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Abstract. In this paper we propose a method that uses Lagrange multipliers and
numerical algebraic geometry to find all critical points, and therefore globally solve,
polynomial optimization problems. We design a polyhedral homotopy algorithm
that explicitly constructs an optimal start system, circumventing the typical bot-
tleneck associated with polyhedral homotopy algorithms. The correctness of our
algorithm follows from intersection theoretic computations of the algebraic degree
of polynomial optimization programs and relies on explicitly solving the tropicaliza-
tion of a corresponding Lagrange system. We present experiments that demonstrate
the superiority of our algorithm over traditional homotopy continuation algorithms.

1. Introduction

Polynomial programming is a class of mathematical programming that seeks to
minimize a polynomial objective function subject to polynomial constraints. These
are optimization problems of the form

min
x∈Rn

f0(x) subject to F (x) = 0,(Opt)

where F (x) = {f1(x), . . . , fm(x)} and fi(x) ∈ R[x1, . . . , xn] are polynomials. Through-
out this paper we use the standard multi-index notation for polynomials. Namely, we
denote

f(x) =
∑
α∈A

cαx
α

where A ⊂ Nn is the monomial support of f and for α ∈ Nn, xα := xα1
1 · · ·xαn

n .
Polynomial programs have broad modelling power and therefore have naturally

arisen in many applications including signal processing, combinatorial optimization,
power systems engineering and more [43, 36, 31]. In general, these problems are NP
hard to solve [44] but there exist many solution techniques and heuristics to tackle
(Opt). Some popular examples include the moment/SOS hierarchy [35, 23, 45, 27],
local methods [7, 37] and the method of Lagrange multipliers [6]. This work proposes
solving (Opt) by using the method of Lagrange multipliers along with techniques
from numerical algebraic geometry.

The method of Lagrange multipliers works by taking a constrained optimization
problem and lifting it to a higher dimensional space and then considering an un-
constrained optimization problem. Given a problem of the form (Opt) we define its
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Lagrangian as

L(x, λ) = f0(x)−
m∑
j=1

λjfj(x).

The corresponding Lagrange system is then defined as Lf0,F = {ℓ1, . . . , ℓn, f1, . . . , fm}
where

ℓi =
∂

∂xi

L =
∂

∂xi

(f0 −
m∑
j=1

λjfj).

The main idea behind using Lagrange multipliers is that smooth critical points
of (Opt) are zeroes of Lf0,F . Therefore, if we find all (x, λ) ∈ Rn+m that satisfy
Lf0,F (x, λ) = 0, we will find all smooth local critical points, and therefore (so long as
the variety of F (x) = 0 is smooth) the global optimum.
For fixed f0, F the number of complex solutions Lf0,F = 0 is called the algebraic

degree of (Opt). For generic f0, F a formula for the algebraic degree is given in [32,
Theorem 2.2] as

d1 · · · dmSn−m(d0 − 1, d1 − 1, . . . , dm − 1)(1.1)

where di = deg(fi) and

Sr(n1, . . . , nk) =
∑

i1+...+ik=r

ni1
1 · · ·nik

k .

The algebraic degree has also been defined and studied for other classes of convex
optimization problems in [15] and [34]. When f0 is the Euclidean distance function,
i.e., f0 = ∥x − u∥22 for some u ∈ Rn, then the number of complex critical points
to (Opt) is called the ED degree of F . The ED degree was first defined in [11].
Since then, other work has bounded the ED degree of a variety [12], studied the ED
degree for real algebraic groups [3], Fermat hypersurfaces [24], orthogonally invariant
matrices [13], smooth complex projective varieties [1], the multiview variety [29] and
when F consists of a single polynomial [8].

Similarly, when f0 is the likelihood function then the number of complex critical
points of (Opt) is called the ML degree. The ML degree was first defined in [9, 17]
and since then the relationship between ML degrees and Euler characteristics [19],
Euler obstruction functions [38] and toric geometry [2, 10, 26] has been extensively
studied. Further, the ML degree of various statistical models has also been considered
[16, 28, 30, 42].

