigraded setting of the Fujita approximation theorem for graded algebras
given in [21, Theorem 2.35].

Corollary 5.8. Assume Setup 5.2. Then, the following equalities hold
e(d; A e(d; A
e(d;A) = lim 7( [p}) = sup 7( [p}) .
p—oo  pd pez, P4
Proof. It follows directly from (11). [l
Finally, we provide a complete characterization for the positivity of the mixed multiplicities of a multi-
graded algebra of almost integral type with decomposable grading. This result is a direct consequence of
Corollary 5.8 and the general criterion of [5].

Following the notation of [5], for an N*®-graded algebra T and for each subset J = {ji,...,jx} C{1,...,s}
denote by T3 the N¥-graded k-algebra given by

To= @ Mu.acT
1120,..,1520
4 =0if j¢J
We obtain a full characterization for the positivity of the mixed multiplicities e(d,A) of A in terms of the
dimensions dim (A( 3 )

Theorem 5.9. Assume Setup 5.2. Letd = (dy,...,ds) € N® such that |d| = q. Then, e(d,A) > 0 if and only
if for each 3 ={j1,...,jx} C{1,...,s} the inequality

dj, +---+dj, < dim(Ag) —k
holds.

Proof. Foreachp > 1, [5, Theorem B] characterizes the positivity of the mixed multiplicities of the standard
N®-graded algebra A ), namely:

e(dAp) >0 = &+ 4y, < dim<(7\[p})m>—k for each J ={j1,....ji} C{1.....s}.

Since A is an algebra with decomposable grading, by Theorem 2.5, we can choose p big enough such that

dim (A (y)) = dim <<7\[p]) (3))

for all  ={j1,...,jx} €{1,...,s}. Therefore, the result follows from Corollary 5.8. O
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6. APPLICATION TO GRADED FAMILIES OF IDEALS

In this section, we apply the results of Section 5 to the case of graded families of ideals and we recover
some results from [7, 8, 10]. We also obtain a characterization for the positivity of mixed multiplicities
of certain graded families of ideals. First, we recall the notion of mixed multiplicities introduced by Bhat-
tacharya in [2] for the case of ideals, and extended for (not necessarily Noetherian) graded families of ideals
in [8].

Let k be a field and R be a finitely generated positively graded k-domain. We denote the graded irrelevant
ideal of R by m = [R]; = P>, [R];, C R. Assume that R has positive dimension d = dim(R) > 0.

n=I1

Remark 6.1. Let [, ]y,...,]Js be non-zero homogeneous ideals in R such that I is m-primary. Then, for ng >
0andn= (ny,...,ns) > 0 the Bhattacharya function dimy (I"J{*! - - J&ts /I 1T ... T coincides with
a polynomial of total degree d — 1 whose homogeneous term in degree d — 1 can be written as

o e(dod) I1]1s-0Ts) a, q, d,
B(I;]] ’’’’’ ]S)(no,nl,...,ns) = Z do'dl'ds' nO nl SRR | D

(do.d)=(do,d,....ds)EN®
do+ld|l=d—1

Using standard techniques (see [7, proof of Lemma 4.2]), one may show that for each ng € N and n =
(ny,...,ns) € N the limit

. dimk( I‘“l ...]2“5/1““0]111“' ...];ms)
n—oo nd

exists and coincides with the following polynomial

e(d,d)(1|]le---’ls) d
G (1)) (MO T oM ) 2= Z (d0+1)‘d Lo d.! ng* T ingt g,
(dod)eNs g tlal=a—1 0 TR
The numbers e(q,4)(I|]1.....]s) are non-negative integers called the mixed multiplicities of J1,...,]s with

respect to I.

A sequence of ideals | = {In}nen is a graded family if 1o = R and I;I; C I;4; for every 1,j € N. The
graded family is Noetherian if the corresponding Rees algebra R[It] = @, .y Int™ C R[t] is Noetherian.
The graded family is m-primary when each I, is m-primary, and it is a filtration when I,, | C I, for every
n € N. For a homogeneous ideal ] C R we denote 3(]) := max{j | [J ®r R/m]; # 0}, that is, the maximum
degree of a minimal set of homogeneous generators of .

Throughout this section, we assume the following setup.

