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Abstract. Any totally positive (k 4+ m) x n matrix induces a map 7 from the positive Grassmannian
Gry(k,n) to the Grassmannian Gr(k, k + m), whose image is the amplituhedron A, i, and is endowed
with a top-degree form called the canonical form (A, k). This construction was introduced by Arkani-
Hamed and Trnka in [AHT14|, where they showed that €(A,, 1 4) encodes scattering amplitudes in N = 4
super Yang-Mills theory. One way to compute Q(A,, k) is to subdivide A,,  », into so-called generalized
triangles and sum over their associated canonical forms. Hence, the physical computation of scattering
amplitudes is reduced to finding the triangulations of A,, 1, 4. However, while triangulations of polytopes
are fully captured by their secondary and fiber polytopes [GKZ, BS92], the study of triangulations of
objects beyond polytopes is still underdeveloped.

In this work, we initiate the geometric study of subdivisions of A,, j ,, in order to establish the notion
of secondary amplituhedron. For this purpose, we first provide a concrete birational parametrization of
fibers of the projection 7 : Gr(k,n) --» A, k.m. We then use this to explicitly describe a rational top-
degree form wy, i (with simple poles) on the fibers and compute (A, x..,) as a summation of certain
residues of wy, i,m. As main application of our approach, we develop a well-structured notion of secondary
amplituhedra for conjugate to polytopes, i.e. when n — k — 1 = m (even). We show that, in this case,
each fiber of 7 is parameterized by a projective space and its volume form wy, . has only poles on a
hyperplane arrangement. Using such linear structures, for amplituhedra which are cyclic polytopes or
conjugate to polytopes, we show that the Jeffrey-Kirwan residue computes Q(A, ) from the fiber
volume form wy, k. In particular, we give conceptual proofs of the statements of [FEP18]. Finally, we
propose a more general framework of fiber positive geometries and analyze new families of examples such
as fiber polytopes and Grassmann polytopes.
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1 Introduction

The combinatorics of subdivisions of polytopes is very rich and has been extensively studied in polyhedral
geometry (see, e.g., [DLRS10] and references therein). More importantly, by the seminal works of Gelfand,
Kapranov and Zelevinsky [GZK89, GKZ], given any polytope P there exists a so-called secondary polytope
whose face lattice is isomorphic to the poset of regular subdivisions of P. In a subsequent work [BS92],
Billera and Sturmfels introduced the notion of fiber polytopes which contain secondary polytopes as
examples. More precisely, given two polytopes Q and P with a projection 7 : Q — P whose fibers are all
polytopes, the fiber polytope X(Q, P) is defined as the Minkoswki integral of the fibers of m over P. If one
considers a polytope P with n vertices as the image of the standard projection from the simplex A, _1,
then the fiber polytope (A, _1, P) coincides with the secondary polytope of P. Therefore, the fibers



of such projections relate to the subdivisions of P in an elegant way. Hence, this approach provides a
representation of the secondary polytope of P as Minkowski integral over the fibers of 7, or as Minkowski
sum of these fibers at some discrete set of points in P. A primary family of polytopes whose subdivisions
are well-understood is cyclic polytopes. The cyclic polytope C(n,d) is the convex hull of any n distinct
points on the moment curve {(¢,#%,...,t%) : t € R} in RZ Tt is known that neither the combinatorial
type of C(n, d) nor its secondary fan depends on the choice of the points on the moment curve, (see, e.g.,
[Zie12, Theorem 0.7], or [ER96], or [Ram97]).

The study of subdivisions of objects beyond polytopes is quite underdeveloped. One particular family
of interest is amplituhedra. The amplituhedron is a geometric object defined by Arkani-Hamed and Trnka
[AHT14] whose subdivisions have profound use-cases in physics, especially in computing scattering am-
plitudes of particles. Cyclic polytopes are examples of amplituhedra. However, a general amplituhedron
is not necessarily a polytope. Another special case is isomorphic to the positive Grassmannian Gry (k,n),
the subset of the real Grassmannian Gr(k, R"™) where all Pliicker coordinates are non-negative. Gry (k,n)
is not a linear object, i.e. it is not carved out by linear polynomial inequalities as polytopes. Based on the
seminal work on positivity by Lusztig [Lus94], as well as Fomin and Zelevinsky [FZ99], Postnikov [Pos06]
studied the cell decompositions of positive Grassmannians and showed that even though they are not
linear objects, they have remarkable geometric structures. In particular, the restriction of the matroid
stratification of Gr(k,R™) given in [GGMS87], to the positive Grassmannian provides a decomposition of
Gr (k,n) into so-called positroids cells [Pos06, PSW09, Rie98]. Since Postnikov’s work [Pos06], positive
Grassmannians have been extensively studied in mathematics and have also appeared in various other
fields including in the amplituhedron theory (see, e.g. [AHBC™ 16| and references therein).

To define the amplituhedron A, j ,, more precisely, consider a map 74 : Gry(k,n) — Gr(k, k + m)
induced by any totally positive (k + m) x n matrix Z. Then the image of 71 is A,k which is a
semialgebraic subset of Gr(k, k+m) of full dimension. The amplituhedron has very complicated geometric
and combinatorial structures. Despite the extensive research on this topic, the structure of A, 1, ,, and its
subdivisions are only known for special cases, e.g. when it is isomorphic to the positive Grassmannian, or
cyclic polytopes [Stu88], or the complex of bounded regions of a cyclic hyperplane arrangement [KW19],
or the m = 2 case which is related to the positive tropical Grassmannian [LPW20].

Cyclic polytopes, positive Grassmannians, and amplituhedra are all part of the more general paradigm
of positive geometries [AHBL17|. In recent years, positive geometries are frequently arising as the under-
lying mathematical structures for quantum mechanical observables of many theories in particle physics
and cosmology. Even though positive geometries have a priori no reference to any physics notions, the
physical principles and properties of physical observables can be seen as emergent from the mathematical
properties of these objects. Therefore, they play a fundamental role in understanding the physics they
encode. More precisely, a positive geometry is a pair (X¢, X ) of a complex algebraic variety X¢c defined
over R and a semialgebraic subset X C Xg such that there exists a unique meromorphic form Q(X) on
Xc, called canonical form, which has simple poles or logarithmic singularities along the (complexified)
boundaries of X, and it is regular everywhere else. A canonical form of a positive geometry explicitly
encodes its associated physical observables. Given a positive geometry (Xc, X4 ) endowed with a canon-
ical form ©(X), a natural way to compute Q(X) is by triangulating the geometry and summing over the
canonical forms €2(X,) of the cells X, in the triangulation { X, } of X . Since the forms £2(X,) are usually
straightforward to compute, the problem is reduced to finding the triangulations of positive geometries.
Moreover, different triangulations correspond to different representations of ©(X) and lead to different
expressions of the associated physical observable. Hence, it is desirable to develop a theory of secondary
positive geometry to encode the interrelations of different representations of physical observables.

In particular, understanding the subdivisions of the amplituhedron is very important. Since Ay,  m, is
the image of Gr4 (k, n) which has a decomposition into positroid cells [Pos06], the images of positroid cells
are good candidates for decomposing A, i . Hence, the main question in this context is to characterize
collections of positroid cells whose full-dimensional images give a dissection of the amplituhedron, i.e. they
are pairwise disjoint, and together they cover a dense subset of the amplituhedron. In case the map 7
is injective on such cells, the dissection is called triangulation and its elements generalized triangles.
Importantly, any such collection of positroid cells gives rise to an expression for the canonical form of the
amplituhedron.

The combinatorics and geometry of positroidal triangulations (and dissections) of the amplituhedron
Ap k.m is incredibly rich [AHT14, FLOP16, AHBL17, GL18, FLP18| and still unexplored in its full gen-
erality. For m = 1 a particular type of triangulations of the amplituhedron is provided in [KW19]. More
recently, in [BH19| the authors constructed many ‘BCFW-like’ triangulations for the m = 2 amplituhe-
dron. It is shown in [LPW20] that these triangulations (and, more in general, ‘BCFW-like’ dissections)



are in bijection with the triangulations (dissections) of the hypersimplez. Moreover, it is conjectured that
this bijection extends to any (positroidal) triangulation and dissection. In particular, there are some nice
dissections coming from regular (positroidal) subdivisions of the hypersimplex, which are fully governed
by the positive tropical Grassmannian [SW05]. We recall that the k = 1 amplituhedron A,, 1 ., is a cyclic
polytope in P hence its subdivisions are well-understood in terms of their secondary polytopes.

Our contributions. One of the main questions in the amplituhedron theory is to explicitly describe
the canonical form of the amplituhedron (A, x.,). To compute Q(A, k. m) we study the fibers of the
map 7y : Gry(k,n) — Gr(k,k + m), whose image is the amplituhedron A, . We first extend the
projection 74 to a rational map 7 : Gr(k,n) --» Gr(k, k + m) whose fiber on each point Y € A, is
related to the positive fiber, namely 7' (Y)) = 771(Y) N Gry (k, n). We then use this property to provide
a compact parametrization of fibers as positive regions inside the Grassmannian Gr(k,n —m) and their
boundaries; See Propositions 4.1 and 4.2. Moreover, for each point Y € A, ., we show that the fiber
71(Y) can be endowed with a rational top-degree form w,, 1 ., (Y) with simple poles along a collection of
divisors. We call wy, ,m the fiber volume form that can be explicitly computed using the aforementioned
parametrization. In particular, this leads to an explicit description of wy,  n, as follows:

Theorem. Let Y € A, . m and wy ;m(Y) be the volume form on the fiber 7=1(Y). Then:
e There exists an (n —m) x n matriz A such that the fiber 7=*(Y') is birationally parameterized via

Gr(k,n —m) -7 YY), A= XA (Proposition 4.1)
e Under the parametrization above, the volume form wy g m on the fiber m=1(Y) is

MGr(k,nfm)(/\)

W, ke,m (Y) = pJ()‘)_k H?:l det (\|(AL:) L)’

(Theorem 4.5)

where J is a k-subset of the rows of the matrix A and pgr(xn—m) 15 the standard measure on
Gr(k,n —m). Here (A%)L spans the (n —m — k)-dim orthogonal complement of the k-dim span of
the columns of A labeled by {i,...,i +k —1}.

o FEvery generalized triangle Sy corresponds to a pole qpr of wa k.m(Y). Moreover, given a triangu-
lation C = {Sam} of Ap k.m, the canonical form (A, j.m)(Y) can be obtained as

QA km)(Y) = paee,kitm) - Z Resg,, wn k,m (). (Theorem 4.8)
SamecC

As mentioned above, a natural way to compute the canonical form of the amplituhedron is by finding
its subdivisions. In particular, in §5 we focus on the case of conjugate to polytopes, i.e. A := A, 1o—m—1.m-
We show that, in this case the volume form wy (YY) has only poles along a set of hyperplanes
H1(Y),...,Hn(Y). We use this, together with the fiber-based approach developed in §4 to define a
well-structured notion of secondary amplituhedra. This leads to a classification of positroidal subdivi-
sions of A. More precisely, let W;(Y") be a normal ray of the hyperplane H;(Y") for each i and let F4(Y)
be the chamber fan of the rays W1 (Y),..., W, (Y). We show that under certain conditions, F4(Y") is the
secondary fan of A. More precisely, assuming that Conjecture 5.6 holds, we show that:

Theorem (Proposition 5.9 and Theorem 5.11). The fans F4(Y) and FA(Y') are combinatorially equiva-
lent for every Y, Y’ € A. Moreover, the cones of F4 are in bijection with the positroidal dissections of A.
The inclusion between cones corresponds to coarsening between their associated dissections. In particular,
mazimal cones of F4 correspond to positroidal triangulations of A.

In §6, we focus on the computation of the canonical form of the amplituhedron in terms of the fiber
volume form. More precisely, we study the following algebraic-analytic question:

Question 1.1. What residue procedure on wy, k., leads to the computation of Q (An km)?

We solve Question 1.1 for the case of cyclic polytopes in P™ and conjugate to polytopes. Following
[FLP18|, we connect the computation of € (A, k.m) to the Jeffrey-Kirwan residue JK¢(-). We show that
this approach provides the right framework to study the linear fibers, as wy i, has only poles on a
collection of affine hyperplanes. More precisely, we first extend the classical notion of the Jeffrey-Kirwan
residue in Definition 6.4 for the fiber volume forms. Then we show that the collection of poles of wy, i m
picked up by the Jeffrey-Kirwan residues coincides with the Gale duality procedure of identifying cells in
a triangulation. In particular, we give conceptual proofs of the main statements in [FLP18].



Theorem (Theorem 6.3). Let A, i be either a cyclic polytope or conjugate to a polytope for an even
m. Let & be a generic point in the secondary fan of Ay j.m. Then the canonical form Ay km) can be
obtained from the Jeffrey-Kirwan residue of the fiber volume form wy, k. m. More precisely,

Q(An,k,m) = JKE(Wn,k,m) * HGr(k,k+m)-

As amplituhedra are positive geometries, in §7 we study the more general framework of fiber positive
geometries. In this context, the positive Grassmannian can be seen as a simplex, thus the notion of fiber
positive geometries is analogous to the notion of fiber polytopes. More precisely, let 7 : X --» Y be
a rational dominant map which restricts to a regular map 71 : Xy — Y, . Assume also that the pairs
(ﬁ’l(y),ﬂ'j_l(y)) are positive geometries for all y € Y. Then we propose a set of properties that fiber
positive geometries ought to have. In particular, for a collection {X,} of strata of X such that their
images provide a dissection of Y, one can obtain the canonical form €2(Y,) by summing over canonical
forms of the images of such strata. Moreover, similar to the amplituhedron case we define the notion of
volume form w, (y) on the fibers 7! (y) which would encode all the information about the triangulations
of Y;. Generalizing Theorem 4.8, we expect that Q(Y,) can be obtained via a residue procedure from
wr(y). This leads us to the following question:

Question 1.2. s there a notion of fiber positive geometry for the projection w: X --+»Y which parame-
terizes (a nice class of) dissections of (Y,Y,) by a strata of (X, X;)? What is the residue procedure on
wr(y) which allows to obtain Q(Yy) and reflects such combinatorics?

We conclude by mentioning some examples relevant to this framework. In particular, we describe
how a residue a la Jeffrey-Kirwan can be used in the context of fiber polytopes. Finally, we consider an
example of (linear) fiber positive geometry which comes from a Grassmann polytope; See Example 7.5.

Structure of the paper. In §2 we review some of the main tools used in this work, including fiber
polytopes, secondary fans, and Gale duality. In §3 we recall the definitions of the positive Grassmannian,
the amplituhedron and its triangulations. We also review the construction of the canonical forms of
both objects and the parity duality for triangulations of the amplituhedron. §4 contains some of our
main results. In §4.1 we define the positive and full fibers of the amplituhedron and provide them with a
birational parametrization. In §4.2 we introduce the fiber volume forms wy, 1, and express them explicitly
in terms of the parametrization given in §4.1. We then explain the relation between the fiber volume form
and the canonical form of the amplituhedron in §4.3. In §5 we study triangulations of amplituhedra in the
case of conjugate to polytopes and define a well-structured notion of secondary fan. In §6 we extend the
classical Jeffrey-Kirwan residue and use it to compute the canonical form of the amplituhedron from the
fiber volume forms. Finally, in §7 we introduce the more general framework of fiber positive geometries
and in §8 we outline future directions.
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Notation. Throughout we let [n] = {1,...,n} and we denote ([Z]) for the collection of subsets of [n] of
size k. We call I; := {j,...,j+k—1} the j*® cyclic k-interval of [n] where all the numbers are considered

modulo n. For any subset I C [n] we denote I for its complement that is I = [n]\[.