More recently, the algebraic degree of (Opt) has been considered when f0, . . . , fm
are defined by sparse polynomials. In this case, the algebraic degree may be less than
the bound given in (1.1). The authors in [25] showed that in some situations, the
algebraic degree is equal to the mixed volume of the corresponding Lagrange system.
One corollary of this result, as well as the analogous results for the ML degree and
Euclicdean distance degree in [25, 26, 8], is that if f0, F have generic coefficients, then
polyhedral homotopy algorithms are optimal for solving the corresponding Lagrange
system in the sense that exactly one path is tracked for each complex solution of
Lf0,F = 0. A downside of polyhedral homotopy algorithms is that there is a bottleneck
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associated with computing a start system. The work in this paper makes progress in
this regard by explicitly designing a polyhedral homotopy algorithm for (Opt) when
m = 1, circumventing the standard bottle neck. We see this paper as the first step and
inspiration for an exciting new line of research, namely explicitly constructing optimal
homotopy algorithms for specific parameterized polynomial systems of equations.

The results of this paper are organized as follows. In Section 2, we review the main
idea behind polyhedral homotopy. In Section 3 we explicitly construct a polyhedral
homotopy algorithm for the case when there exists a single constraint. In Section 4
we generalize this result to when this constraint is sparse. We present numerical
results which show that our algorithm outperforms existing polyhedral homotopy
solvers in Section 5 and explicitly compute the algebraic degree of a certain multiaffine
polynomial program in Section 6.

2. Polyhedral homotopy continuation

Homotopy continuation algorithms are a broad class of numerical algorithms used
for finding all isolated solutions to a square system of polynomial equations. Specifi-
cally, suppose you have a square system of polynomial equations

F (x) = {f1(x), . . . , fn(x)} = 0

where fi ∈ R[x1, . . . , xn] and the number of complex solutions to F (x) = 0 is finite.
Homotopy continuation works by tracking solutions from an ‘easy’ system of polyno-
mial equations (called the start system) to the desired one (called the target system).
This is done by constructing a homotopy,

H(t;x) : [0, 1]× Cn −→ Cn,

such that

(1) H(0;x) = G(x) and H(1;x) = F (x),
(2) the solutions to G(x) = 0 are isolated and easy to find
(3) H has no singularities along the path t ∈ [0, 1) and
(4) H is sufficient for F .

Here we call a homotopy H sufficient for F = H(1;x) if, by solving the ODE
initial value problems ∂H

∂t
+ ∂H

∂x
ẋ = 0 with initial values {x : G(x) = 0}, all isolated

solutions of F (x) = 0 can be obtained.
One example of a homotopy, known as a straight line homotopy, is defined as a

convex combination of the start and target systems:

H(t;x) = γ(1− t)G(x) + tF (x)

where γ ∈ C is a generic constant. Choosing generic γ ensures H(x; t) is non-singular
for t ∈ [0, 1). Path tracking is typically done using standard predictor-corrector
methods. For more information, see [4, 41].

The main question when employing homotopy continuation techniques is how to
select such an ‘easy’ start system. If the target system roughly achieves the Bezout
bound then a total degree start system is suitable. An example of this is

G(x) = {xd1
1 − 1, . . . , xdn

n − 1}
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where deg(fi) = di.
Often in applications, the target system is defined by sparse polynomial equations.

In this case, the Bezout bound can be a strict upper bound on the total number of
complex solutions so using a total degree start system leads to wasted computation.
A celebrated result, known as the BKK bound, gives an upper bound on the number
of complex solutions in the torus to a sparse polynomial system. In order to state
the BKK bound, we need a few preliminary definitions but recommend [14] for more
details.

Given a polynomial f =
∑

α∈A cαx
α ∈ C[x1, . . . , xn] the Newton polytope of f is

Newt(f) = Conv{α : α ∈ A}.
Given convex polytopes P1, . . . , Pn ⊂ Rn, consider the Minkowski sum µ1P1 + · · · +
µnPn. A classic result shows that

Q(µ1, . . . , µn) = Vol(µ1P1 + · · ·+ µnPn)

is a homogeneous degree n polynomial in µ1, . . . , µn. The mixed volume of P1, . . . , Pn

is the coefficient of µ1 · · ·µn of Q. We denote it as MVol(P1, . . . , Pn).

Theorem 2.1 (BKK Bound [5, 21, 22]). Let F = {f1, . . . , fn} be a sparse polynomial
system in C[x1, . . . , xn] and let P1, . . . , Pn be their respective Newton polytopes. The
number of isolated C∗-solutions to F = 0 is bounded above by MVol(P1, . . . , Pn).
Moreover, if the coefficients of F are general, then this bound is achieved with equality.