Setup 6.2. Let K be a field and R be a finitely generated positively graded k-domain. Let | ={I;; }nen be a
(not necessarily Noetherian) graded family of m-primary homogeneous ideals in R. Let J(1) ={J(1)n }nen,
. » J(8) ={J(8)nnen be (not necessarily Noetherian) graded families of non-zero homogeneous ideals in
R. We assume that there exists 3 € N satisfying

(12) B(Ji)n) <Pn forall 1<i<s and neN.
Remark 6.3. The condition (12) is automatically satisfied in the case of m-primary graded families of

ideals. Similar assumptions to the one in (12) have been considered in previous works regarding limits of
graded families of ideals [1 1, Theorem 6.1], [7], [8].
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To extend the discussions of Remark 6.1, we need to study the following function

(13) F(I;J(l) ..... J(s))(no,n) — lim dimk(](l)nnl"'](s)nns/lnno](l)nnl"‘](S)nns)

n—oo TLd

for all ng € Ny and n = (ny,...,ng) € N5.. For a vector n = (ny,...,ng) € N°, we abbreviate J, =
J(1)n, -~ J(s)n,. By [7, Lemma 3.9], there exists ¢ > [3 such that

m¢(mo+inl) A J, = m¢(mo+(nf) nodn
for all ng € N and n = (ny,...,ns) € N*. Then, we have the equality
Fo.a()...3(s)) (Mo,n) = hm dimy (Jnn/( nmot+ml)+1 Ay )) /n
(14) _ nli_r>noodimk (InnOJnn/(mcn(noﬂnl)H n Innann)> /nd

for all ng € N and n = (ny,...,ng) € N5. We consider the multi-Rees algebras

R(LIM).....A(s) = € Indaty®t™  and  RAI(M)....3(s)) = P Iat't"

ngEN,neENS ngEN,neENS

where t" = t{” .-t and R is the trivial filtration of identity ideals, i.e., R = {Rn jnen With Ry, =R. We
have the corresponding N+ !-graded subalgebras

c(no+[n[)
A= & P [Tndn)y | 00" € R(LI(D),...,I(s))
ngEN,neNS k=0
and
c(no+(n|)
B= P B ], |0 € RORI(D).....3(s)).
ngEN,neENS k=0

Notice that both A and B are of almost integral type and have decomposable gradings. Since dim(A) =
dim(B) = d + s+ 1, we can rewrite (14) in terms of the volume functions of A and B (see (9)), that is

(15) Fo.a(1),..3(s)) (Mo,m) = Fg(ng,n) —Fa(ng,n).

.....

Therefore, as a simple consequence of Theorem 5.5 we obtain the following result, which extends Re-
mark 6.1 and allows us to define mixed multiplicities for graded families of ideals.

Theorem 6.4. Assume Setup 6.2. Then, there exists a homogeneous polynomial G y.3(1), . 3(s))(Mo.n) €

.....

Rng,my,...,ns] of degree d with non-negative real coefficients such that

...........

.....

G(1.. ng, N
G(|;J(]) J(S))(no,n) = lim (Tp: D ](S)p)( 0 ) fOl’Clll TloGZJr,nEZj_,

""" p—o0 pd

where G(Ip;l(l)
Remark 6.1).

](S)p)(no,n) is the corresponding polynomial of the ideals 1,,](1)p,....J(s)p (as in

------

Proof. By using the equality (15), the result follows by applying Theorem 5.5 to the N5+ !-graded algebras
of almost integral type A and B that have decomposable grading. U
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As a consequence of Theorem 6.4 we have the following definition.

J(s))(no.n) be as in Theorem 6.4. Write

.....

1d,!..-d.! 0 :
(do.d)ENS+!,dg+d|=d—1 (do+1)td; ! ds!

The numbers e (g, q)(113(1),...,I(s)) are non-negative integers called the mixed multiplicities of J(1),...,J(s)

with respect to .

The following result recovers the ‘“Volume = Multiplicity formula” for the mixed multiplicities of graded

families of ideals (see [7, 8]).
Corollary 6.6. Assume Setup 6.2. Then, the following equalities hold

claga)(11901)..3(8)) = tim “00 ) Lo JE)

Proof. 1t follows from Theorem 6.4 and Remark 6.1. O

6.1. Positivity for graded families of equally generated ideals. Here, we restrict to the following graded
families of ideals and we provide a criterion for the positivity of their mixed multiplicities.

Setup 6.7. Assume Setup 6.2. Let M be the filtration M :={m™},, cn. For each 1 <1 < s, assume that there
is an integer hy > 1 such that the ideal J(i), is generated in degree nh; for all n € N, that is,

J(Wn = (U(i)“]nhi) for allm € N.