2 Fibers and triangulations of polytopes

In this section, we give a brief introduction to subdivisions of polytopes. Most of the results of this section
are well-known, but we rephrase them to make them more suited to a generalization in the context of
amplituhedra. We refer to [BS92] and [Ziel2, §9] for further details.

A slight difference of our approach from the one in the literature (for polytopes) is that we aim to
work with the secondary fan, rather than the secondary polytope. This method will, in particular, allow
us to study the secondary fan of a hyperplane arrangement. Note that every convex polytope is naturally
endowed with a hyperplane arrangement (corresponding to its facets). We use this approach as it is
more suitable for generalizations to the study of triangulations of amplituhedron with linear fibers. In
particular, we use the framework developed along this section to extend the theory of secondary fans
from convex polytopes to amplituhedra in §5.1.



Notation. Here Q@ C R™ and P C R™ denote some convex polytopes. We further fix
a linear map 7 : R™ — R™ which induces a surjective map m} : Q — P, (1)

sending the vertices of @ to the vertices of P.

2.1 Triangulations and subdivisions of polytopes

Definition 2.1. A subdivision of a full-dimensional polytope P C R™ is a representation of P as a finite
union of a collection of full-dimensional polytopes R(P) such that every two polytopes are either disjoint
or intersect by a common proper face. Moreover, the vertices of the polytopes in R(P) are vertices of P.
A subdivision R(P) is called a triangulation of P if all polytopes are simplices. A subdivision is called
regular if there exists a convex piecewise linear function which is linear on any polytope in R(P).

Here, we are interested in a slightly more general type of subdivisions. More precisely, we aim to
construct a collection of regular subdivisions of P that are induced by the map 7 from (1).

Definition 2.2. Given a projection 7y : Q — P, a subdivision R(P) of P is called m-induced if every
polytope in R(P) is the image of some face of Q. Regular m-induced subdivisions are called m-regular.!

Example 2.3. Each regular subdivision in Definition 2.1 is 7w-regular for some 7. To see this correspon-
dence, assume that f is a piecewise linear function inducing the regular subdivision of P. Then one can
consider Q C R™ xR to be the convex hull of the graph of f and 7 : R™ xR — R™ the natural projection.

2.2 Fiber polytopes and w-regular subdivisions

To any linear projection of convex polytopes 7y : Q — P, Billera and Sturmfels [BS92| associated the
so-called fiber polytope 3(Q, P) which is constructed by taking the Minkowski integral of fibers of 7 :

»(Q,P) = / 7' (z) da.

zEP

The Minkowski integral of convex bodies can be defined as the limit of finite Riemann (Minkowski) sums,
for a precise definition see [BS92]. The fiber polytope encodes the m-regular subdivisions of P as follows:

Theorem 2.1 ([BS92, Theorem 2.4]). The fiber polytope 3(Q, P) is a polytope of dimension dim(Q) —
dim(P), whose faces correspond to the w-regular subdivisions of P. In particular, the vertices of X(Q, P)
correspond to the finest m-regular subdivisions, while the facets correspond to the coarsest subdivisions.

We aim to generalize this construction from polytopes to amplituhedra. To do so, we first describe the
correspondence in Theorem 2.1 more concretely. For simplicity of the exposition we restrict ourselves to
generic linear projections of polytopes. A linear projection 7y : @@ — P is called generic if 74 (A) # 74 (B)
for every pair of vertices A, B of Q.

In the following, given P C R™ and a linear function v € (R™)*, we denote by P¥ the truncation of
P in the direction of ¥. That is, PY is the face of P, where 9 attains its maximum.

Definition 2.4. Consider the polytopes Q C R™ and P C R™. Let 74 : Q — P be a linear projection.
The linear functional 1 € (R™)* is called generic if its restriction to kerm is non-zero and ¥ (A) # (B)
for any pair of vertices A, B of Q). For any generic functional ¢ we define a section sy : P — Q of my
as follows. For any point x € P, let P, C Q) be its pretimage under m,.. Then the section sy, is given by

s¢(x) :P;/}»

where PY is the truncation of P in the direction of . Having a generic 1 quaranties that PY is a vertex
of Py, and therefore the section sy is well-defined.

Remark 2.5. It is clear that the section s, in Definition 2.4 only depends on the restriction of the linear
functional ¢ to ker 7. Thus one can think of ¢ as an element of (ker 7)*, which we will do from now on.

The theorem below is a reformulation of some results in [BS92] which relates Theorem 2.1 with the
sections from Definition 2.4. We refer to the proof of [Ziel2, Theorem 9.6] for further details.

1Such subdivisions are also called 7-coherent, but in the context of amplituhedron, the term regular is more common.
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Theorem 2.2. Let ny : Q — P be a linear projection and ¢ € (ker )
e The image of the section sy(P) = {PY : x € P} is a union of some faces of Q, denoted by Ry (P).

a generic linear functional. Then:

o The collection Ry (P) is a m-regular partition of P.

Moreover, for any face F of £(Q, P), the corresponding m-regular partition is equal to Ry (P) for each 1
in the interior of op, where o is the dual cone of F. In particular, any mw-reqular subdivision comes as
Ry (P) for some ¢ € (kerm)*.

Proof. We give a sketch of the proof. Let s, (x) be contained in a face I" of Q. To show the first point, it
is enough to show that s, (') € I for any 2’ € 7, (T"). This follows from the construction of the section
Sy, as 1 attains its maximum at 7=!(2’) N F for any 2’ € 7, (I'). The second point follows from the fact
that sy is a section, and hence images of faces Ry (P) form a subdivision of P. To show that Ry (P) is
regular, notice that the function ¢ o sy : P — R is convex piecewise linear with respect to subdivision
Ry (P). Finally, it is easy to see that for any pair of covectors ¢, in the interior of some cone op of
the dual fan of 3(Q, P), the subdivisions Ry, (P) and Ry (P) coincide. O

2.3 Secondary fans and triangulations of polytopes

In this subsection, we will restrict to the case of regular triangulations of convex polytopes. We first
recall the notions of secondary polytopes and secondary fans which were first defined in [GKZ].

Let A C R™ be the standard simplex realized as a full-dimensional polytope with n vertices. Then,
any convex polytope P C R™ with n vertices can be realized as the image of A under a linear projection
7+ : A — P. For the convenience of the exposition, we will work with a linear translation of A to
the vector space parallel to the affine span of A. Note that this procedure will not change the fiber
polytope X(A, P). In this special case, the fiber polytope Z(A, P) is called the secondary polytope of P
and the vertices of ¥(A, P) are in one-to-one correspondence with the regular triangulations of P. In
what follows it will be more convenient for us to work with the dual fan of secondary polytope. The
dual fan of ¥ (A, P), denoted by F(A, P), is called the secondary fan of P. Here, we denote them simply
by ¥p and Fp respectively. Note that as ©p can be realized in the space ker7 C R»~! uniquely up to
translation, the dual fan naturally lives in (ker m)*.

To any collection p1,...,pr of rays in R” we associate a so-called chamber fan as follows. For any
subset I C {1,...,k}, we let C be the cone generated by {p;}ic;. We define an equivalence relation on
vectors of R™ as follows:

x~y ifand only if z € C; &y € Cy. (2)
It is easy to see that this is indeed an equivalence relation and that the equivalence classes are polyhedral
cones, called chambers. Moreover, the collection of chambers forms a polyhedral fan in R".

Definition 2.6. Given a collection p1,...,pr of rays in R", its associated chamber fan is a fan whose
cones are the equivalence classes arising from the equivalence relation (2).

Proposition 2.3. Let 7y : A — P be a projection as before. Let p1,...,pn C (R™)* be outward directed
normal rays to facets of A. Then the secondary fan Fp is the chamber fan of i*(p1),...,i*(pn) C (kerm)*
where

i*:R" — (kerm)*
18 the natural projection.

Proof. By the construction of ¥ p, it is clear that Fp is the coarsest common refinement of the dual fans
of all possible fibers of the projection 7. Since 7 is generic, the facets of a fiber of 7 come as the
intersection of facets of A with fibers of w. Also, every facet of A contributes to a facet of some fiber

Wll(y). Therefore, the fan Fp has p1,..., p, as rays. Moreover, since any I C [n] corresponds to a face
of A (and hence of 7' (y) for some y € P), the coarsest common subdivision of the normal fans of fibers
of my is the chamber fan of py,..., pn. O

In the rest of this subsection, we list simplices appearing in the triangulation Ry (P) of P induced by
a linear functional 1 € (ker w)*. We also numerate the vertices vy, ..., v, of A such that v; is the vertex
which is dual to the facet normal to p;. Then we have the following theorem:

Theorem 2.4. Let P, Fp, 7, and ¢ € (kerm)* be as above. Then the mazimal simplices in the triangu-
lation Ry (P) of P are in bijection with the collections I = {i1,...,in_k} such that i belongs to the cone
generated by i*(pi,),...,1*(pi,_,). Under this bijection, the collection {i1,...,in_k} corresponds to the
simplex whose vertices m(vj) are labeled by j € [n]\I.



2.4 Gale duality

The Gale transform is an involution that takes a (reasonably general) set I' of n labeled points in R™ to
a set I't of n labeled points in R®~™, defined up to a linear transformation of R»~™. More precisely, if
we choose our coordinates so that the points in I have as coordinates the columns of the matrix

LN\T
M=), 3
(%) ®
where 1,,, is the m x m identity matrix and A is an (n —m) X m matrix, then the Gale transform of T" is
the set of points I'" whose coordinates in R®~" are the rows of the matrix

Mt = (_AT>. (4)

In—m

Note that MM+ = 0. Given a polytope P in the projective space P? with the vertex set V(P) =
{v1,...,v,}, we denote (V(P))* = {vf,...,vr} € P(=4=1) for the Gale transform of V(P).

We now draw the connection between the Gale transform and regular triangulations of polytopes.

Theorem 2.5. Let P be a polytope with the vertex set V(P) = {v1,...,v,} C R™. Then (V(P))* is
the set of linear generators of the rays of Fp. More precisely, a maximal cone o of Fp corresponds to
a triangulation of P whose mazimal simplices conv(v;,, ..., v;, ) are in correspondence with the k-subsets
I'={iy,...,ix} of [n] where the cone generated by {v; } e\ contains o.

Proof. Let m : R® — R™ be a linear map given by a projection 7y : A — P, where A is the standard
simplex with n vertices. If we choose the coordinates such that the coordinates of the vertices of P form
a matrix M as in (3), then the corresponding matrix of the natural projection (R™)* — (ker w)* will be
given by M~ as in (4). The rest follows from Proposition 2.3. O

2.5 Projective polytopes

Definition 2.7. A projective polytope is a subset P C P% of a real projective space, which is homeomorphic
to a closed d-dimensional ball and is bounded by projective hyperplanes.

A projective polytope P C P? is uniquely determined by the pointed cone C(P) C R¢*! over P. Con-
versely, the projectivization of any full-dimensional pointed cone ¢ C R¥*!, i.e. the image of o in P¢
under the natural projection R\ {0} — P? is a projective polytope.

The construction of the secondary fans of polytopes can be extended to projective polytopes as follows.
Let P C P? be a projective polytope and H C P? a hyperplane such that PNH = @. Then P is contained
in the affine chart P¥\ H ~ R? and can be viewed as a convex polytope in R?. On the other hand, the
cone C(P) C R corresponds to the choice of a linear function L € (R¥*1)* which is positive on
C(P)\{0}. Then the affine chart P?\ H can be identified with the level set L; = {x € R¥*! | L(z) = 1}
and the aforementioned convex polytope in this chart is given by the intersection C'(P) N Ly. By the
secondary fan of a projective polytope we mean the secondary fan of its affine realization. We note that
the secondary fan of a projective polytope depends on the choice of the hyperplane H at infinity (resp.
the linear function L), but its combinatorial structure is independent of H as any pair of different affine
realizations of P can be obtained from each other by a linear transformation.

3 The amplituhedron

In this section, we introduce the main objects of this paper, including the positive Grassmannian and the
amplituhedron. We will review the notions of positroidal triangulations (dissections) and the canonical
form of the amplituhedron, and how they are related to each other.

3.1 The positive Grassmannian

Throughout we fix a field K with char(K) = 0. We are mainly interested in the case of K =R or C. The
Grassmannian Gr(k,n) is the space of all k-dimensional linear subspaces of K®. For an abstract vector
space W over K we will denote by Gr(k, W) the Grassmannian of k-dimensional linear subspaces of W.



To emphasize the underlying field, when K is the set of real or complex numbers, we may use Gr(k, R™)
or Gr(k,C") instead of Gr(k,n). A point V in Gr(k,n) can be represented by a k x n matrix with entries
in K. Let X = (z;;) be a k x n matrix of indeterminates. For a subset I = {iy,...,i;} € ([Z]), let X
denote the k x k submatrix of X with the column indices i1,...,ix. The Pliicker coordinates of V are
pr(V) =det(Xp) for I € ([Z]) that do not depend on the choice of matrix X (up to simultaneous rescaling
by a non-zero constant) and determine the Plicker embedding of Gr(k,n) into p(i)-1, Moreover, any
point V' € Gr(k,n) can be represented as span{vy, ..., v} for some K-vector space basis {vy,..., v}

We denote the set of full-rank k x n matrices by Mat(k,n). Let K = R. The set of totally positive
matrices Mat (k,n) contains the k x n matrices whose ordered maximal minors are all positive. The
totally positive part of the Grassmannian Gry (k, n) is the subset of Gr(k, n) where all Pliicker coordinates
are positive. Similarly, we denote Grx (k,n) for the totally non-negative part of the Grassmannian.

The totally non-negative Grassmannian Grx(k,n) has a stratification as follows:
Definition 3.1. For each collection M of elements of ([Z]), we define Sy as
Sy ={V € Gr>(k,n): pr(V) >0 if and only if I € M}.
If Syr # @, then we call M a positroid and Sy; a positroid cell.

Each positroid cell Sy is a topological cell [Pos06, Theorem 6.5], and moreover, the positroid cells of
Grx(k, n) glue together to form a CW complex [PSW09].

Remark 3.2. By definition, Gr>(k, n) is a semialgebraic subset of the real part of the complex algebraic
variety Gr(k,C"). The boundary of Grs(k,n) in the usual topology is Grx> (k, n)\Gr4 (k,n). The bound-
ary of Grx(k,n) is covered by n hypersurfaces given by the equations p;, = 0 for j = 1,...,n, where I;
is the j* cyclic k-interval of [n]. We will denote S; for the positroid cell defined by p1; = 0.