If the BKK bound is much less than the Bezout bound, a polyhedral start system
is a better choice since using a total degree start system will lead to wasted compu-
tation tracking homotopy paths that diverge to infinity. The downside of polyhedral
homotopy is that the start system is more difficult to construct. This is not surprising
since computing the mixed volume is #P hard [20]. Even so, there is an algorithm
that computes this start system [18]. We briefly outline the idea behind polyhedral
homotopy here but give [18] as a more complete reference.

Recall that F = {f1, . . . , fn}, where fi =
∑

α∈Ai
cαx

α ∈ C[x1, . . . , xn]. For each
monomial, α ∈ Ai, we consider a lifting, w(α), and the corresponding lifted system
Fw(x, t) = (fw

1 (x, t), . . . , f
w
n (x, t)) where

fi(x, t) =
∑
α∈Ai

cαx
αtw(α).(2.1)

Solutions to Fw(x, t) = 0 are algebraic functions in the parameter t. Such solutions
can be written as

x(t) = (x1(t), . . . , xn(t)).

In a neighborhood of t = 0, each solution can be written as x(t) = (x1(t), . . . , xn(t))
where

xi(t) = yit
ui + higher order terms in t

where yi ̸= 0 is a constant and ui ∈ Q. Substituting this into (2.1) we have

fi(x, t) = cαy
αtu

Tα+w(α) + higher order terms in t.
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By [18, Lemma 3.1] We wish to find u such that

min
u∈Rn

{uTα + w(α)}

is achieved twice. For each solution u, the vector (u, 1) is an inner normal to one
of the lower facets of the Cayley polytope of F . Further more, each such solution,
u, then induces a binomial polynomial system Bu which can be solved using Smith
normal forms as well as a homotopy to track solutions from Bu(x) = 0 to F (x) = 0.
The sum of the number of solutions to Bu(x) = 0 for each solution u is equal to the
BKK bound of F (x). Therefore, if the coefficients of F are generic with respect to
its monomial support, then polyhedral homotopy will track one homotopy path for
each solution to F (x) = 0. We illustrate this on a small example.

Example 2.2. Consider the system of one polynomial equation in one unknown

f(x) = x3 − x2 + 2x− 1 = 0.

We wish to solve this polynomial system using homotopy continuation and a poly-
hedral start system. To do this we consider a lifted system of f which we obtain by
weighting each monomial of f by some power of t:

ft = tω3x3 − tω2x2 + 2tω1x− tω0 .

Now suppose we choose weighting (ω0, ω1, ω2, ω3) = (0, 3, 1, 2) so

ft = t2x3 − tx2 + 2xt3 − t0.

A figure of this lifting is given in Figure 2. Solutions to ft = 0 lie in the field of
Puiseux series of t and are of the form

x(t) = x̂ta + higher order terms in t

where a ∈ Q and x̂ ∈ C∗. For x(t) to be a root of ft, the lowest terms in t must
cancel out. Substituting in x(t) = x̂ta into ft, we have

ft(x(t)) = x̂3t3a+2 − x̂2t2a+1 + 2x̂ta+3 − t0.(2.2)

To have cancellation of the lowest terms, we must have the minimum exponent in t
achieved twice. In other words,

min
a

{3a+ 2, 2a+ 1, a+ 3, 0}.(2.3)

must be achieved twice. There are six options:

(1) 3a+ 2 = 2a+ 1 < a+ 3, 0
(2) 3a+ 2 = a+ 3 < 2a+ 1, 0
(3) 3a+ 2 = 0 < 2a+ 1, a+ 3
(4) 2a+ 1 = a+ 3 < 3a+ 2, 0
(5) 2a+ 1 = 0 < 3a+ 2, a+ 3
(6) a+ 3 = 0 < 3a+ 2, 2a+ 1
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Figure 1. The homotopy h1(x̂, t) from Example 2.2. The red point
is the starting point induced by the binomial system x̂3 − x̂2 = 0 while
the green point is the target solution, namely a zero of f(x) = 0.
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Figure 2. The polyhedral lift from Example 2.2

The only feasible solutions are the first and fifth where a = −1 and a = −1
2
, respec-

tively. For the first case, we substitute a = −1 into (2.2) giving

x̂3t−1 − x̂2t−1 + 2x̂t2 − 1

Multiplying through by t, we get

h1(x̂, t) = x̂3 − x̂2 + 2x̂t3 − t.

When t = 0 we have h1(x̂, 0) = x̂3 − x̂2 which has a unique C∗ solution, x̂ = 1.
Similarly, we consider when a = −1

2
and substitute this value of a into (2.2) to get

h2(x̂, t) = x̂3t
1
2 − x̂2 + 2x̂

7
2 − 1.