Our focus is on characterizing the positivity of the mixed multiplicities e g, 4)(M [ J(1),...,I(s)). We
define the following N5+ !-graded k-algebra

(16) T= @ mvji /m“0+1 (),

Since each ideal J(i)n, is generated in degree nih;, by Nakayama’s lemma we get the isomorphism

= EBEN[mno}no[l(l)m]mm”'[](S)T“Lshs C R(MI(1),...,3(s)).

As a consequence we obtain that T is a k-domain of almost integral type with decomposable grading, and so
by Theorem 5.5 and Definition 5.7 we can consider its mixed multiplicities e(do,d;T) for dg € N,d € NS,
We have that dim(T) = dim(R) +s. The following proposition shows that the mixed multiplicities of T
coincide with the mixed multiplicities e(q, 4)(M[J(1),...,J(s)).

Proposition 6.8. For each dg € N, d € N* with dg+ |d| = d— 1, we have the equality
o(M[3(1),...,3(s)) = e(do.d;T).

Proof. For each p > 1, we define the following standard Ns+1 -graded algebra
CP = S [k[[T]eo,[T]pel,... 7[T]pes]]
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(i.e., the regrading of the algebra generated by the graded parts [Tle,, [T]pe,, -+, [Tlpe,). Notice that the

.....

.....

Hence e (do,d; CP) =egq,a) (m|J(1)p,....J(s)p).
Since the following polynomials are equal

GCP (pnO’n) - G"N[‘[p] (n()’n)a

by comparing the coefficients, we obtain e(do,d;fr[p}) = pdoe (dg,d; CP) (recall that T[p] denotes the re-
grading of the algebra generated by the graded parts [T]pe,, [T]pe,» -+, [T]pe,). Similarly, we have the

equality of polynomials
G(m;](l)p ’’’’’ ](S)p)(pno,n) = G(mp;l(l)p ’’’’’ ](s)p)(no,n) (see Remark 6.1)

that implies e(g,.a) (MP | J(1)p,....]J(8)p) =pP T leqya) M1 J(Dp,....J(s)p).
By combining the above equalities with Corollary 5.8 and Corollary 6.6, we get
. €apa)(mP [J(1)p,....](s)p)
¢(aga) (M I(1),....3(s)) = lim - o

oy e(do,d)(m|](Upw--v](s)p)
- pl—I>I<1>o pd—1-do
_ iy Eldo:diCP)
= o pd—1—d

- e(do.d:Typ))
= m e

p—o00 P

= e(do,d;T).

Therefore, the result follows. O

The analytic spread of an ideal I C R is given by {(I) := dim (fR(I)/mfR(I)), where R(I) denotes the
Rees algebra of I. When the ideal I = (fy,...,fe) C R is generated by homogeneous elements of the same
degree, one has that R(I)/mR(I) = KkI[fy,...,fe] and so £(I) = dim (K[f{,...,fe]). The following positivity
criterion extends the result of [5, Theorem 4.4]. It characterizes the positivity of the mixed multiplicities
€(dg.a)(M[I(1),...,3(s)).

Theorem 6.9. Assume Setup 6.7. Let dy € N, d € N® such that dy+|d| = d— 1. Then,
€(dp.a)(M[I(1),...,3(s)) >0
if and only if for all p > 0 and J ={j1,...,jx} C{1,...,s} the inequality
dj,+++dj < (JG1)p-TGi)p) 1
holds.
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Proof. By using Proposition 6.8 and Corollary 5.8, to show e(q,4)(M[J(1),...,J(s)) > 0, it is enough to
show that for p > 0 one has

€(dy.d) (mI ](jl)pv-u,](jk)p) = e(do,d;—]:[p}) > 0.

For any p > 0, [5, Theorem 4.4] implies that the inequality e(q,.a)(m | J(j1)p.-...J(jx)p) > 0 is equivalent
to the condition of having d;, + -+ +d;, < e(](jl)p . ](jk)p> ~forall 3 ={j1,....jx} C{1,...,s}. So,
the result follows. U

6.2. Positivity for mixed volumes of convex bodies. In this subsection, by exploiting the known close
relation between mixed multiplicities and mixed volumes (see [7,33]), we provide a positivity criteria for

mixed volumes. Following the notation of [7], we use the setup below.