3.2 The amplituhedron

The tree amplituhedron is defined by Arkani-Hamed and Trnka in [AHT14] as the image of the positive
Grassmannian under a map induced by a totally positive matrix.

Definition 3.3. Any totally positive matriz Z in Maty (k +m,n) with k < k 4+ m < n induces a map
7y : Gry(k,n) = Gr(k,k+m) defined by w4 (span{vy,...,v5}) :=span{Z-v1,...,Z - v}, (5)

where spanf{vy, ..., v} is an element of Gry(k,n) written as the span of some R-vector basis. The (tree)
amplituhedron A, ; m(Z) is defined to be the image w4 (Gry(k,n)) inside Gr(k,k+ m).

It is shown in [AHT14, §4] that the map m, is well-defined. In special cases the amplituhedron
recovers familiar objects as follows. If k+m = n, then A, , ,,, is isomorphic to the positive Grassmannian
Gri(k,k+m). It k =1, then A, 1 ,,, is a cyclic polytope in the projective space P™, see [Stu88]. If m =1,
then A, 1 1 is the complex of bounded faces of a cyclic hyperplane arrangement, see [KW19].

Remark 3.4. Note that the definition of the amplituhedron depends on the choice of Z; however, its
combinatorial and geometric properties are conjectured to be independent of the choice of Z. For example,
it is expected that the set of triangulations of the amplituhedron (in Definition 3.5) is independent of
Z (at least for even m, see e.g. [LPW20] for the m = 2 case). Moreover, all the results proved in this
paper are independent of the choice of Z. Therefore, we neglect the matrix Z in the definition of the
amplituhedron, dissections, and triangulations, and we refer to the amplituhedron as A, i .

3.3 Triangulations of the amplituhedron

We recall the definitions of positroidal dissections and triangulations of amplituhedra from [LPW20].

Definition 3.5. Let C = {Sys} be a finite collection of positroid cells of Gry(k,n). We say that C is a
(positroidal) dissection of A, k.m if (for any choice of the initial data Z ), we have that:

o dimm(Sy) =m-k for each Sy in C.

o The images w1 (Sar) and wi(Snyr) of two distinct cells in C are disjoint.



o Ui (Sm) = Ank,m, t.e. the union of the images of the cells in C is dense in Ay, g m.

Here by 7 (Sp) we denote the closure in the analytic topology. A positroidal dissection C = {Sn} of
Ap k.m 15 a triangulation of Ay, k.m if T4 is injective on each Sy in C. In this case, each Sy is called a
generalized triangle.

With a slight abuse of notation, we will call 71 (Sy) a generalized triangle, and denote it as Ajy.
Moreover, we will sometimes refer to the collection {Aj} itself as a positroidal triangulation (dissection).

Good dissections. Among all possible positroidal dissections, there are some with particularly nice
features, called good dissections, for which the boundaries of the strata interact nicely. In particular, in
addition to properties in Definition 3.5, they satisfy the following condition:

o if the intersection w1 (Sar) N7y (Sar) of the images of two distinct cells has codimension one, then
74+ (Sa) N4 (S ) equals 7wy (Syy), where Sy lies in the closure of both Sy; and Sy .

We will sometimes refer to good dissections as positroidal subdivisions. This is motivated by the connection
between good dissections of certain type of amplituhedra with actual subdivisions of polytopes.

3.4 Canonical forms

The geometry of the positive Grassmannian and amplituhedron can be supplemented with certain differ-
ential forms called canonical forms. These forms are uniquely? defined by their property of having simple
(logarithmic) poles along the boundary of the space they are associated to. They were first introduced for
the positive Grassmannians, and then were expanded for amplituhedra (see, e.g. [AHBCT16] and refer-
ences therein). In particular, Arkani-Hamed and Trnka in [AHT14] showed how such forms algebraically
encode scattering amplitudes in N' = 4 super Yang-Mills theory.

We first briefly recall the definition of residue. We refer to [Har66] as a standard literature as well as
[Gri82], [KW08, §2.2] for more introductory texts.

Definition 3.6. Let Y C X be an irreducible subvariety of codimension k, and 2 a rational form on X.

Let aq, o, ...,aq be local coordinates of X and let Y be locally determined by the vanishing locus cy =
- = ay, = 0. Further, suppose that Q = dc%/\. . ./\d%:/\ﬂ' with Q' of the form f(a1, o, ..., aq) dagri A
dagsoA. .. Aday for some rational function f which is analytic in oy = - -+ = ax = 0. Then the residue of

Q along Y is defined as ResyQ := Q¥'|y. Note that the Resy S is only defined up to sign, which depends
on the order of the functions aq, ..., ag.

3.4.1 Canonical form of the positive Grassmannian

Recall from Remark 3.2 that the boundary of Gr>(k,n) in the usual topology is Grx>(k,n)\Gr4(k,n).
Following [Lam14, AHBC™16], let D be the Zariski closure of Grs(k,n)\Gr4(k,n) in Gr(k,C"). Note
that each irreducible component D; of D has a natural semialgebraic subset D;, which is the intersection
of its real locus D;g with Gry (k,n). Then there exists a unique, up to scaling, top-degree rational form
Q(Gry (k,n)) on Gr(k,C"™) with simple poles along D. Similarly, the residue of Q(Gr,(k,n)) along D;
is the unique top-degree rational differential form on Gry(k,n) with simple poles along the boundaries
of D;,. In general, each positroid cell Sy; carries a similar structure, i.e. each Sp; admits a unique, up
to scaling, top-degree rational form Q(Sj/) on its complexification with simple poles along its boundary.
We call Q(Sy) the canonical form of Sypr. As before, for any positroid cell Sy in the boundary of Sy,
(which is of codimension one), the canonical form ©(Sy;/) can be obtained as a residue of £2(S),) along
the complexification of Sy, that is Resg,, (€2(Sar)) = Q(Sa). We note that the canonical form of
each positroid cell can be computed from 2(Gry(k,n)) by successively taking residues along positroid
boundaries. More generally, complex varieties with such structures are called positive geometries. See §7
and [AHBL17| for an overview of the latter.

We now introduce the standard volume form on the Grassmannian as follows.

Definition 3.7. Let C' be a generic matriz of indeterminates in Gry(k,n). The standard volume form
of Gr(k,n) is defined as *

k
[1Gr(om) (C /\ (Cd"7kC,),  where (CA™*Co)i= Y eppi(C) \dCo
a=1 re(t) iel

2The uniqueness of such form on a variety with boundary divisors with these properties is non-trivial. See [BD18, §4].
3it is a covariant form of weight n; See §4.2 and in particular, Definition 4.10.



Here Co, = (Caty .-y Can) 18 the a™ row of C and €jr,....jn 18 the totally anti-symmetric Levi-Civita symbol
which equals to the sign of the permutation (1,....,n) = (j1,...,7n)-

Remark 3.8. Let C be a generic matrix of indeterminates in Gry (k,n). Then following [AHBC™16,
Lam14|, we can explicitly write the canonical form of Gry(k,n) as follows:

() (C
Q(Gry(k,n)) = m

Note that the formula above is invariant under GLyg-action, hence the form is well-defined on Gr(k,n).

3.4.2 Canonical form of the amplituhedron

The amplituhedron A, i, is conjectured to be a positive geometry [AHT14, Lam14]. In particular, one
can obtain its canonical form € (A, ) by knowing its positroidal triangulations.

Conjecture 3.1 (|[AHT14, Laml4]). Let C = {Sn} be a positroidal triangulation of Ay km. Then its
canonical form can be computed as:

Q(Ansm) = Y Q(m(Su)). (6)

SmeC
In particular, the sum does not depend on the positroidal triangulation C.

Remark 3.9. As explained in [GL18, §8|, the signs of Q (74+(Sn)) in the right hand side of (6) are
chosen according to a fixed orientation of Gr(k,k + m). More concretely, let us fix a top-degree form on
Gr(k, k+m) which is non-vanishing on A, .. As an example of such form we can take iy (x, k+m) from
Definition 3.7. Then the sign of € (7 (Sas)) is chosen such that

Q (4 (Sur)) (V)

>0, for any Y € 7, (Sp).
HGr(k ktm) (Y) +(5h)

Remark 3.10. We can compute 2 (A, i) from Q (Gry(k,n)) by knowing a positroidal triangulation
of A, i,m. More precisely, the form © (74 (Sas)) in (6) can be obtained from €2 (Sy;) using the diffeomor-
phism 74 between the positroid cell Sy; and its image in A, g m; See Conjecture 4.7. In turn, as described
before, the canonical form of a positroid cell Sy; can be obtained as: € (Sas) = Resg,, (2 (Gry(k,n)) ).

Note that, since Q (A, k.m) is a top-degree form on Gr(k, k + m), we can always decompose it into
the product of a covariant function and a covariant top-degree form on Gr(k, k +m) such as figr(k,k+m)-
This leads to the following definition:

Definition 3.11 ([AHT14|). Let Q(Ap k.m) be the canonical form of the amplituhedron A, j n and let
Q( Ay k.m) be a function of weight —(m + k) on Gr(k, k +m) such that

Q(Amk,m) = Q(An,kﬂn) .uGr(k,k-ﬁ—m)- (7)

Then we call (A, k.m) the canonical function of the amplituhedron A, i m,.

3.5 Parity Duality

Throughout we fix an even m and we set £ := n —m — k. We aim to review how the amplituhedra
obtained by exchanging k and ¢ are related by the so-called parity duality. The definition of parity
duality was originally inspired by the physical operation of parity conjugation in quantum field theory.
More specifically, in the context of scattering amplitudes in A/ = 4 super Yang-Mills theory [AHT14],
where amplitudes can be computed from the geometry of A, i 4. Furthermore, the conjectural formula
given in [KWZ17] for the number of cells in each triangulation of the amplituhedron is invariant under
the operation of swapping the parameters k and ¢, which has motivated further studies [FLP18, GL18|.

Theorem 3.2 ([GL18, Theorems 3.5 and 7.2]). There is a bijection between generalized triangles of
Ap km and generalized triangles of Ay pm. This bijection induces a one-to-one correspondence between
positroidal triangulations of Ap km and positroidal triangulations of A, ¢m. Moreover, this extends to
positroidal dissections and their maximal cells.
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Remark 3.12. For the m = 2 amplituhedron, it was shown in [LPW20] that the bijection in Theorem 3.2
comes naturally from composing the standard Grassmannian duality with T-duality, which relates dissec-
tions of the m = 2 amplituhedron with dissections of the hypersimplex. Moreover, the authors proposed
a similar origin of parity duality for general even m.

We recall that A, 1, is a cyclic polytope in P™. Here, we consider the case A, y,—m—1,m related to
the latter by parity duality and we will refer to it as the amplituhedron conjugate to polytope.

We give a simple characterization for generalized triangles of amplituhedra conjugate to polytopes.

Lemma 3.3. For{ =n—m—1, there is a bijection between generalized triangles of A, ¢m and £-subsets
of [n]. In particular, for any €-subset J there exists a unique generalized triangle Aj which is the image
of a positroid cell S5 in Gry(£,n) for which a cyclic {-interval I; is in J if and only of 7 & J. Moreover,
the bijection generalizes to mazimal cells in subdivisions of Ay, ¢ m and r-subsets of [n] for 1 <r < (.

Proof. Note that A, ¢ n, is conjugate to the polytope A, 1, whose generalized triangles are just simplices
in P™. Given an f-subset of [n], the simplex A; (with vertices corresponding to the elements of the set
[n]\J) is just the image of the positroid cell in Gry (1,n) whose vanishing Pliicker coordinates are p; for
J € J. Moreover, all generalized triangles in A,, 1, arise in this way. Then by Theorem 3.2, there is a
bijection between the set of simplices A ; defined above and the set of generalized triangles A ; of Apt.m-
More precisely, [GL18, Lemma 11.5] provides an explicit relation between cyclic Pliicker coordinates of
generalized triangles related by parity duality. In particular, if C € Gry(1,n) and C € Gry (¢,n) are
matrices representing positroid cells corresponding to Ay and A respectively, then Dj (C) = 0 if and
only if pr,(C) = 0, with j € [n]. Therefore, the only vanishing Pliicker coordinates of A; with cyclic
intervals are p;, with j € J. This concludes the proof of existence of generalized triangles of A,, ¢, with
such a property. The uniqueness is guaranteed by the fact that the parity duality provides a bijection
between the generalized triangles of A,, ; », and those of A, 1 .

We can easily generalize the proof for r-subsets J with 1 < r < £. The polytope P; (with vertices
corresponding to the elements of the set [n]\J) is just the image of the positroid cell in Gr(1,n) whose
vanishing Pliicker coordinates are p; for j € J. Using parity duality, we can then map these to maximal
cells in subdivisions of A, ¢,n. These will be images of positroid cells S in Gry (¢,n) for which a cyclic

l-interval I; is in J if and only if j & J. O

4 Fibers of amplituhedra and their volume forms

In this section, we study the fibers of the amplituhedron and we show how the canonical form of the
amplituhedron can be obtained by a residue computation of a volume form defined on fibers.

Notation. Throughout, we use l,, to denote the m x m identity matrix. Given an m X n matrix A we
denote its transpose with A”. We denote A% for the submatrix of A consisting of the columns indexed
by I C [n] and rows indexed by J C [m]. When J = [m], we simply write A’ for A%. We also denote
(AD)L for the orthogonal complement of AZ.

4.1 Amplituhedron fibers

Definition 4.1. The projection wy : Gry(k,n) — Appm of the positive Grassmannian induced by a
totally positive matriz Z in (5) can be extended to a rational map

7 : Gr(k,n) --» Gr(k, k +m),
which is defined on the open dense subset
U={V: Vis asubspace of Gr(k,n) and V Nnker Z = {0}} C Gr(k,n).

Given a point Y in Ay, i m we denote the full and positive fibers of Y by 7 =1(Y) C Gr(k,n) and 7' (Y) C
Gry (k,n), where the positive fiber 7" (Y') is given by 7~ 1(Y) N Gr(k,n).

To explicitly parameterize the full and positive fibers of the amplituhedron, we consider the matrix
Z € Mat (m + k,n) from Definition 3.3. The matrix Z induces a linear map

Z:R" — R™E
which we will denote by the same letter. Note that any point Y in A, j », is a k-dimensional subspace

in R™**; therefore Z~1(Y) is a subspace of R” of dimension dim(Y") + dim(ker Z) = n — m.
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Proposition 4.1. Let Y be a point in the amplituhedron Ay, .. Then the following hold:

(i) The full and positive fibers of Y can be birationally parameterized by

Gr(k, Z7HY)) ~ Gr(k,n—m) --» 7 (Y) and 7' (Y) = Gry(k,n)NGr(k, Z71(Y)) C Gr(k,n—m).