When t = 0 we have h2(x̂, 0) = −x̂2 − 1 which has two C∗ solutions, x̂ = ±
√
−1.

Therefore, to find all three solutions to f(x) = 0, we track the solution x̂ = 1 using
the homotopy h1(x̂, t) from t = 0 to t = 1 and the solutions x̂ = ±

√
−1 using the

homotopy h2(x̂, t) from t = 0 to t = 1. A graphical depiction of the homotopy h1 is
shown in Figure 1.

Finally, one can observe in Figure 2 that the lifted polytope of Newt(f) has two
lower facets, F1 = Conv{(0, 0), (2, 1)} and F2 = Conv{(2, 1), (3, 2)}. F1 has inner
normal given by (−1

2
, 1) while F2 has inner normal given by (−1, 1). These are

precisely the solutions to (2.3).
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The main bottleneck with employing polyhedral homotopy algorithms is finding
the binomial start systems and corresponding homotopies. Example 2.2 shows how
finding these start systems is equivalent to solving a tropical system for a fixed lift-
ing. The main contribution of this paper is to find these binomial start systems
for polynomial systems arising as the Lagrange systems of polynomial optimization
programs.

3. General hypersurface

We consider (Opt) when m = 1 and deg(f0) = 1. Specifically, we consider a
polynomial optimization problem of the form

min
x∈Rn

uTx s.t. f(x) = 0(3.1)

where u ∈ Rn and f(x) is a general degree d ≥ 2 polynomial. We wish to design a
homotopy algorithm to find all critical points to (3.1). We first consider the Lagrange
system Lu,f = {ℓ1, . . . , ℓn, f} of (3.1) where

(3.2) ℓi = ui − λ
∂

∂xi

f(x).

If f is a generic degree d polynomial and u ∈ Rn is generic, then by [25], the number
of critical points to (3.1) is the same as that of

min
x∈Rn

uTx s.t. f̂(x) = 0(3.3)

where f̂ =
∑n

i=1 cix
d
i and ci is generic for i ∈ [n]. The Lagrange system of (3.3) is

Lu,f̂ = {ℓ̂1, . . . , ℓ̂n, f̂} where for i ∈ [n]

(3.4) ℓ̂i = ui − dλcix
d−1
i

Observe that by [25], not only are the algebraic degrees of (u, f) and (u, f̂) the same,
but the BKK bound of Lu,f̂ is the same as that of Lu,f .
The Lagrange system Lu,f̂ is sparser than Lu,f and and in fact a binomial start

system G for Lu,f̂ can be constructed efficiently. The following lemma shows that this
is desirable since start systems for Lu,f̂ are start systems for Lu,f as well. We first
need an observation about the existence of straight line homotopies.

Proposition 3.1. Let F (x; p) : Cn × Ck −→ Cn denote a family of polynomials
systems F (x; p) that depends polynomially on parameters p ∈ Ck and F (x; p1) a fixed
member of that family. Then there is a nonempty set U ⊆ Ck, open and dense in the
Euclidean topology, such that for every parameter p0 in U the straight line homotopy

H(t;x) = (1− t)F (x; p1) + tF (x; p0)

is sufficient for F (x; p1).

Proof. By the Parameter Continuation Theorem by Morgan and Sommese [40] there
exists a proper algebraic subvariety Σ ⊂ Ck with the following property: Let ρ :
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[0, 1] → Ck be any smooth path andH(t, x) = F (x, ρ(t)) the corresponding homotopy.
If

ρ([0, 1)) ∩ Σ = ∅,
then as t → 1, the limits of the solution paths x(t) satisfying H(x(t), t) = 0 include
all the isolated solutions to F (x; ρ(1)) = 0. In particular, H(t, x) is a sufficient
homotopy.

From now on we identify the complex affine space Ck with real affine space R2k and
denote by Σ the closure of Σ in real projective space P2k+1

R . Consider the projection
π : P2k+1

R 99K P2k
R away from the point p1. Since the codimension of Σ, considered as

a manifold, is at least two, the image π
(
Σ
)
has codimension at least one in P2k

R . In

particular, the image π(p0) of a generic element p0 is not contained in π
(
Σ
)
. Since

the image ρ([0, 1)) of the straight path

ρ(t) = (1− t)p1 + tp0

between p0 and p1 is is contained in the fiber π−1(π(p0)), it does not intersect Σ.
Consequently the to ρ associated straight line homotopy is sufficient. □

Lemma 3.2. Let G be a zero dimensional quadratic system of polynomials with ex-
actly BKK(Lu,f̂ ) solutions. There is a sufficient homotopy connecting G to Lu,f .