Setup 6.10. Let K = (Ky,...,K;) be a sequence of convex bodies in Rgo. Let k be a field, R be the
polynomial ring R = K[x1,...,xq+1), and m = (xq,...,xq41). Let 7ty : R - R4, (..., 00, X)) —
(«1,...,q) be the projection into the first d factors. Let 7w: R4*! — R the linear map 7t: R4+ —
R, (x1,...,xq,Xq+1) — &1+ -+ agqg+axqgr1. For 1 <i<s, choose hy € N a positive integer such that
Ky Cmy (7T_1 (hy)N Rggl). The corresponding homogenization of K (with respect to h;) is defined as the
convex body

Ki = (KixR)N7m ' (hy) € RS

Let C, be the corresponding cone Cy, := Cone(K;). Consider the semigroup Sk, C Nd+1 given by

o
SKi = CKi ANd+I N <U ! (kh1)> .

k=1

We consider the (not necessarily Noetherian) graded family of monomial ideals
36 = ((ntnen, where (i) == (xX™|m € Sk, and m| =nhy) C R,
Let M be the filtration M := {m™},, .

As a direct consequence of our previous developments, we recover a classical criterion for the positivity

of mixed volumes (see [3 1, Theorem 5.1.8]).

Theorem 6.11. Assume Setup 6.10. Let d € N® such that |d| = d. Then, MV 4 (Kq) > 0 if and only if for
each J ={j1,...,jx} C{1,..., s} the inequality

k
dj, +--+dj, < dimg (Z‘%x)
i=1

holds.

Proof. From [7, Theorem 5.4] we have that MV 4 (Kq) = €(04)(M [ 3(1),...,J(s)). Hence, Theorem 6.9
implies that MV 4 (Kq) > 0 if and only if for all p > 0 and J ={j1,...,jx} C {1,...,s} the inequality

dj,+++dj < (JG1)p-Giw)p) 1
holds. For each ideal J(j1)p ---J(ji)p there corresponds the convex body

K(1Gt)p-+JGi)p) = i (conv{m € N1 1% € [JG1)p -+ Tt iy o, }) € R
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Notice that £(J(j1)p - J(x)p) —1 = dimr(K(J(j1)p---J(ix)p)). For p > 0, one obtains the equality
dimr(K(J(G1)p -+ JGx)p)) = dimR(Z]f:1 K)-i), as the convex bodies K(](jl)p ---](jk)p) approximate the
Minkowski sum Zle Kj,. Therefore, the proof of the theorem is complete. O

7. MULTIGRADED LINEAR SERIES

In this section, we apply our main results from the previous sections to the case of multigraded linear
series. Here, we extend the results of [25] on the multigraded linear series. Our main improvement is the
fact that we deal with valuations with leaves of bounded dimension instead of restricting to valuations with
only one-dimensional leaves. Furthermore, with the family of multigraded linear series with decomposable
grading, we provide an interesting family for which the volume function is a polynomial.

Following the notation of [17], we say that X is a variety over a field K if X is a reduced and irreducible
separated scheme of finite type over K.

Throughout this section the following setup is used.

Setup 7.1. Let k be a field and X be a proper variety over K. Let Dy,...,Ds be a sequence of Cartier
divisors on X.

We consider the section ring of the divisors Dy,...,Dg, which given by

$(D1.....Dg) == P  H(X.0(mD;+-+n,Dy)).

Notice that §(Dj,...,Ds) is by construction an N*-graded k-algebra. To simplify notation, for any n =
(n4,...,ns) € N%, we denote the divisor n1D{+---+nsDg by

nD :=n;D;+---+ngDs.

The following basic result shows that the section ring of Dy,...,Dg is an N®-graded algebra of almost
integral type (in the sense of Definition 4.2). For the single graded case, see [21, Theorem 3.7].

Proposition 7.2. §(Dy,...,Dy) is an N®-graded algebra of almost integral type.

Proof. First, by Chow’s lemma (see, e.g. [15, Theorem 13.100] or [17, Exercise 11.4.10]), there exists a
proper birational morphism 7t: X’ — X where X’ is a normal projective variety over K. Since for all n € N*$
we have H(X,0(nD)) < H?(X’,m*O(nD)), it suffices to assume that X is a normal projective variety
over K, and we do so.

We can find a very ample divisor H on X such that D; < H, and so O(nD) C O(|n|H) for all n €
NS (see, e.g., [24, Example 1.2.10] and [2 1, Theorem 3.9]). From the fact that the section ring §(H) =
Do H°(X,0(nH)) is of integral type (see [17, Exercise I1.5.14]), we obtain that §(D;,...,Ds) is an
N®-graded algebra of almost integral type. 0

Here, we study multigraded linear series as defined below.