(ii) Fiz a basis of Z=Y(Y) and let A € Mat(n — m,n) be the matriz of coordinates of its vectors with
respect to the standard basis of R*. Then V is a k X n matrixz representing an element of 7=(Y)
if and only if there exists an element in Gr(k,n —m) whose representing matriz \ satisfies:

V=X A (8)

(iii) The matriz V represents an element of the positive fiber WII(Y) if and only if

pr(V)= > ps(N)det(A]) >0, foreachl e ([Z]) -
ge("m)

Proof. Any element of the full fiber of Y is a k-dimensional subspace of Z~1(Y). In other words, 7= 1(Y) =
Gr(k,Z71(Y)). Since Z=X(Y) is an (n — m)-dimensional vector subspace of R", we can pick a basis
{a1,...,an_m} with a; € R™ for each 1 <[ < n — m. Therefore, any element of Gr(k, Z’l(Y)) is a
k-dimensional subspace spanned by some vectors vy, ..., v, with span{vy,...,vr} C span{ai,...,Gp—m}-
More precisely,

n—m
va:E Aaa;  for a=1,... k,
=1

where the coefficients \y; form a matrix A € Mat(k,n —m). Now by considering the standard basis of R™
and the notation above, we denote the coordinates of the vectors v, and a; with v,; and a;;, respectively.
In terms of such coordinates we can write:

V =A-A, where V € Mat(k,n), A € Mat(k,n —m) and A € Mat(n —m,n).

Since V represents an equivalence class of points in Gr(k,n), so does A in Gr(k,n — m). Therefore
Gr(k,Z7'(Y)) ~ Gr(k,n — m) and it has dimension k(n —m — k). An element in the positive fiber
771 (Y) has to be an element of Gr(k,n), therefore V has to satisfy (9) where p;(V) and ps(\) are
Pliicker coordinates of V' and A, respectively. O

Remark 4.2. We can characterize the space Z~1(Y) and therefore the matrix A more explicitly, as:

(i) The space Z~1(Y) can be realized as
span{bl, ceey bn—m—ka Cl(Y), cee ,Ck(Y)},

where {b1,...,by—m—r} is a basis of ker Z and {¢1(Y),...,cx(Y)} is a basis of the complement
subspace of ker Z which is obtained from particular independent solutions of the equations:

Yo=2(cq) for a=1,...,k.
(ii) Let Z = (E(m+k)x(,,L+k) \z(m+k)x(n_m_k))T. Then one can take {b1,...,b,—m—_r} to be the rows of

the matrix Z+ := (=271 - 2)7|l,—m—x) and co(Y) to be

ca(Y) = ((Ya)ixmtk - 2 [Otx(nmm-p))-

Therefore, with this choice of Z we have that

= ( o G I P ) (10)

Y.z ! ‘ ka(n—m—k)

(iii) As mentioned in Remark 3.4, the geometric properties of the amplituhedron is independent of the
choice of Z. Hence, without loss of generality we assume that z = |l,;,4 . From now on, we will
often work with this choice of Z for the concrete computations; See e.g. Lemma 5.4.
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In the following we provide a geometric description of the boundaries of the positive fibers.

Proposition 4.2. Let Y be an element of Ak and A be the matriz in (8). The boundaries of the
positive fiber 7r_T_1(Y) are (some of) the following hypersurfaces:

B, :={\ € Gr(k,n—m): dim (AN (A")*) >1} for i=1,...,n.

Proof. First note that for the cyclic k-interval I, the submatrix A’ represents an element of Gr(k,n —m)
and its orthogonal complement represents an element in Gr(n —m — k,n — m). Now, by definition, the
boundaries of the positive fiber 7, '(Y") are the intersection of Gr, (k,n) with the full fiber 7=1(Y"). More
precisely, for V € 7' (Y) they occur when p;(V) = 0 for cyclic k-intervals I of [n]. Moreover, we have:

det(A\[(ANY) = " esrpsNp((ANT) = > esupsNeswps(A') =D ps(Nps(AT) = pr(V)
JL J,L,8 7

where J and S run over ([";m]) and L runs over ([n;m]). Therefore, on the boundary p; (V') = 0 one has
det(A|(AT)1) = 0. Since both X and (A?)* have full rank, the claim follows immediately. O

Remark 4.3. We observe that, instead of working with A representing an element in Gr(k,n — m),
we can consider A\ = A representing an element in Gr(¢,n —m) for £ = n —m — k. More precisely,
using the standard Grassmannian duality we have 771(Y) ~ Gr(k,n — m) ~ Gr(¢,n — m). Now, it is
straightforward to see that, mimicking Proposition 4.2, one has boundaries on

B; :={X € Gr({,n —m) : dim (AN A") > 1}. (11)

Remark 4.4. A consequence of the above parametrization of fibers of A, 1 ,, is that the parity duality
manifests itself as the simple Grassmannian duality between Gr(k,n—m) and Gr(¢,n—m). In particular,
the boundaries B; of fibers of A, j , correspond to the boundaries B; of Ay m- See, e.g. [GL18] for the
relation between parity duality and the stacked twisted map.

We will now provide two examples which are parity dual to each other, namely the case of cyclic poly-
topes Ay, 1,m and their conjugates A;, p—m—1.m. We show that the positive fibers of these amplituhedra
are bounded by some hyperplanes in P?*~"~1,

Example 4.5 (Cyclic polytopes). The positive fibers of A, 1, are given by elements V = (v;) in
Gr(1,n) ~ P"~1. Note that in this case A € Gr(1,n —m) ~ P"~™~1. Moreover, each cyclic 1-interval
I; is the singleton {i}, hence A’ is a vector which we simply denote it by A’. The positive fibers of
Apn1.m are therefore regions in P"~™~! bounded by (some of) the hyperplanes which are normal to the
vectors A’. By Definition 2.7, ﬂ;l(Y) is therefore a projective polytope in P*~™~1  Alternatively, by
Proposition 4.2, the boundaries B; are hyperplanes whose normal vectors are A”.

Let us now choose A such that its first n — m — 1 rows span ker Z, e.g. as in (10). By choosing an
affine chart for which \,,_,,_1 = 1, we note that the normal fan of this affine realization of the projective
polytope is the Gale dual of Z, as expected by Theorem 2.5. In particular, the rays of the secondary fan
of A;, 1,m are the columns of zZ+.

Example 4.6 (Conjugate to polytopes). Consider the amplituhedron A, ,—m—1,m and fix a point Y in
it. The positive fiber 7T;1(Y) are bounded by a configuration of hyperplanes in Gr(n —m — 1,n — m) ~
pr—m=1_ Moreover, its facets are contained on (some of) the hyperplanes defined by A’ for cyclic
(n —m — 1)-intervals I; of [n]. To see this, note that by Remark 4.3, the boundaries of the positive fibers
77! (Y) are the hypersurfaces B; in (11) with i € [n]. These, in particular, contain all the elements A
in Gr(1,n —m) ~ P"~™~! which intersect the hyperplane A’:. Therefore, each hyperplane B; coincides
with the hyperplane A’i.

4.2 Fiber volume form of the amplituhedron

Our goal in this section is to exploit the fibers of A,, i ., in order to compute its canonical form Q(A,, x m ).
For this purpose, we decompose Q(Gr, (k,n)) in two parts: one only depending on the base coordinates
of Ay k,m, and the other one depending on the fiber coordinates. To do this, we recall from (7) that the
canonical form of A, ., can be written in terms of its canonical function as:

Q(An,k,m) = Q(An,k,m) NGr(k,k—i—m)(Y)'
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We will introduce the notion of fiber volume form wy pm for a general amplituhedron and explicitly
compute it in terms of the birational parametrization of fibers given in §4. To encode all the information
of Q(A, k,m) in the fiber volume form, we choose the pullback of pgr(kktm) in Gr(k,n) via 7 as the
volume form of the base, and make the following definition:

Definition 4.7. Let w be a k(n —m — k) form on Gr(k,n) such that
Q(Gry(k,n)) = w AT (Bar(kktm))- (12)

Here, ™ (fhGr(k,k+m)) 5 the pullback of pcr(k k+m) i Gr(k,n) via the map w. We define wp k,m to be the
volume form on the fiber 771(Y) of A, k.m by restricting w to the fiber:

Wn,k,m 2= W\ﬂ—l(y) .

Remark 4.8. Note that the form w in Definition 4.7 is a covariant form of degree —(m + k) which is not
unique. But its restriction to the fiber does not depend on the choice of w. To see this, let w’ be another
form on Gry (k,n), such that Q(Gry(k,n)) = @' A T (UGe(k,k+m))- Then we have

(W' = W) AT (UG ktm)) = 0,

and so (w' —w)[,—1yy = 0. More precisely, the projection 7 : Gr(k,n) — Gr(k,n + m) defines a
decreasing filtration on the space of differential forms:

JoDle...Dka,

where J; is a differential ideal generated by the pullback of the i-forms on Gr(k, k + m). It is easy to see
that for any form 7 € J, with r > 1, the restriction of 7 to the fiber vanishes, i.e. we have n|,-1(y) = 0.
Also, the condition that (w' —w) A 7T*(Gr(k,k+m)) = 0 guarantees that (W' —w) € Ji.

In this section, instead of working with differential forms on Gr(k,n) we will equivalently work with
basic forms on the corresponding space of matrices Mat(k,n). We quickly recall the relevant definitions
and refer to [Arnl13| and [AHBL17, Appendix C] for more details.

Definition 4.9. Let p : Mat(k,n) — Gr(k,n) be the natural projection, which is a principal GLy-bundle.
We call a form n on Mat(k,n) basic if it is a pullback of a form on Gr(k,n).

Moreover, it is well-known that a form 7 is basic if and only if the following two conditions hold:

(i) for any vector field v coming from differentiation of GLj-action, we have ¢, = 0, where ¢,7 is the
contraction of a vector field v with a differential form ;

(ii) the form 7 is GLg-invariant, or equivalently the Lie derivative .%,(n) = 0 for any v as above.
We will also work with a more general class of forms which are covariant under GLg-action.
Definition 4.10. Let n be a form on Mat(k,n).
e The form n is called covariant of degree r if it scales by det” (G) under the action of G in GLy.
e A covariant form n is called a basic covariant form of degree r if it satisfies (i) and (13):
Zo(n) =rn, (13)
for any vector field v coming from differentiation of GLy-action.

The basic covariant forms define twisted forms on Gr(k,n). More precisely, let U — Gr(k,n) be
the universal bundle. Then a covariant form on Mat(k,n) of degree r defines a form on Gr(k,n) with

coefficients in the line bundle (det U)" := (/\k(U)>
Lemma 4.3. Let v be the wedge product of k® independent vector fields generating a GLy-orbit in
Mat(k,n) as follows:
0
vi= /\ Zcm@ (14)

Then we have:
(i) UMty (k,n)) = Q(Gry (k) and (i) o, d Dy = g

where d(Y)* are the pullbacks in Gr(k,n) from the amplituhedron via the map Y = C - Z.
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Proof. We first rewrite v as:

Then (i) follows immediately from the following relation:

k n
w \ /\ deaj = /\ > erpi(C) N\ deay = J\ (CA"FCy).
a=1j=1

a=1p¢c [n) jeTI a=1

Now, let us consider:

k
dkm+k)y+ _ /\ Z pr )/\dcazz /\<ZLdm+kCa>.

a= 1Le(7n+]k) leL a=1
We also have:
k
A Ay Ap Aktm
Nar(k,k-i-m)(o) = /\ €Ay ApymCliy * Ck?/kZ P Zikk A dcaik+1ZikT1—1 TARERRA dcaik+mZik:Tn
a=1
k
= i OV i (Z)deqiy  N- - ANdegs, .. = N\ (C Z+d™Cy)
pllu.’bk pzl‘..zk_*_m Al 41 Al 4m [e¥8)
a=1

where the sums are performed over all indices i, from 1 to n and over all indices A, from 1 to m + k,
with a € [k]. This implies the following relation

k
Ly AR Ry /\ Z Z Z err€rim Pr(Z) p1(C) /\ deq; = /\<CZL d"Ca),

a=1pe( ") me(ln)) 1e() jeM a=1
which completes the proof of (ii). O
Proposition 4.4. Let w be a k(n —m — k) form on R*™ such that:
(i) for any vector field v tangent to GLy-orbits t,w = 0,
(i) Q(Mat, (k,n)) =w A dFmHRYy*
Then the restriction of w on the fiber m=(Y) of Ay k.m is the fiber volume form wy, k. m .
Proof. Consider v from (14). Then, by Lemma 4.3, property (ii) and the fact that ¢,w = 0, we have:
Q(Gry (k,n)) = 1,Q@(Maty (k,n)) = w A 1,dPEF™ Y = ) A HGor (e Jotm) -
Moreover, thanks to (i) and (13), w is a basic covariant form on Mat(k, n) which completes the proof. [

Theorem 4.5. The volume form wy, g m on the fiber 7= (Y) of Apg.m is

,uGr(k,nfm) ()‘)
[Ti=; det (A[(AT)4)’

where the fiber 7=Y(Y) is parameterized as in (8) and J € ([Z]) denotes the indices of the rows of the
matriz A in (8) that span Z=1(Y)\ker Z.

(15)

Wn kom = pJ()\)_k

Proof. Referring to Proposition 4.4, we make the following ansatz for w:

~ k
= L wi = L gn—m—k
Y= T (O ith @ = f(C) a/:\1<CA d C.), (16)

where A* is the m-dimensional complement of the (n — m)-dimensional subspace in R spanned by the
rows of A, and f(C) is a function of C of weight —k which has to be fixed. Let us prove that

n
~ 0
lyozw =0 and vagzzg Co‘ié‘T for a,0=1,...,k,
i=1
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where v, are the generators of GLg-orbits. We have:
n
Logg (c At dnimik0ﬂ> = Z €iyinCliy * * * Chiy, C,@i(ALy’“*l .- (Al)szr"‘ngikerJrl A---Adegi A---Ndcegi,,,

which vanishes by anti-symmetrization of cg;, and cg; via the Levi-Civita symbol. Then the vanishing of
Ly, follows immediately. We now fix f(C) by demanding that & A d*" ¥ y* = d*C. Then:

k
f(0)71°~‘) A drmekly /\ €iyin Cliy + + » CkipPig 1 igm (AL)pL(Z) dcaik+m+1 A Ndea, /\ dca
a1 leL
k
= /\ €ir-inCippmarinL Diy iy (O) Pirg1iktm (Al)pL(Z) /\ dcoéj
k n
= N4tz N deo,; = (C At zHRdC
a=1 Jj=1
Therefore:
f(C)=(CcAtzH)™"
Now, by restricting @ on the fiber 7=(Y) we have:
k k
Ble1yy = (A - A) A Z5) R (A ALk /\ Aad" "N =y (N7 A Qe d® T EN), (17)

[

where J is the index set of rows of A spanning Z~1(Y)\ker Z. Now (17) and (16) gives (15), as desired. [

Remark 4.11. It is easy to understand the factor p;(A) in (15) as carrying the GLg-scaling which Y
comes with. In particular, for £ =n —m — k we choose J = {{+1,...,n — m}, that is:

A ( (%;)zm )7

where Bj.x,, is a matrix whose rows span the subspace Z~!(Y)\ker Z. Then:

Ox (m+k
( (B - Z)kx(m+k) 7 o (mt)

where \; is the submatrix obtained from A by considering its columns with indices in J. Clearly, since

the row-span of B gives Z~1(Y)\ker Z, the row-span of (B - Z)kx (m+k) gives the row-span of Yiy (mk)-

Moreover, multiplication by \; is just a GLg-transformation for this subspace.