Proof. Let F (x; c) denote the family of polynomials with monomial support contained
in the support of Lu,f . In particular, the coefficient vector c has one entry for each
monomial of each polynomial of Lu,f . We denote by F (x; c0) a generic member of
this family.

The desired homotopy will be constructed explicitly as a composition. We start
by connecting F (x; c0) to both Lu,f and G with a straight line homotopy, which by
Proposition 3.1 is a sufficient homotopy in both cases. We denote the straight line
homotopy from F (x; c0) to G by H. It now suffices to prove that H does not merge
any solutions of F (x; c0), allowing us to define the inverted homotopy H∗ by setting
for t in (0, 1) H∗(t, x) = H(1− t, x) and H∗(0, x) = G(x). Since tracking the roots of
F (x; c0) to the roots of G along the sufficient homotopy H defines a surjective map,
it is enough to prove that F (x; c0) and G have the same number of solutions.
By the results of Bernstein and Kushnirenko [5, 22], the number of solutions of

F (x; c0) is equal to the BKK bound of Lu,f . In [25] the authors prove that the poly-
nomial system Lu,f achieves this bound. Furthermore, as we noted at the beginning
of Section 3, Lu,f and Lu,f̂ have the same number of solutions:

(3.5) #{Lu,f̂} = #{Lu,f = 0} = BKK(Lu,f̂ ).

At the same time the number of solutions to G is equal to the BKK bound of Lu,f̂ ,
which is upper bounded by the BKK bound of Lu,f by inclusion on Newton poytopes:

(3.6) #{Lu,f̂} ≤ #{G = 0} ≤ BKK(Lu,f̂ ).

Together, inequalities (3.5) and (3.6) imply that Lu,f̂ and G have the same root
count. □

We now give the main result of this section.
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Theorem 3.3. For any d ≥ 2 consider the Lagrange system of (3.1). Then for
generic u and f there are d(d−1)n−1 complex solutions to the corresponding Lagrange
system. Moreover, all of these solutions can be found via the homotopy

H(x, λ; t) = (1− t)B(x, λ) + tγLu,f (x, λ)

where

B(x, λ) =


u1 − dλc1x

d−1
1 = 0

...

un − dλcnx
d−1
n = 0

c0 + c1x
d
1 = 0,

(3.7)

γ ∈ C is a generic constant and Lu,f (x, λ) is the Lagrange system of (3.1).

Proof. In order to design a polyhedral homotopy algorithm as described in [18], in
the following we construct a binomial start system B of Lu,f̂ by solving a tropical
system. By the proof of Lemma 3.2 we then obtain a homotopy from B to Lu,f . Note
that, by genericity of f , this homotopy can be chosen to be a straight line homotopy.

By Lemma 3.2 it suffices to design a polyhedral homotopy algorithm as described
in [18] for Lu,f̂ . In order to define this algorithm, we need to first find a binomial
start system of Lu,f̂ which can be done by solving a tropical system.
Let ai be the tropical variable corresponding to xi and b the tropical variable

corresponding to λ. Then for a given lifting ω ∈ R3n+1, the corresponding tropical
system that we want to solve is

(3.8)

min
a∈Qn,b∈Q

{ω1,1, (d− 1)a1 + b+ ω1,2}

...

min
a∈Qn,b∈Q

{ωn,1, (d− 1)an + b+ ωn,2}

min
a∈Qn,b∈Q

{ωn+1,1, da1 + ωn+1,2, . . . , dan + ωn+1,n+1}

We consider a specific lifting that induces a unique solution to (3.8), giving a
homotopy from one binomial start system to the desired target system (3.4). With
the particular lifting

(3.9) ωij =


0 if 1 ≤ i ≤ n+ 1, j = 1

1− d if 1 ≤ i ≤ n, j = 2

−d if (i, j) = (n+ 1, 2)

1− d else
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This gives the following tropical system:

(3.10)

min
a∈Qn,b∈Q

{0, (d− 1)a1 + b+ 1− d}

...