Definition 7.3. A multigraded linear series associated to the divisors Dj,...,Dg is an N®-graded k-
subalgebra W of the section ring §(Djy,...,Dsg).

Let W C §(Dy,...,Ds) be a multigraded linear series and suppose that [W]e, # 0 for all 1 <i<s.
By Proposition 7.2, it follows that W is an N¥-graded algebra of almost integral type. The Kodaira-Itaka
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dimension of W is denoted and given by
k(W) = dim(W) —s,

where as before dim(W) denotes the Krull dimension of the N$-graded algebra W of almost integral type.
This value was the correct asymptotic for the volume function of an N3-graded algebra of almost integral
type (see (9)). Additionally, notice that this agrees with the definition used in [11, Section 7] for the case of
singly graded linear series. Following Definition 4.5, let A(W) be the global Newton-Okounkov body of
W. As in Definition 4.10, consider the integers ind(W) and ¢y .

Our main result regarding multigraded linear series is the theorem below, and it follows rather easily
from our previous developments.

Theorem 7.4. Assume Setup 7.1. Let W C 8§(Dy,...,Ds) be a multigraded linear series and suppose that
[Wle, # 0 for all 1 < i< s. Then, the following statements hold:

(i) The volume function

Fw(n) := lim dimy ((Wlnn)

n—o0 nk(w)
of W is well-defined for alln € Z5,.
(ii) There exists a unique continuous function that is homogeneous of degree x(W) and log-concave and

that extends the volume function Fy (n) of part (i) to the positive orthant R;O. This function is given

by
Vol (w) (A(W)x)
Fw : RE R Ly -
wiRz0 7R X tw ind(W)
(iii) If W has a decomposable grading, then there exists a homogeneous polynomial Gy (n) € R[ng,...,ng]

of degree k(W) with non-negative real coefficients such that

Fw(n) = Gy(n)

foralln e Z5.

Proof. (i) The function is obtained as in (9).
(ii) It follows from Corollary 4.11.
(ii1) It follows from Theorem 5.5. [l

For a closed subscheme Y C Pkm] X+ X P of a multiprojective space over K, we can consider the
multidegrees of Y. These fundamental invariants go back to the work of van der Waerden [34]. If Sis a
standard N®-graded algebra that coincides with the multihomogeneous coordinate ring of Y, then for each
d € N* with |d| = dim(Y), one way of defining the multidegree of Y of type d is by setting

deg(d;Y) := e(d;S).

The following theorem is an extension of [21, Theorem 3.3] to a multigraded setting. It expresses the mixed
multiplicities of a multigraded linear series with decomposable grading in terms of the multidegrees of the
image of the corresponding Kodaira rational maps.

Theorem 7.5. Assume Setup 7.1. Let W C 8(Dy,...,Dg) be a multigraded linear series with decomposable
grading and suppose that [Wle, # 0 for all 1 <i<s. For eachp > 1, consider the corresponding Kodaira
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rational map

dim ([W]pe, )—1

c X —-» Pk dimk([w]pesJ_l'

Xk"‘XkPk

Let Y, be the closure of the image ofﬂ[w](pmp). Then, for each d = (di,...,ds) € N® with |d| =
k(W), we have the following equalities

w = i 8@ YWl ) o deg(d:Yiwy, )
e(d;W) = lim ) = sup W) .
p—oo P pez, p

Proof. The result follows by applying Corollary 5.8 to the multigraded linear series W that has a decom-
posable grading. U

Finally, below we have an example where the section ring has a decomposable grading.

Example 7.6. Let C be a smooth projective algebraic curve of genus g over an algebraically closed field k.
Let Dy,...,Dg be divisors on C with deg(D;) > 2g+ 1. Then by [28, Theorem 6], the tensor product map

H’(X,0(nDy)) ®---®@H(X,0(nsDs)) — H*(X,0(n D +--- +1nsDy))

is surjective. Hence, the multigraded linear series W = §(Dy,..., D) has a decomposable grading and by
part (iii) of Theorem 7.4 the function Fyy is a homogeneous polynomial of degree k(W).

Finally, we would like to remark that the conditions on C and Dy,...,Dg can be relaxed slightly by
considering generalizations of Mumford’s theorem, see [4, |3, 16] for details.
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