Remark 4.12. We observe that, by duality on Grassmannians, we can equivalently describe the volume
form wy, k,m on the fiber 7=1(Y) of the amplituhedron A, s, as a volume form on Gr(¢,n —m) for
¢ =n—m —k, instead of Gr(k,n —m). Given A € Gr(k,n —m), we denote A € Gr(¢{,n —m) as its dual.
Then the fiber volume form in (15) can be expressed as:

e Nam (A Aa)
[T, det ()\|Afi)'

Wn,kym = pj(j‘)

We recall that p;()\) = e;pr()) and /\ 1A d),) = /\221@\ d*Xs). Moreover, we have:
QAR ) = 3 psAY = 3 s (N)AY = det (A%).
7e(%) 7e(t)

Remark 4.13. We would like to highlight that the definition of the fiber volume form given in (12) is
natural from a geometric perspective, once we fix a volume form on the base uar(k fpm) In [FLP18], a

differential form denoted as wf:,? was formally defined as:

kxn
/ Hd plc sktmk)(y _ . 7). (18)
1
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This can be rigorously written as the residue (see Definition 3.6) of Q(Mat (k,n)) as:

m)

Q(Maty (k
o)~ Rosy . HMate (k)

Y-Cc-z ~’

where we denoted as Y — C' - Z the product of all its k(m + k) components. If we have a k(n —m — k)
form w on R*™ as in Proposition 4.4, then we have:

d"m Ry — ¢ 2)
Y-C-Z

Q(Mat (k,n))
Y-C-Z

Resy—¢.z

= Resy—c.z (w A ) =wly=c.z = Wn,k,m-

Here we used the definition of Poincaré residue and the fact that
dFm+R)y s — qk(m+k) (0. 7y = gkm+R)(y — ¢ 7)),

since Y is fixed. Therefore we can see that, thanks to Proposition 4.4, the form in (18) coincides with
the fiber volume form wy, 1, which was defined in an invariant way in Definition 4.7.

Remark 4.14. In [BP20], the notion of covariant restriction of a covariant form on a subspace was
introduced in the context of positive geometries with non-logarithmic singularities. In that language, w
in Definition 4.7 is the covariant restriction of ©(Gry(k,n)) on the fiber 771(Y). More precisely, using
Theorem 4.5, w is a covariant form of degree —(m + k) which is the covariant restriction of Q(Mat, (k,n))
on the kf-dimensional subspace {C € Mat(k,n):C-Z =Y}.

In the following, we explicitly compute the fiber volume forms for polytopes and their conjugates, and
show that they only have simple poles on some hyperplane arrangement.

Corollary 4.6. Let { =n —m — 1 and denote wy 1 m and wy g,m for the volume forms of the fibers in
the cases of cyclic polytopes and conjugate to polytopes. Then wy 1m and wy ¢m are volume forms with
simple poles on affine hyperplanes arrangements. In particular, there is a choice of coordinates \1, ..., Ay
and Ny, ..., ¢ on the respective fibers such that:

dM A AdN dM A Adg

n,lom = T m N AN d ntm — . — . > 19
Wn,1, Hi:1 ()\AZ) an Wn, 0, H?:l)\- (AIri)J‘ ( )

where {Ai}ie[n] and {(AL‘)L}ie[n] are the normal vectors of the affine hyperplanes in the respective cases.
Proof. For k = 1, the differential form (15) is just the following form on P?~"~1:

<)\dn7m71>\>
Wn,lm = T 17 Yy A
>‘j Hi:l (/\ <A )

where the j*® row of A spans Z71(Y)\ker Z. Without loss of generality, we fix j = n — m, compatible
with the choice in (10). Choosing the chart A = (A1,..., Ap_m—1,1), this simply becomes:

oA A
mhm T (- AY)

As in Remark 4.12, for the conjugate to polytopes it is better to express the fiber volume form in the
dual space. Doing so, we have that Gr(n —m — £,n —m) = Gr(1,n —m) = P*~™~L1, Then:

(RN
N n oy L
)‘Zj Hi:1 A (AI")

Wn ¢.m = ,

where A\ € P* and J is the only index in [n — m]\J. Moreover, A’ is an /-dimensional space in R"~™,
and so (A%)* is 1-dimensional. Without loss of generality, we fix J = {2,...,n — m}, compatible with

the choice in (10). So J = {1}. Choosing the chart A = (1, X2, ..., A\y_p,), the fiber volume form simply
becomes:

Wntm =

A A Add—m
n oy AL
Hi:1>" (AL)

Now, the assertions in (19) follow immediately by relabeling the coordinates on the fibers. O
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4.3 Triangulations and fiber volume forms

Here we show that the canonical form of the amplituhedron can be computed adopting an alternative
approach based on its fibers. In particular, we use the residues of the fiber volume form Definition (4.7)
to compute the canonical function of the amplituhedron; See Theorem 4.8.

We first recall further nice properties of positroid cells as follows:

Conjecture 4.7 ([GL18, Conjecture 8.4]). Let Sps be a km-dimensional positroid cell of Gry(k,n). Then
the following are equivalent:

(i) 7y : S — 74 (Snr), i-e. the restriction of w1 to Spr is injective.
(ii) 7 : Sy —-» Gr(k,C*™) is a birational map, with diim(Sys) = dim(7(Sy)) = mk.
In each case, wy : Sy — 74 (Swm) is a diffeomorphism.

This conjecture holds true for £k = 1 (polytopes) and k = n —m — 1 (conjugate to polytopes). Note
that given a triangulation of A,, i, by definition, the property (i) above holds. The property (ii) is used
to relate the canonical form of A, k., to its triangulations and the fiber volume form wy, k .-

Theorem 4.8. Let wy, k.m(Y) be the volume form on the fiber 7=1(Y) for Y € Ay gm. Then:

(i) Every generalized triangle Sy of Ay km corresponds to a pole qur of the fiber volume form wp k. m,
where gy =7 1(Y) N Sy

(ii) The residue of the fiber volume form wy .m around the pole qpr computes the canonical function of
the corresponding generalized triangle Sy as:

Q(S]\/[) (Y) = Requwn,kwm (Y)

In particular, given o triangulation C = {Sn} of An k.m, the canonical function is given by:

Q(An,k,m)(y) = Z ReSqun,k,m(Y)-
Smec

Proof. (i) We recall that by Definition 3.5 for every generalized triangle the map 7™ is injective on Syy;.
Moreover, by the property (i) in Conjecture 4.7, for every generalized triangle Sy, the map 7 : Sy --+
Gr(k,CF*+™) is birational. Hence, there exists Zariski open subset U of Gr(k,Ck*™) such that for any
Y € U there exists a unique point gp; with 7r’1(Y) N Sar = qur. Hence, the volume form Wn k,m ON the
fiber 771(Y") has poles at the points qas € Gr(k, C**™) which are the intersection between the full fiber
7~ 1Y) and the Zariski closure Sy; of any generalized triangle Sy;.

(i) Consider a triangulation C = {Sys} of A,k m. Then by (6) we have:

QAnrm)Y) = D (wls,) ™) QSMY) = D ((nlsa) ") Ress,, (Cr (k, 1) (V).

SmeC Smec
But since Q(Gry.(k,n)) = w AT (tGr(k,k+m)) ad L&, 4 gy lr=1(v) = 0 we have:
RessMﬂ(Gr+(k, ’I’L)) = (ReSSMw) A 7T-)k(,U/Cu'rr(k,ker))-

Therefore,

D ((mlsa) ") Ressy, QGCry (k,n)(Y) = D Resgywnkm(Y) farrhsrm) (V)
Smec SmeC

= Q(An,k,m)(y) ﬂGr(k,k—&-m)(Y)v
where gy = Sy N~ 1(Y). Similar to Remark 3.9, the sign of Resy,,wn k,m(Y) above is taken such that

Resgpwn k,m(Y) > 0 for any Y € 7y (Sr). O
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Example 4.15 (Amplituhedron with non-linear fibers). We consider the first non-trivial non-linear
example, i.e. (n,k,m) = (6,2,2). Let J = {3,4} and choose a chart where A4 = 1. Then (15) reads as:

(20)

dA11 AdAia A dAar A dAog ( A1 A2 10 )
We,2,2 = for =

H?:l det ()\|(AIZ)L> )\21 )\22 0 1
We observe that the denominator vanishes on the locus of 6 quadrics Q; in P* given by:

[a_| b\

0O 0 0 b

AMZ 'At =0 for Mz = ﬁt 0 0 -b 0 and A= (]. )\11 )\12 )\21 )\22),
0 b 0 O
b 0 0 O

where a,b € R, 3 € R, and i € [6]. The generalized triangles of Ag 22 correspond to 48 intersection
points of these quadrics. Considering all collections I of 4 quadrics, 30 intersection points arise as:

ﬂQz = {QI aQI }

i€l

The remaining 18 points come from collections of 3 quadrics which are self-intersecting, i.e. they are
1-dimensional curves which self-intersect in some points. This happens for the following cases:

QiNQiv1NQ; 2{diit1j}, 4,j€6li+1<j.

There are 3 x 6 = 18 points of this type. In order to better understand this phenomenon, let us consider
as a toy model the surfaces defined as:

S1={2=0},S:={z+2y=0}, S3={z—1=0}

Then we have:
S1NSy ={z,z=0}U{y,z =0}

which has a self-intersection at the point (x,y,2) = (0,0,0). Whereas S1,S3,Ss intersect at the point
(z,9,2) = (1,0,0). We can then associate both the points (1,0,0) and (0,0,0) to the configuration of
surfaces {S1, S2,S3}. Therefore, all together we have 48 intersection points {q}l), q§2)7 Qijit1,5)-

Contrary to the configuration of hyperplanes, we cannot associate a natural fan structure to a con-
figuration of quadrics {Q;}. From [LPW20], we know that there are 120 finest dissections of Ag 2 2 and
exactly 48 good triangulations. The latter can be obtained as cyclic rotations of a given subset of 11 of
them. We report below one representative of each of the 11 cyclic classes of good triangulations in terms
of the corresponding intersection points:

1 2 2 1 2 2
{q126, qEZLG’ q§42567 q§2)34, q§3215, 4345} {q126, q§4)567 q§4)56a qgQZLG’ q§2§4, qé?,zxs
1 2 2 1
{126, a1 216 116 @ 2has 0586 G585 ) {126, G146, @\ 346 @546 D134 G345}
1 1 2 1 1 1 2
{q1256> q§4?567 q§2)36’ q§2)34, qi(’>4256’ qé?,zxs {q126, q§22167 q§4)56a q:(),4)56a q£3116> 234},
{ (1) } { (2) (1) (2) (2) }
41265 419455 9145, 4124, 4345, Q1245 , 4126, 914565 934565 912461 923467 4234 55
2 1
{QI267 q146, Q§32167 qiglg, 4346, Q234}, {Q1267 4456, qgglf;, Qé4)567 qéglﬁ, Q234},

1 1 1
{QI267 Q§2216a 4456, q§4)56, Q§32167 Q234}-

The description of good triangulations in Example 4.15 gives rise to the following question: How to
characterize 6-element subsets of the 48 intersection points giving rise to triangulations of Ag 22?7 In
particular, the geometry of the configuration of quadrics {Q;} could be useful to identify such sets.

5 Linear fibers and triangulations
Our goal in this section is to study the fiber geometry of amplituhedra. In particular for the amplituhedra

conjugate to polytopes, we define the notion of amplituhedra fiber. We will present other examples of
linear fibers in §7, in the context of Grassmann polytopes with linear fibers.
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5.1 Secondary fan and Gale dual for conjugate to polytopes

We first study the amplituhedra conjugate to polytopes. We fix A := A, 1, ., where m =n —k —1. By
Example 4.6, the positive fibers of A are bounded by some hyperplanes. More precisely, each full fiber
contains a collection of hyperplanes which bound the corresponding positive fiber. Here, we will first
define a family of fans F4(Y) for Y € A. Then we show that they are all combinatorially equivalent
and play the role of the secondary fan for A. To do this, we have to choose an affine chart in every
full fiber (see the discussion after Definition 2.7). We recall our notation from Remark 4.2(ii) for Z =

(Z(m-k)x (m+k) | Z(m+m)x1) T that:

(=1 T A G- E |
Zt = ((-z7'-2)T]1) and A= ( v Ora )

We will further take
A= (2l | W) with o= (z,...,2) (21)
5.

as our affine chart of the full fiber; See Remark 5.2(ii) for a justification of this choice. Note that under
the identification of Gr(k,k + 1) with (P**1)* this affine chart is given by:

A=1]—z; - —xp). (22)

Definition 5.1. Let Y € A and let H; be the hyperplane in the affine chart given in (21) defined by
p1, = 0 for the cyclic k-interval I;. We define F4(Y) to be the chamber fan containing the normal rays
(negatively directed w.r.t. the functions py,) of the hyperplanes {H1, ..., Hn}.

Given any cyclic k-interval I; of [n], we define
W = —((AT)F, L (AT)E,) €RE and W= — (AL, (23)
where (A%)} denotes the ¢** coordinate of the orthogonal complement of Afi.
In the affine chart given in (21), we have that:

Lemma 5.1. The fan F4(Y) is the chamber fan of the rays Wt ..., WI» which are the normal rays of
the hyperplanes Hi, ..., Hy.

Proof. The fibers of A are projective polytopes whose facets are given by the vanishing locus of

k
Pr(V) = X (AS)E = (AM)E = S ag (AL, L= {ii+ 1, i k- 1),
a=1
Hence, the normal directions of the hyperplanes H; are the rays of F4(Y), as desired. O

We will use this lemma to show that the combinatorial structure of F4(Y) does not depend on Y.
More precisely, the cones of F4(Y') are in correspondence with the dissections of A; See Theorem 5.11.
To prove this, we will give a geometric interpretation to the functions

det(Whin ... W),
where j1, ..., ji are pairwise distinct elements of [n]. In particular, we conjecture that they have a specific
sign on A; See Conjecture 5.6.

Remark 5.2. (i) Conjecture 5.6 would also imply that our choice of affine charts of fibers in (21)
is compatible, i.e. the removed hyperplane is never parallel to any boundary hyperplane H;. The
key point is that if H; becomes parallel to a facet, then the corresponding ray in the normal fan
disappears in the affine chart. Hence, all the determinants containing its generator converge to 0.

(ii) We observe that a family of hyperplanes of type {\; = 0} with i # 1 will be parallel to a facet of
the fiber in R* which gives a non-generic fan. Indeed, any choice other than (21) would give rays
with (A?){ as one of their coordinates (w.l.o.g. we may assume that this is (Af){). However,

(ADHE = A{zmkﬂ} =0, ifk+1el (24)

since the last k entries of the (k + 1) column of A are all zero. Therefore, considering all cyclic
k-intervals I; = {i,i+1,...,i+k — 1} containing k + 1, the corresponding cone is not maximal, i.e.

det {(Aji)L}IiakJrl =0

since the matrix in the determinant has the first column zero, by virtue of (24).
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5.2 Geometric characterization of det(Whr, ... W)

To prove the combinatorial equivalence of the fans F4(Y'), we will first define a collection of functions on
general amplituhedra (not necessarily conjugate to polytopes).