min
a∈Qn,b∈Q

{0, (d− 1)an + b+ 1− d}

min
a∈Qn,b∈Q

{0, da1 − d, da2 + 1− d, . . . , dan + 1− d}

We claim there is a unique solution to (3.10) given by ai = 1 for i ∈ [n] and b = 0.
First, observe that the first n equations of (3.10) force (d − 1)ai + b + 1 − d = 0

for i ∈ [n]. This gives ai = d−1−b
d−1

. Substituting this into the final equation and
simplifying we have that

min
a∈Qn,b∈Q

{0, bd

1− d
,

bd

1− d
+ 1, . . . ,

bd

1− d
+ 1}

must have minimum attained twice. It is then clear that the only solution is b = 0
where the minimum is achieved at the first two terms. Back substituting then gives
that ai =

d−1
d−1

= 1 for i ∈ [n]. The binomial start system B(x, λ) defined in (3.7) then
follows immediately from the solution to this tropical system. □

Observe that Bezout’s Theorem gives an upper bound that (3.4) has at most dn+1

solutions but we see that the binomial system (3.7) has d(d − 1)n−1 solutions. This
gives another proof of the bound given in [33] for hypersurfaces and highlights the
benefit of using a polyhedral start system over a total degree start system.

Finally, we wish to remark that homotopy defined in Theorem 3.3 will work for
finding all smooth critical points for the optimization of a linear function over any
hypersurface, f , so long as Newt(f) is contained in Conv{0, de1, . . . , den}. When
Newt(f) is a strict subset of Conv{0, de1, . . . , den}, then algebraic degree of f can be
less than d(d − 1)n−1 meaning, this homotopy may lead to wasted computation in
tracking divergent paths.

4. Refined hypersurface

We wish to now refine the hypersurface cased discussed in the previous section.
Instead of assuming f(x) generic degree d hypersurface, we assume Newt(f) =
Conv{0, d1e1, . . . , dnen}. As above, to design an optimal binomial start system we
first consider the monomials only corresponding to vertices of Newt(f). In this case,
we consider f = c0 +

∑n
i=1 cix

di
i where ci are generic constants. In this case, the

Lagrange system corresponding to (3.1) is Lu,f = {ℓ1, . . . , ℓn, f} where for i ∈ [n]

ℓi = ui − diciλx
di−1
i .

Theorem 4.1. Consider (3.1) where u is generic and

Newt(f) = Conv{0, d1e1, . . . , dnen}
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where 1 ≤ d1 ≤ d2 ≤ · · · ≤ dn and the non-zero coefficients of f are generic. The
algebraic degree of (3.1) is

d1 · (d2 − 1) · · · (dn − 1).

Moreover, all solutions of Lu,f (x) = 0 can be found via the homotopy H(x, λ; t) =
(1− t)B(x, λ) + γtLu,f (x, λ) where

B(x, λ) =


u1 − d1λc1x

d1−1
1 = 0

...

un − dnλcnx
dn−1
n = 0

c0 + c1x
d1
1 = 0,

(4.1)

γ ∈ C is generic.

Proof. As before, we design a polyhedral homotopy algorithm as described in [18] for
Lu,f̂ .

Let ai be the tropical variable corresponding to xi and b the tropical variable
corresponding to λ. Then for a given lifting ω ∈ R3n+1, the corresponding tropical
system that we want to solve is

(4.2)

min
a∈Qn,b∈Q

{ω1,1, (d1 − 1)a1 + b+ ω1,2}

...

min
a∈Qn,b∈Q

{ωn,1, (dn − 1)an + b+ ωn,2}

min
a∈Qn,b∈Q

{ωn+1,1, d1a1 + ωn+1,2, . . . , dnan + ωn+1,n+1}

We consider a specific lifting that induces a unique solution to (4.2), giving a
homotopy from one binomial start system to the desired target system. Consider the
particular lifting

(4.3) ωij =


0 if 1 ≤ i ≤ n+ 1, j = 1

1− di if 1 ≤ i ≤ n, j = 2

−d1 if (i, j) = (n+ 1, 2)

1− di if i = n+ 1, 3 ≤ j ≤ n+ 1

This gives the following tropical system:

(4.4)

min
a∈Qn,b∈Q

{0, (d1 − 1)a1 + b+ 1− d1}

...

min
a∈Qn,b∈Q

{0, (dn − 1)an + b+ 1− dn}

min
a∈Qn,b∈Q

{0, d1a1 − d1, d2a2 + 1− d2, . . . , dnan + 1− dn}

We claim there is a unique solution to (4.4) given by ai = 1 for i ∈ [n] and b = 0.
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First, observe that the first n equations of (4.4) force (di − 1)ai + b + 1 − di = 0
for i ∈ [n]. This gives ai = di−1−b

di−1
. Substituting this into the final equation and

simplifying we have that

min
a∈Qn,b∈Q

{0, bd1
1− d1

,
bd2

1− d2
+ 1, . . . ,

bdn
1− dn

+ 1}(4.5)

must have minimum attained twice. It is clear that there is a solution when b = 0,
where the minimum is achieved at the first two terms. Back substituting then gives
that ai =

d−1
d−1

= 1 for i ∈ [n]. The binomial start system B(x, λ) defined in (3.7) then
follows immediately from the solution to this tropical system.