Definition 5.3. Let Py,..., Py be a collection of (m + 1)-dimensional subspaces in R™+F represented by
matrices denoted with the same letters. We define the following covariant function on Gr(k,m + k):

(YPy NN P) i=det((Y; Pg)) 1cazr (25)

1<B<k

where (Y- Pg) = D<o <o<capy<kEaarar Yoy Yo, Pg)ya, B =1,...,k. Here (---) denotes the
determinant of the matriz obtained by stacking all the columns (or submatrices) in the dots.

In the following, we will consider the case when the subspaces P, are spanned by the columns of the matrix
Z indexed by J,, € (nﬁl) We denote the corresponding function (25) with the shorthand (Y JyN---NJy).

The following proposition gives a more geometric characterization of (Y J; N--- N Ji).

Proposition 5.2. There exist vectors vy, € Y NP, with vy, = 22:1 UiYB such that
(YN N J) =det(v] ) icazs.

In particular, the function (Y Jy N --- N Jx) vanishes if and only if vy, ..., vy, are linearly dependent.

Proof. First note that dim(Py_ ) = m+ 1 and dim(Y") = k, hence the intersection Y N P, is of dimension
one for every Y in the interior of the amplituhedron A, j ,,. Let v, € R™** be a non-zero vector in the

intersection Y N P,. One can construct such vector for J, = {i1,...,%m+1} in the following way:
k A~
Vi, = > (0P Y Va2, Zi ) (26)
B=1
m—+1 R
B (_1)]+1+kZij <Y1 - Y'kZl1 A Zij A Zim+1>' (27)
j=1
The equality above holds since for any collection wy, ..., w441 of d + 1 vectors in R? we have that
d+1
> (=) wi(wy -+ @+ waga) = 0.
i=1

By the definition of v, in (26) it is obvious that v, belongs to the space Y. On the other hand, by (27)
vy, belongs to P,, therefore v;, € Y N FP,. Moreover, note that the matrix of v;_’s in the basis Y3 of ¥’
coincides with (<YalPB>) 1<a<k . This completes the proof. O

1<8<k

In the rest of this section, we focus on the amplituhedron A = A, 1, n—r—1 (conjugate to a polytope).

Theorem 5.3. Let J = {j1,...,jx} be a k-subset of [n] and {Wln ... . Whi} be the corresponding
collection of rays of F4(Y) as defined in (23). Then

(_1)§J . det(WIjl’, . '7W1jk) = <YIJ] n--- ﬂ]]k> = det(vjjl" S UT

Ik

);

where €5 = ZjeJ s1,, and sp, = kj if n & I; and sy, == j — 1 otherwise. In particular, a collection of
rays {Whi, ..., Whix} is degenerate if and only if the vectors VF; s UL GTE linearly dependent.

Proof. The first equality follows from Lemma 5.4, since both sides are determinant of matrices related
by transposition and multiplication of some rows by —1. The second equality is Proposition 5.2. O

Lemma 5.4. The rays Wi of the fan F4(Y) can be expressed in terms of the functions in (25) as:
Wo = (=1)" (Y5 L),

where sg; :=kj if n ¢ I and sy, := j — 1 otherwise.
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Proof. We recall that Wa' = (—1)adet(Ag) and Ag is the submatrix of A with the columns indexed
by I; and all the rows except the at'. We will show that, up to a sign, det(Ag) is the same as (Y 1).

First, we define the matrices A and B as follows:

_ 2 . - 2 .
. 1 . 1
I-j_l 0 . a Ij—l : a 0
Zj—1 Zj—1
Zj Zj
. . ! . .
B = OkX(j—l) ] : . and B = Ok><(j—1) : . 0
Zj+k—1 Zjt+k—1
2k 2k
. m-+k . m-+k
0 Im7j+1 : a 0 : a |m,]—+1
i Zk4+m 1 L Zk4+m J

If I; does not contain m + k + 1, then we can write the determinant (Y;-I;) as follows:

(YVirn) = ()TN Yaly) = (=) (=)D det(B) = (1) (-1 det(B')
2 Yg
= (=1)**Mdet | : = (—1)**Mdet(AY) = (~1)M W]
Zigpo1 | Y2TE

If I; contains m + k + 1, then the similar calculation shows that:
(Vi) = (=D"NYaly) = (1) (=17 pp fmgrany (Ya)
= (D1 den(AR) = (<1 W
O

Now we are ready to relate the functions det(W%1, ..., W) to the canonical functions of the gen-
eralized triangles of the amplituhedron. 4

Proposition 5.5. Let J = {j1,...,ji} be a k-subset of [n] and I;, be the j2* cyclic k-interval. Then the
canonical function of the corresponding generalized triangle Ay has the following form.:

det(Wh ... Whe)m
[T det((am)" atn)®,. (atn)h)

#1505k

QUAy) =

(28)

Proof. We first note that Aj; is the image of an mk-dimensional positroid cell S5 of Gry (k,n) whose
only vanishing cyclic Pliicker coordinates are py; ,...,pr, . By Lemma 3.3, S5 is uniquely determined.

Hence, by Theorem 4.8 we have W;l(Y) NS5 = q5 for a unique point g5 and (A ;) can be computed as:
1 1
|det(WIjl;-.-,WIjk‘)| HZQJ (S\Jc(AIi)L)a

Q(Ay) = Resqunﬁkvm =

where Ay = (1,(As)a, ..., (As)kr1) € RFF1 is the unique point in the intersection ﬂjeJ{j\ : (Afi)l

Now, applying Cramer’s rule we have that:

—0}.

)t N
(5\ ) :(71)a+1det((AIJ1)d7'~-,(AI“€)&)
J)a det(Wh ... W)

for a=2,...,k+1,

where (Alfa)é = (W()Ij“ , Wllja e Whie e W,jJa) Hence, the volume form Q(A ) is given by:

(det(WIjl v Wik ))m

k+1
II (de%W’h e WIOW 3 (1) et (AT, (A7) Wi’i>
i€ J a=2

QAy) = (29)

4A conjectural representation of Q(A ;) in the case of conjugate to polytopes was given in [FLP18].
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Notice that each factor in the denominator of (29) that corresponds to some ¢ with ¢ ¢ .J, can be rewritten
as the determinant of the matrix ((Ali)L, (Aln )L7 o, (Alx )L) as in (28). This completes the proof. [

Conjecture 5.6. Let J = {j1,...,ji} be a k-subset of [n] and I}, be the Ja't eyclic k-interval. Consider
&5 as in Theorem 5.3. Then the function

€JJ (*1)5‘] ) <ij1 AREE S ij> (30)

is strictly positive, where € ;5 is the Levi-Cevita symbol in which the elements of both J and J are listed
in the increasing order.

Remark 5.4. The positivity of the functions in (30) is proven in the following cases:

(i) We have verified Conjecture 5.6 by explicit calculations for m =2 up ton =7, m=4 up ton =8
and m = 6 up to n = 10. We also expect that even if I; are not cyclic intervals, the corresponding
functions are still of a constant sign inside the amplituhedron.

(ii) The functions in (30) appeared in [AHBL17, §7.2.4] as numerators of certain canonical functions
of the m = 2 amplituhedra. The authors provided a (sketch of) proof that (YI; N---NI ;) are
positive, when j; < -+- < j and I_ja do not contain both 1 and n. It is easy to see that this is
implied by Conjecture 5.6. Moreover, all generalized triangles of m = 2 amplituhedra are classified
in [LPSV19, §2.4] and these functions appear in the numerator of their canonical functions.

(iii) The positivity of the functions in (30) are related to the positivity of the matrices C' and Z, by (5).
For example, for the k = 2 case, (Y'I;, NI;,) can be expressed as a positive linear combination of the
Pliicker coordinates of C' and the functions (ijI;, N 1;,) = (il;,)(jI;,) — (i1},){jI;,). Moreover, for
m = 2 these functions are (i j (j1,71 + 1,751 +2) N (J2, 2 + 1, jo + 2)), which are cluster variables of
Gr(4,n) [GGST14, §6.3], and so they are positive by the Scott’s seminal work [Sco06, §6]. It would
be interesting to explore the positivity of (30) in connection with Grassmannian cluster algebras.

Now we are ready to mention our main results, assuming that Conjecture 5.6 holds true:
Theorem 5.7. Let A be an amplituhedron conjugate to a polytope. Then:

(i) The combinatorial structure of the fan FAo(Y) defined in §5.1 does not depend on the point Y € A
and defines the secondary fan of triangulations of A.

(ii) The volume function of a generalized triangle A does not vanish on A. In particular, it has a
constant sign inside /.

(iii) The volume function of A can be computed using Jeffrey-Kirwan residue.

Proof. We note that (ii) follows immediately from the expression of the volume function given in Propo-
sition 5.5, (i) is Proposition 5.9 together with Theorem 5.11, and (iii) is Theorem 6.3. O

5.3 Triangulations of amplituhedra conjugate to polytopes

We fix A := A, m where m = n — k — 1. Let m : Gr(k,n) --» Gr(k,n — 1) be the rational map
from Definition 4.1 and let F4(Y) be the fan from Definition 5.1 for Y € A. We also assume that
Conjecture 5.6 holds true. Our main goal in this section is to prove that the combinatorial structure of
FA(Y) does not depend on Y. Moreover, we study positroidal dissections of A coming from F4(Y). In
analogy with the case of polytopes, we will call such dissections regular.

Boundaries of fibers. Recall that the codimension one boundaries of Gr (k,n) are the positroid cells
S; defined by pr, = 0 for cyclic k-intervals I;. Each codimension one positroid cell intersects a full fiber
77 1(Y) by a linear hyperplane. As in Definition 5.1, we denote the collection of resulting hyperplanes by

Hi(Y)=7a1(Y)NS; for i=1,...,n.

Hence, in each full fiber 7=1(Y) there is a collection of hyperplanes H1(Y),...,H,(Y) such that the
positive fiber is bounded by some of them. Where there is no ambiguity, we denote them simply by #;.
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Let pj,,...,p;, be a collection of rays of F4(Y). The positivity of functions in (30) guaranties that
the ray generators Wln ... Wl in (23) form a basis for R*. Now, for every subset J C [k], we let

0;(Y)={(x1,...,2x) |x; > 0 for i € J and z; <0 otherwise}

be the orthant given by the basis Wl ... Wlik. Then the positivity of functions in (30) also implies
that any other ray p;, belongs to the interior of O;(Y") for some orthant J.

Lemma 5.8. Let Y,Y' be two points of A and let p;,, ..., pj, be a collection of rays of Fao(Y). Assume
that p;, € O;(Y) for some J € [k]. Then pj, € O;(Y"). In particular, if p;, belongs to the cone generated
by pjys ..., pj, overY, then the same is true over Y'.

Proof. On the contrary, suppose that p;, € O (Y") for some J’ # J. Consider a path v :[0,1] - A in
the interior of A which connects the points Y, Y’ € A and denote ~(t) by Y;. Since p;, belongs to different
orthants over Y and Y”, there is a point ¢ € [0, 1] such that p;, belongs to a coordinate hyperplane over Y;.
Therefore, the rays pj,,...,pj, are not in general position over Y;, which contradicts Conjecture 5.6. [

Proposition 5.9. The fan F4(Y) is combinatorially equivalent to the secondary fan of the cyclic polytope
congugate to A. In particular, Fo(Y) and FA(Y') are combinatorially equivalent for all Y,Y' € A.

Proof. Let {Vi,...,V,} be the Gale transform of {Wh ... WIn}. For any k-subset J = {j1,...,jx}
and its complement J = {{1,..., {11}, we know from §2.4 that

det(Whin, ... W) =¢; jdet(Ve,,..., Vi

m+1 )

On the other hand, by Theorem 5.3 we have that

det(Whn ..., Whe) = (=1)% - (YI, n---N1;,).

Hence, B B
det(w17 s wm+1) = EJ,j(_l)EJ ’ <Ylj1 n---nN Ijk>'

The right side of the above equation is strictly positive by Conjecture 5.6, hence det(V,,...,V,, ) is
strictly positive and so V;’s are the vertices of a cyclic polytope P. Moreover, F 4 is the chamber fan
of {Whi,...,Whr} which is the Gale transform of V(P) = {V;,,..., Vs, .}, hence it is the secondary
fan of the cyclic polytope P, see e.g. Theorem 2.5. Therefore, F4(Y) and F4(Y’) are combinatorially
equivalent for all Y, Y’ € A as the combinatorics of the secondary fan of cyclic polytopes is independent
of their concrete realization (see, e.g. [Ziel2, Theorem 0.7], or [ER96], or [Ram97]). O

We call F 4 the secondary fan of A. From now on, whenever we refer to F 4, we mean the combinatorial
type Fa(Y) for some Y € A. In the following, given a point Y € A, we denote ]-";{ (Y) for the normal
fan of the positive fiber over Y. We now show that the normal fan F;(Y) is a coarsening of F4(Y).

Corollary 5.10. F 4 is the minimal combinatorial common refinement of ]—"X (Y') over all points Y € A.

Proof. The fact that F 4 is a common refinement is obvious from Proposition 5.9. To prove the minimality,
note that by Lemma 3.3, for any J € ([Z]) there is a unique generalized triangle A ; which is the image
of a positroid cell S5 in Gry (k,n) for which a cyclic k-interval I is in J if and only of j ¢ J. Hence, for
any J € ([Z]), there exists a point Y € A, such that the cone C; generated by the rays indexed by J is a
cone in F}(Y). Therefore, any common refinement of the normal fans of positive fibers 7 (Y) over all
points Y € A should contain the chamber fan with rays p1,...,p,. Thus, by Definition 5.1, F 4 is the
minimal common refinement of F{ (Y). O

Now we are ready to relate the fan F4 to the positroidal subdivisions of A. In the following, for any
cone o € F4 we define a collection of positroid cells C, and prove that it provides a subdivision of A. As
before, we let C'; be the cone generated by the rays of F 4 indexed by J C [n]. Note that since F4 is a
chamber fan for the rays p1, ..., pp, for any cone o € F4 and any J C [n] we can check whether o C C}.

Definition 5.5. Let o be a cone in F4 and C,, be the collection of J such that o is a subset of the cone
Cy of Fao. Then we define

C, = {positroid cell S5 | J is a minimal element of C, by inclusion} ,

where S5 is the unique positroid cell corresponding to J given in Lemma 3.3.
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The main result of this section is the following theorem.

Theorem 5.11. Let F4 be the secondary fan of A. Then each cone o of F 4 corresponds to a positroidal
dissection C,. The inclusion of two cones corresponds to the coarsening of the associated dissections. In
particular, the mazximal cones of F 4 correspond to positroidal triangulations of A. Under this identifica-
tion a maximal cone o corresponds to the triangulation given by C,.

Proof. We will first provide another presentation for the positroid cells in C,. To do this, for a fixed cone
o of F4 and for a point Y € A, let o(Y) be the minimal cone of F}(Y) (by inclusion) which contains
o. Note that such cone uniquely exists, since by Corollary 5.10 the fan F 4 is the minimal combinatorial
common refinement of the fans 7} (Y). Let f, : A — {positroid cells} be the following map:

fo 1Y > the positroid cell S5, where o(Y') = Cj.

Moreover, note that by Lemma 3.3 for every minimal element J of CN(,, the cone C'j appears in ]-"X (Y)
for some Y € A. Hence, the collection C, coincides with f,(.A).

We now show that C, gives a positroidal subdivision of A. First, note that o(Y') is a cone of F(Y),
hence its corresponding positroid cell intersects the positive fiber 71';1 (Y). Thus, the collection of positroid
cells f,(A) = C, covers A. Finally, for any Y’ € 7(f,(Y)) we have o(Y) = o(Y”") and so f,(Y’') = f-(Y).
This implies that the images of the positroid cells in C, do not overlap, which completes the proof. [

Remark 5.6. (i) The construction above can be generalized to any Grassmann polytope with linear
fibers; See §7.3 for more details.

(ii) By construction, dissections from Theorem 5.11 are in fact good dissections. We refer to them as
reqular subdivisions because via parity duality, they are in bijection with regular subdivisions of
cyclic polytopes. Non-regular subdivisions of polytopes correspond to a family of dissections of
amplituhedra conjugate to polytopes which are not gathered in Theorem 5.11.

6 Jeffrey-Kirwan residue for linear fibers

In this section, we first recall the original definition of Jeffrey-Kirwan residue from [JK95, BV99]. Then,
we extend it to accommodate its application in the amplituhedron theory such as computing the residues
of fiber volume forms. In particular, we make precise connections between the residue computation and
the geometric framework developed in §2 and §5.

6.1 Jeffrey-Kirwan residue

Jeffrey and Kirwan introduced the notion of Jeffrey-Kirwan residue (JK-residue) in their study of local-
ization of group actions [JK95]. More precisely, given a symplectic manifold and a group action on it, the
JK-residue relates elements of the equivariant cohomology of the manifold to the ones of the cohomology
of its symplectic quotient. They were inspired by Witten [Wit92] who re-examined the non-abelian local-
ization of Duistermaat and Heckman [DH82| and applied it in the context of two-dimensional Yang-Mills
theory. Since then, JK-residue has played an increasingly important role in physics, with particular appli-
cations in supersymmetric localization for gauge theories in various dimensions [BEHT15, CCP15, BZ15].
The notion of JK-residue has also been extended out of the realm of localization, and can be generally re-
garded as an operation on rational differential forms with poles on hyperplane arrangements [BV99, SV04].
Furthermore, the study of the connection between JK-residues and amplituhedra is started in [FLP18].

Classical JK-residue. Fix 1 < r < n, and consider an arrangement of hyperplanes {#;};c[,, in R”
where H; = {x € R"|(z,8;)} = 0. Here, f; is the normal vector of the hyperplane H; for each i. Let I
be an r-subset of [n] such that {3, };cr forms a basis of R". Let f; be the rational function given by:

1
fr(x) = =——. (31)
Hie] <xa ﬂl>
Note that the function f; has simple poles on the hyperplanes {#;}ic;. Then we define:
Definition 6.1. The JK-residue of the function fr at a point £ € R™ is defined as:
det B -1 1 eC
0 if§¢Cr

where Ct denotes the positive span of the vectors {f;}icr-
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Remark 6.2. Following [BV99], the definition of JK¢(-) can be extended to the space of rational functions
¢ with poles on the hyperplane arrangement {#;};c[,). The space of such functions is graded by the
degree, and JK-residue acts non-trivially only on the part of degree —r. In particular, every such function
¢ can be decomposed in terms of f;’s and other fractions whose denominators correspond to some vectors
B which do not necessarily span R”. To make this more precise, given a flag F’

OckhhckFC---CF.=R",
we consider the vectors {x } ¢,y with nf = Zi:ﬂieFj B; and define a function v(F) and a cone Cp as:

v(F) :=sign (det(k{,....x5)) and Cp:=span, (si,...,&0).

Moreover, given a vector ¢ € R¥, we denote FL™(¢) for the set of flags F' such that & belongs to (the
interior of) the cone Cp. Then by [SV04, Theorem 2.6], we can express the action of JK¢(-) on rational
functions ¢ in terms of actual residues as:

JKe(¢)= Y v(F)Resp(9). (33)

FeFLt(&)

Remark 6.3. Recalling the notion of chamber fan from Definition 2.6, note that every pair of vectors
£,& € R™ contained in the same chamber cone lead to the same JK-residue on the space of functions ¢,
ie. JKe(-) = JKe/(+). In other words, chambers are exactly the connected components of the set of all
generic vectors £ € R” with respect to the hyperplane arrangement {#;};cy,)-

Extended JK-residue. We extend the definition of JK-residue to differential forms on R” with simple
poles along configuration of affine hyperplanes in R”, i.e. the hyperplanes which do not necessarily pass
through the origin. More precisely, consider a top-degree form w of degree r in R” with simple poles on
a generic” affine hyperplane arrangement {H;};c[n). where H; = { € R"[(8;,2) + a; = 0}. Note that
{Bi}iem) is the set of rays of the normal fan of such arrangement.

By the genericity assumption, each collection {#,;};cr of hyperplanes, with I € ([’:]), intersects in a
point q; € R". We fix one such point ¢; and consider the leading term of the Laurent expansion of w
around g7 as:

W) = frlar)wr, (34)

where f7 is a function holomorphic in a neighborhood of ¢; and w;y is a top-degree form with simple poles
on {H;}icr. Moreover, we translate wla) to the origin as:

w(()'”) = w0 (2 — ¢qp).

We repeat this procedure for all (:) intersection points ¢y of the hyperplanes {#;};c; and define:

wo = Z wéqj).

1e(t)
Moreover, let ¢ be a rational function such that
wo = ¢pdxy A+ Ada,. (35)

Note that since we work with a generic hyperplane arrangement, the function ¢ is of pure degree —r.

Now, following the above notation we define the (extended) JK-residue of the form w as follow:

Definition 6.4. Let w be a top-degree form of degree r in R” and ¢ = W as before. Then we
define the (extended) JK-residue of w at a point £ € R” as the classical JK-residue of ¢:

Jng = JKf (;5

We now express the extended JK-residue in terms of a residue computation on w as follows:

50ne could consider also non-generic hyperplanes arrangements, but this is beyond the scope of this paper.
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Proposition 6.1. Let H; be an affine hyperplane with the defining equation D;(x) = (B;,x) +a; = 0 for
i=1,...,n. Consider the hyperplane arrangement {H;}?, and the differential form w:

_ dxqy A--- Ada,

YT D) Daa)

Furthermore, let Resc,w denote the residue of w at the point qr = (\,o; Hi that is:

il
1 1

~ Jdet({Bitien)| Tlgr Dilar)’

Then the (extended) JK-residue of w at a point £ € R" can be computed as:®

Resc, w:

JKew= " Resc,w. (36)
I:(eCy

Proof. Recalling the definitions of wéq’ ) and ¢ from (35) and (34) we have:

(a1) Ni_, dz; 1 1 1
w = . and ¢ = . .
0 [Licr Di(x) 1lgr Djlar) Iez([;]) [Lic: Di(x —ar) [l;g; Dj(ar)

We note that w(()qI ) has poles on the hyperplanes whose normal vectors are the rays of the cone Cj.
Since the corresponding r hyperplanes intersect in a point qj, the cone C} has full-dimensional. Hence,
by (32), the function w; contributes in (34) by |det({8;}ics)|”" when & € C;. Therefore, by linearity of
the functional JK¢(-), we have:

1 1
JKe(9) = Z |det ({8 }icr)| . Hj¢1 Dj(qr)’

I:£eCr

(37)

Finally, we note that each term in (37) is, up to a sign, the multivariate residue of w computed at ;. O

6.2 Canonical functions from JK-residue

Here we apply the JK-residue to answer Question 1.1 for amplituhedra which are either polytopes or
conjugate to polytopes. More precisely, we show how the residue computation naturally ties in with the
geometric framework introduced in §2 and §5.

Using the JK-residue, we first compute the volume function of the £ = 1 amplituhedra. The statement
was already made in [FLP18]. Here, we present an explicit proof using our terminology.

Proposition 6.2. Let & be a generic vector in the secondary fan of the cyclic polytope Ay 1,m. Then the
canonical function Q(Ap1,m) can be obtained from the JK-residue of the fiber volume form wy, 1 m as:

Q(An,Lm)(Y) = JK& wntl,m(Y).
Moreover, if £ is in a given chamber o of the secondary fan of Ap 1.m, then
QAn1,m) = Z Q(Ag),
I:0CCy
where At is the simplex whose vertices are the columns Z; of the matriz Z defining Ap 1.m fori € I.

Proof. As in §4, without loss of generality, we work on the chart A = (A\1,...,A\n—m-1,1). Then by

Corollary 4.6 we have:
dM A AdA

w = :
n,l,m H?:l (/\ : Al)
Now, let ¢; be a pole of wy, 1, given in Theorem 4.8(i) as the intersection point of the fiber 77_1(Y) with
some generalized triangle. Then by Proposition 6.1 we have:

JKE‘JJn,l,m: Z ReSCIWn,l,ma (38)
I:¢£€Cy

8In [FLP18, BEHT15], the right side of (36) was used as a starting definition for the JK-residue of w.
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where Cf are simplicial cones whose rays are {Z:};c; for I € (n_[ZL]_l). As explained in Example 4.5,
the Gale dual of Z is indeed the normal fan of the affine hyperplane arrangement {H;};c[,) in this chart,
where H; = {\- A® = 0}. Moreover, since A, 1., is a polytope, Theorem 2.5 implies that {C; : £ € C;}
corresponds to a triangulation {A7} of A, 1, where Aj are simplices with vertices {Z;},c7. Hence, by
Theorem 4.8(ii), we have that

Resc, (wn,1,m) = Q(Af). (39)
Let g1 = (;c; Hi- Note that both sides of (39) have the same sign, because ¢ € Ay for any Y € Ay and so
gr-A* > 0 for all i. Now, (39) together with (6) implies that (38) evaluates to (A, 1., ). Finally, choosing
¢ from another chamber of the normal fan of {#;};c[,) corresponds to choosing another chamber in the
secondary fan {Zil}ie[n] which leads to another regular triangulation of A,, ; ,,,. Therefore, following the
same argument as above, we are able to express the canonical function of A, 1, as the sum over the
canonical functions of simplices in the triangulation. This concludes the proof. O

Remark 6.5. We observe that the proof of Proposition 6.2 can be easily extended beyond cyclic poly-
topes, since Gale duality can be applied to any configuration of points; See §2.4. In particular, with
similar arguments, one can use the JK-residue to obtain the canonical function of any convex polytope.

Example 6.6 (Pentagon). Consider the (projective) pentagon As o 1. As in (10), we choose A to be:

(234)  (134) (124)
123 123 123 I
A= é235§ 2135§ §125 2x2
- T (123)  (123) T (123)
(v23) — (Vi3 (V12) [
(123) (123) (123) 1x2

We parameterize 7, ' (Y") using local inhomogeneous coordinates A = (A1, A2, 1) € P2, Then:

dA; AdAg
P NN
Hizl ()‘ ! AZ)
where A is the i*! column of A. With our choice of coordinates, the cones €, , are spanned by positive

linear combinations of {Z;-, Z; }, depicted in R? in Figure 1. We now fix a vector { € P? as in Figure 1
such that £ is in the chamber ¢;. Then by Proposition 6.1 the JK-residue is computed as:

Ws5.1,2 =

JKews 10 = E Rese,ws12 = (Rese,, + Rese,; + Rese,;) ws 1,2,
¢3¢

since £ is contained in the cones €a5, €45, €a3. This leads to the following representation of (A5 2.1):

Figure 1: Illustration of cones and chambers for As 2 ;

JKews 12 = Q(Aiszs) + Q(A123) + QA1ss) = QUAs5.2.1),

where Ay, ik, are triangles in P? with the vertices ki,ko and k3. Clearly, this corresponds to the
triangulation of the pentagon into {A134, A123, A145}. All the other four triangulations of As 21 can be
analogously obtained by choosing the reference vector £ in different chambers.

We are now in a position to prove an analogous statement of Proposition 6.2 for linear fibers, in
particular for the case of conjugate to polytopes for even m. Following our notation C, from Definition 5.5,
and S; and A; = 71 (Sf) from Definition 3.5 and Lemma 3.3, we prove the following theorem.
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Theorem 6.3. Let A = A, ¢ be an amplituhedron conjugate to a polytopes for £ =n —m — 1. Then
the canonical function Q(A) can be obtained from the JK-residue its fiber volume form wy ¢m as:

QA)Y) = TKewn em(Y) forany Y € A,

where € is a generic point in the secondary fan Fo(Y). Moreover, if £ is in a chamber o of FA(Y), then

QA) = Z Q(Ag).

S;eCs

Proof. Without loss of generality, we work on the chart A = (1,\a,...,\,_,,) compatible with (10).
Then, by Corollary 4.6, we have that:

A A Add—m
[T A (AL

Wntom =

Consider a hyperplane arrangement {#;} with defining equations D;(\) = \- (Ali)J' =0fori=1,...,n.
Recall from Lemma 5.1 that the rays {Wi} of the secondary fan F4(Y) are the normal rays of these
hyperplanes. For an f-subset I, let C; be the simplicial cone generated by rays {W'i},c;. By Theo-
rem 4.8(ii), we have:

tResc, Wn,e,m = Resq,wne.m = Q(Af), (40)

where qr = (;c; Hi. Note that for any Y € Ay, the point g belongs to the positive fiber 7rfrl(Y). Hence
we have that D;(qr) > 0 for any i, as D; > 0 are defining inequalities of wll(Y). In particular,

Resc; (Wn,e.m)(Y) > 0 for any Y € Aj.
On the other hand, by the sign convention from Remark 3.9 we have that
Resg,wne.m(Y) = Q(A[)(Y) > 0.
Furthermore, by Proposition 6.1 we have that:

JK¢wn om = Z Resc, wne.m(Y). (41)
I:¢eCy

Moreover, by the proof of Theorem 5.11, {A : £ € C} is a positroidal triangulation of A. So (6) implies
that (41) evaluates to Q(.A) which completes the proof. O

Example 6.7 (Conjugate to Pentagon). For the amplituhedron As 2 2, as in (10), we choose A to be:

—21 —Z9 —2z3 —Z4 ‘ 1
A= .
< Yoxa | 02><1>

We parameterize 7rjr1(Y) using local inhomogeneous coordinates A = (1, Ao, A3) € P2, Then:

dXa A d)s
W5,22 = —

I (A (am)t)

Note that each (AI")J' is a one-dimensional space in R3. In particular,
(AT = (V). 2V = 2V, —2Y{ " 4z YY), for i€ {1,2,3)
1 1
(AI4) = (07 Y24a 7Y14)7 (AIS) = (07 Y213 7Y11)'

Then, the normal vectors {Wli}ie[m of the affine hyperplanes are:

WIi = —(Zii/;—i_l - Zi+1Y;, —ZiyrlH_l + Zi+1Y1i), for i€ {1, 2,3}
wh _(Y247 _Y14)’ Wi = _(}/217 _Yll)'

For example, we have:

W12
det (W23> = 2120p23(Y) + 23p31(Y) + 2320p12(Y) = —(Y/(345) N (145)).