It remains to show that there are no other solutions to (4.5). There are three cases
to rule out:

(1) the minimum of (4.5) is not attained at 0 and bdi
1−di

+ 1 for 2 ≤ i ≤ n;

(2) the minimum of (4.5) is not attained at bdi
1−di

+ 1 and bd1
1−d1

for 2 ≤ i ≤ n; and

(3) the minimum of (4.5) is not attained at bdi
1−di

+ 1 and
bdj
1−dj

+ 1 for i ̸= j,

2 ≤ i, j ≤ n

For the first case, observe that if 0 = bdi
1−di

+ 1 for some 2 ≤ i ≤ n, then b = di−1
di

.

This then implies that bd1
1−d1

= d1
1−d1

· di−1
di

< 0 so the minimum is not attained at 0. To

rule out case (2), consider when bdi
1−di

+ 1 = bd1
1−d1

. If di = d1 then there is no solution

so suppose di > d1. In this case, b = (d1−1)(di−1)
d1−di

< 0 and d1b
1−d1

= d1(di−1)
di−d1

> 0 so the

minimum would be attained at 0 instead. Finally, if bdi
1−di

+ 1 =
bdj
1−dj

+ 1 this implies

that b = 0 and in this case the minimum is attained at 0 and bd1
1−d1

. □

As a corollary we now have a families of hypersurfaces with algebraic degree one
and zero.

Corollary 4.2. Consider the Lagrange system of (3.1) where u and f are generic
and Newt(f) = Conv{0, e1, 2e2, . . . , 2en}. Then the algebraic degree of (u, f) is one.

We remark that this is the first instance that the authors are aware of that gives
a partial classification of polynomial programs with algebraic degree one. This is in
contrast to the ML degree, where [19] classifies very affine varieties with ML degree
one. It is an interesting open question to give a complete classification of polynomial
programs with algebraic degree one.

Example 4.3. Consider the optimization problem

min
x1,x2∈R

u1x1 + u2x2 s.t. c0 + c1x1 + c2x2 + c3x
2
2 = 0(4.6)

where u1, u2, c0, c1, c2, c3 ∈ R are real valued parameters. By Corollary 4.2, (4.6) has
algebraic degree one, meaning the Lagrange system

u1 − λc1 = 0

u2 − λ(c2 + 2c3x2) = 0

c0 + c1x1 + c2x2 + c3x
2
2 = 0
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n 20 30 40 50 60 70 80 90
Polyhedral 0.14 0.51 1.01 2.30 4.49 NA NA NA

H 0.07 0.20 0.35 0.87 1.65 2.54 3.78 6.45

Table 1. Average time (sec) to find all critical points to (Opt) when
d = 2 using standard polyhedral homotopy versus the homotopy, H,
outlined in Theorem 3.3.

n 6 7 8 9 10 11 12
Polyhedral 0.29 0.93 3.06 9.79 27.42 88.37 556.92

H 0.21 0.68 2.29 7.35 20.35 70.02 395.64

Table 2. Average time (sec) to find all critical points to (Opt) when
d = 3 using standard polyhedral homotopy versus the homotopy, H,
outlined in Theorem 3.3.

n 3 4 5 6 7 8 9
Polyhedral 0.03 0.17 1.16 7.04 40.11 228.48 1225.78

H 0.03 0.15 0.83 5.15 34.79 181.11 1027.64

Table 3. Average time (sec) to find all critical points to (Opt) when
d = 4 using standard polyhedral homotopy versus the homotopy, H,
outlined in Theorem 3.3.

has one solution. This solution can then be expressed as a rational function of the
problem data u1, u2, c0, c1, c2, c3. In this case, the unique solution is

x1 =
c22u

2
1 − 4c0c3u

2
1 − c21u

2
2

4c1c3u2
1

, x2 =
c1u2 − c2u1

2c3u1

, λ =
u1

c1
.

Similarly, Theorem 4.1 also gives a family of polynomial programs with algebraic
degree zero.