29



By choosing A = (1, A2, A\3) as inhomogeneous coordinates, the cones €, , are spanned by positive
linear combinations of {W ki Wk}, The rays form a configuration which is the same as the one in
Figure 1. The JK-residue computation is analogous to the one in Example 6.6. More specifically, if we
fix £ in the cones €o5, €45, €o3, we have:

JKews 00 = Z Rese,ws 2,2 = (Rese,; + Rese,, + Rese,, ) ws 2.9
¢3¢
This leads to the following representation of (A5 2.2):
— <YI_j1 n I_j2>2
I det ((Ai)L,(AIh)l,(AIJ‘z)L)

i#71,72

JKews 22 = Q(A25)+Q2(As5)+2(A23) = QAs22), QA;,5,)(Y)

where A, ;, are generalized triangles of As 2 2, defined in Lemma 3.3. Clearly, this corresponds to the tri-
angulation of As 5 o which is parity dual to the triangulation of the pentagon As 2 1 into {A134, A123, A145}.
All the other four triangulations of As 2 2 can be analogously obtained by choosing the reference vector
¢ in different chambers.

7 Fiber positive geometries

In this section, motivated by the discussions about polytopes and amplituhedra, we propose a generaliza-
tion of the fiber-based approach for studying triangulations and canonical forms of positive geometries.
With a more speculative tone, we introduce the general framework of fiber positive geometries.

7.1 General framework

Let (X, X ) and (Y,Y}) be two positive geometries such that dim(X) > dim(Y) and let 7 : X — Y and
T+ : X+ — Yy be projections such that the fibers (7~!(y), 7' (y)) are also positive geometries for all
y € Y;. Analogous to Definition 3.5, we define triangulations of Y, induced by the map 7 as follows:

Definition 7.1. A finite collection C = {S} of strata of X is a my-dissection of Yy if we have that:
o dim7(S) =dim(Y) for each S in C.
e The images w1 (S) and 7 (S’) of two distinct elements in the collection are disjoint.

o Um(S) =Yy, i.e. the union of the images of the elements in C is dense in Y.

A mi-dissection C = {S} of Y} is a my-triangulation of Y if my is injective on each S in C. In this
case, each S is called a m,-generalized triangle of Y, .

With a slight abuse of terminology, we may also call Ag := 7, (5) a my-generalized triangle and
{Ag} a my-triangulation. Then, as in Conjecture 3.1, we would like to have a compatibility between
triangulations and canonical forms of positive geometries, as follows:

Property 7.2. Let C = {S} be a 7 -triangulation of Y. Then its canonical form can be computed as:

Q(vy) = Y Qi (S)).

Sec
In particular, the sum does not depend on the 7 -triangulation C.

Let py be a standard (covariant) volume form on Y. The canonical form of Y, can be written as:
Q(Y3) =) py,
where we call Q(Y,) the canonical function of Y. Moreover, analogous to Definition 4.7, we define:

Definition 7.3. Let w be a form on X of degree dim(X) — dim(Y") such that:
QX,) = w AT (y).
Given y € Yy, we let we(y) be the volume form on the fiber 7=1(y) of Y by restricting w to the fiber:

Ww(y) = o‘)‘Tr—l(y)'
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As Theorem 4.8, we would like to relate w to the triangulations of the positive geometry, as follows:

Property 7.4. Let y € Y, and let w,(y) be the volume form on the fiber 7=1(y). Then:
(i) Every m,-generalized triangle S of Y, corresponds to a pole qs of w,(y), where gs = 7~ 1(y) N S.

(i) The residue” of w,(y) at the pole gs computes the canonical function of the generalized triangle
AS:
Q(As)(y) = Resgswr (y)-

In particular, given a 7w -triangulation C = {S} of Y4, its canonical form is given by:

QY )(y) = py - Z Resgswr (y)-
SecC

We envision that the above properties could provide useful tools to study Question 1.2 leading to the
notion of fiber positive geometry. Moreover, the algebraic-analytical counterpart of this problem would
be finding a suited residue procedure on the fiber volume form w, which computes the canonical form
Q(Y,) and reflects the combinatorics of 7 -triangulations (dissections) of Y7 .

7.2 Fiber polytopes and residues a la Jeffrey-Kirwan

We now study Question 1.2. In particular, we show how a generalization of the JK-residue procedure can
be used in the context of fiber polytopes. More precisely, let P C P™ be a convex polytope of dimension
m and let ©(P) be its canonical form. To compute Q(P), one can consider a (standard) triangulation
{A;} of P. Then Q(P) = > . Q(A;). As shown in §6, the above procedure can be also viewed as a
computation of the JK-residue of the fiber volume form of the projection of the standard simplex to P.
More generally, assume that P comes as a sufficiently general linear projection 7 : @ — P of a
polytope @ with dim(Q) = n > m. For simplicity, we assume that @ is simple in dimension m = dim(P),
i.e. each m-dimensional face of @ belongs to exactly n — m facets. Now, let {S;} be a collection of
m-dimensional faces of () which induces a 7, -regular subdivision of P. Therefore, we have that:

QP) = ZQ(W+(51‘))~

Moreover, the framework established in §2 guarantees that the above formula can be viewed as a com-
putation of residue a la Jeffrey-Kirwan of the fiber volume form. We describe this in more detail as
follows.

As before, we define the fiber volume form w,(y) to be a form on  C P™ such that:
Q) = w A7 ().

For y € P, we let wr(y) = w|r-1(y) and F(Q, P) the fiber fan of the projection 7, : Q@ — P, i.e. the
normal fan of the fiber polytope 3(Q, P). Then by [BS92] each maximal cone o of F(Q, P) corresponds
to the finest subdivision of P. First, note that the rays of F(Q, P) are numerated by facets of @, or by
rays of the dual fan Fg of Q. For any face S of @, we define its shadow &g to be the convex hall of the
rays of F(Q, P) which correspond to the rays of the normal cone og of S.

Following the notation above, we generalize Theorem 2.4 to general m-regular subdivisions of P.

Proposition 7.1. Let o be a mazimal cone of F(Q, P) and R,(P) the corresponding subdivision of P.
The collection of m-dimensional faces of Q which appear in R, (P) is given by

Co = {Si|dim(S;) =m and 0 C Sg,}.

Proof. The proof is similar to the proof of Theorem 2.4. For a point y € P, let Q, = QN7 '(y) and o,
be the maximal cone of the normal fan of (), which contains 0. We define a section s, of 7 as:

SU:P_>Q7 yHAUy?

where A, is the vertex of @, dual to o,. Since 7 is generic, each vertex A, of Q, comes as the
intersection of @, with some m-dimensional face S, of Q). Hence, o, = &g,. On the other hand, the
image s, (P) is a union of faces of ) which provides a subdivision C, of P, which completes the proof. [

“the residues have to be performed with suited signs, as explained in Remark 3.9.
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Proposition 7.1 shows that there is a residue procedure a la Jeffrey-Kirwan on w,(y) which computes
the canonical function of P. Indeed, we obtain the following generalization of Proposition 6.2.

Corollary 7.2. Using notation above, QUP)(y) = > g cc, Resqy, wr(y), where g5, = 7 l(y)NS;.

Proof. As in Theorem 4.8(ii), since C, provides a subdivision of P by Proposition 7.1, we have:

QUP)(y) - ppm = QP) = Y Q(S)) D" Ress, Q(Q)(y)

S;€Co S;€CH
= Z Resgs, wr(y) - ppm.
Si€Co
Hence, Q(P)(y) = > g, cc, Resys, wr(y), as desired. O

Corollary 7.2 is a generalization of the classical JK-residue; See (36). More precisely, for a maximal
cone o of F(Q, P) we sum up the residues of w,(y) which correspond to the shadows of normal cones of
faces of ) containing o. In the classical procedure, i.e. when @ is a simplex A, any collection of rays of
Fa corresponds to a face of A, hence the above formula is a generalization of the classical JK-residue.

7.3 Grassmann polytopes with linear fibers

Instead of the whole amplituhedron A, k ,,,, one can consider (the closure of) images w4 (Sar) of positroid
cells Sy in Gry (k,n) under the map 7, in Definition 3.3. Such images, interesting in their own, are
part of the broader class of Grassmann polytopes defined in [Lam14]. Grassmann polytopes are positive
geometries, and one could apply the framework above to study their fibers as proposed in Question 1.2.
Even though, Theorem 6.3 is formulated for the case of amplituhedra conjugate to polytopes, similar
to §7.2, one could extend it to the case of Grassmann polytopes with linear fibers inside amplituhedra.
These are Grassmann polytopes whose positive fibers are bounded by a configuration of hyperplanes; See
Example 7.5. In this case, one has to consider a la JK-residues, as described in §7.2.

Let Sy be a positroid cell of Gry(k,n) such that the fibers of the restriction map |g,, are linear
and the fiber fans of all points Y € w4 (Sys) are combinatorially equivalent. Then, the canonical function
of m4(Shr) at a vector ¢ in the secondary fan of m (Shr), would be obtained using a residue a la Jeffrey-
Kirwan as follows:

Qs (Sar)) = TKe (i (Snr)).

Here w(m(Snr)) is the volume form on the fiber 7r|§1\14 (Y). We give an example below.

Example 7.5 (Grassmann polytope inside Ag 2 2 with linear fibers). Consider the image 74 (S) of the
6-dimensional cell S inside Ag 22 that has the following vanishing Pliicker coordinates: pis,pis, Ps¢. The
volume form w(m4(S)) on the fiber 7r|§1\14 (Y) can be obtained by taking the residue of (20) around the
2-dimensional hypersurface determined by p15(A - A) = p1g(A - A) = psg(A - A) =0 as:

B N(Y,Z)d*
~ pra(A - A) pas(A - A) psa(A - A) pas (X - A) pag(A - A)”

where )\ are parameterized on the 2-dimensional surface, and N is a numerator factor not depending
on A. In particular, all factors in the denominator are linear and they correspond to a configuration of
hyperplanes {H;}c[5) in P2. The combinatorics of the corresponding fan does not vary by changing the
points Y € 7 (S), moreover, it coincides with the secondary fan. More precisely, there are 5 chambers
(and triangulations) and (g) = 10 cones (and generalized triangles). Moreover, JKew(m1(5)) = Q(74(S5)),
where £ is a fixed reference point in P2. For example, if we choose & in the chamber contained in the
cones 24,45,12, then JKew(my(S)) = (Resc,, + Resc,, + Rescy, ) w(mi(5)).

w(m-(S))

8 Conclusions and outlook

In this work, motivated by the works on fiber polytopes in combinatorics, and on positive geometries
in mathematical physics, we introduced a new way to study canonical forms on amplituhedra via the
fibers of the rational projection 7 : Gr(k, n) --» Gr(k, k+m) over points Y in the amplituhedron A, f .
We showed that the fibers of 7 enjoy some properties similar to positive geometries. In particular,
for each point Y € A, k.m, we associated a rational top-degree form w,, k., (Y) to the fiber 7=1(Y),
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that we call fiber volume form, with simple poles along a certain collection of divisors. We showed
that the value of the canonical function of A, 1, at Y can be computed as a summation of certain
residues of wy k.m(Y). Moreover, we gave a concrete birational parametrization of the fibers of 7 and
explicitly wrote the fiber volume form w,, i (Y) in this parametrization. As an application of our
approach, we studied amplituhedra conjugate to polytopes, i.e. A, ¢, with £ = n —m — 1, and m
even. Importantly, the linear structure of the fibers of 7 allows us to define a family of fan F(Y), for
Y € A, ¢.m. We defined a collection of natural functions on A, ¢, and conjectured their positivity; See
Conjecture 5.6 for more details. Using this conjecture we showed that F(Y") is combinatorially equivalent
to the secondary fan of cyclic polytope. In particular, the combinatorial structure of F(Y") is independent
of point Y € A, ¢ . We then showed that the fan F(Y') is the secondary fan of A, ¢, i.¢. it gathers
information about its (regular) subdivisions. This result generalizes the construction of the secondary
polytopes of Gelfand—Kapranov—Zelevinsky to amplituhedra which are not necessarily polytopes.

To support Conjecture 5.6, we have speculated that cluster algebras of the Grassmannian type could
play a role in proving positivity of functions on amplituhedra which are not manifestly positive. From
Scott’s seminal work [Sco06], we know that all cluster variables are positive if all the Pliicker coordinates
on the Grassmannian are positive, i.e. if we are restricted to the positive Grassmannian. Cluster vari-
ables, even if they might have complicated expressions, by definition, come indeed from subtraction-free
polynomials of Pliicker coordinates. It would be fascinating to further explore the connection between
the combinatorics of secondary fans of amplituhedra and cluster algebras. We also proved that the
Jeffrey-Kirwan residue provides the correct residue prescription on the fiber volume form to compute
the canonical function of amplituhedra with linear fibers, i.e. cyclic polytopes A, 1., and conjugate
to polytopes A, ¢.m. In particular, we showed that the collections of residues picked up by the Jeffrey-
Kirwan procedure correspond to the sets of positroid cells in Gry (k, n) which provide (regular positroidal)
triangulations of the amplituhedron.

Looking ahead, we envision that our framework can be generalized to arbitrary positive geometries
and could be applied in studying their triangulations and canonical forms. We hence suggest a fiber
positive geometry framework to find (regular) subdivisions of the positive geometries and compute their
canonical forms. As examples beyond amplituhedra, we have briefly presented the procedure to apply
the framework of fiber positive geometries to fiber polytopes and to Grassmann polytopes, in connections
to residues a la Jeffrey-Kirwan. A comprehensive exploration of these cases is left to future works.

Questions 1.1 and 1.2 are left open for general amplituhedra and fiber positive geometries. The hope to
find answers to these questions for amplituhedra was ignited by the work of the third author in [LPW20],
where it was conjectured that the m = 2 amplituhedron A, ;2 beautifully admits the positive tropical
Grassmannian Tropt Gr(k + 1,7n) as secondary fan with respect to (regular) positroidal subdivisions. In
particular, even though m = 2 amplituhedra are in general not polytopes (and not even their fibers w.r.t.
to the map 7), their fiber positive geometries are polytopes! The construction of these polytopes, dual
to the fan of Trop* Gr(k + 1,n), was explained in the original work [SW05]. How such fiber positive
geometries emerge from our fiber-based approach is an interesting direction worth pursuing, and might
shed light on possible generalizations beyond the m = 2 case. Additionally, to handle non-polytopal
fibers, it would be interesting to analyze possible connections with theories of convex bodies, as in [EK06].
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