Corollary 4.4. Consider the Lagrange system of (3.1) where u and f are generic
and Newt(f) = Conv{0, e1, . . . , ek, 2ek+1, . . . , 2en} for some 2 ≤ k ≤ n. Then the
algebraic degree of (u, f) is zero.

5. Numerical results

We implement the homotopy in Theorem 3.3 with start system (3.7) using the path
tracking function in HomotopyContinuation.jl. We compare our implementation of
the homotopy outlined in Theorem 3.3 against the polyhedral one in HomotopyContinuation.jl
and give the time it takes to run each homotopy algoirthm in Table 1, Table 2 and
Table 3. The computations are all run using a 2018 Macbook Pro with 2.3 GHz
Quad-Core Intel Core i5.
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In all cases, our homotopy algorithm is much faster than the standard off the shelf
software. When the hypersurface is of degree two, there are only two complex critical
points. Despite this, standard polyhedral homotopy was unable to compute a start
system when n ≥ 70. In contrast, our specialized algorithm was able to find both
critical points in a few seconds. We note that in this case, the Bezout bound of the
corresponding polynomial system is 2n+1 where n is the number of variables. When
n = 70, the Bezout bound is ≈ 2.36 × 1021, so it is unreasonable to expect that a
total degree homotopy would work in this case.

Similarly, in Table 2 and Table 3 we see that when the degree of the hypersurface is
three or four, our algorithm increasingly outperforms the state-of-the-art polyhedral
homotopy software as the number of variables increases.

6. Multiaffine optimization

In this final section, we compute the algebraic degree of the following optimization
problem:

min
x∈Rn

g(x) subject to f(x) = 0,(6.1)

where both g and f are multiaffine, meaning Newt(f) = Newt(g) = Conv({0, 1}n).

Theorem 6.1. The algebraic degree of (6.1) is !(n+ 1) i.e. the number of derange-
ments of {0, 1, . . . , n}.

Proof. By [25, 39] the Lagrange system corresponding to the optimization problem
(6.1) is BKK exact. Hence the algebraic degree of (6.1) is equal to the normalized
mixed volume of the Newton polytopes of Lagrange system Lg,f = {ℓ1, . . . , ℓn, f}.
We denote this value as MVol(Lg,f ).

Let us denote by Ij the unit interval Conv(0, ej) in the j-th coordinate direction in
Rn+1, then the Newton polytope Newt(ℓi) of ℓi is given by the Minkowski sum

Newt(ℓi) = I0 + I1 + . . .+ Îi + . . .+ In = −Ii +
n∑

j=0

Ij.

By definition, the mixed volume of the Newton polytopes of the Lagrange system
Lg,f = {ℓ1, . . . , ℓn, f} is a coefficient in front of the monomial λ0λ1 · · ·λn in the
polynomial expansion of

Vol(λ0Newt(f) + λ1Newt(ℓ1) + . . .+Newt(ℓn)) =

Vol ((Λ− λ0) · I0 + (Λ− λ1) · I1 + . . .+ (Λ− λn) · In) ,

where Λ =
∑n

i=0 λi. A direct computation using multilinearity of mixed volume shows
that

Vol ((Λ− λ0) · I0 + (Λ− λ1) · I1 + . . .+ (Λ− λn) · In) =

λ0λ1 . . . λn

∑
K⊂{0,...,n}

(−1)|K| · (n+ 1− |K|)! + other terms.
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In total, we get the following expression for the mixed volume of the Lagrange system
and hence for the algebraic degree of (6.1):

MVol(Lg,f ) =
n+1∑
k=0

(n+ 1− k)! · (−1)k ·
(
n+ 1

k

)

=
n+1∑
t=0

(t)! · (−1)n+1−t ·
(
n+ 1

t

)
=!(n+ 1).

□

7. Conclusion

In this paper we presented a homotopy continuation algorithm for finding all com-
plex critical points to a class of polynomial optimization problems. For generic prob-
lem parameters, our algorithm is optimal in the sense that it tracks one path for each
complex critical point. The main benefit of our work is that we explicitly construct a
start system, circumventing the standard bottle neck associated with polyhedral ho-
motopy algorithms. This advantage was seen in our numerical results which showed
that our algorithm was always faster than off-the-shelf homotopy continuation meth-
ods and it was able to find all complex critical points when other methods failed.
Finally, we concluded by giving an explicit formula for the algebraic degree of a
multiaffine polynomial optimization problem.
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