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ABSTRACT. We study the maximum likelihood (ML) degree of linear concentration mod-
els in algebraic statistics. We relate it to an intersection problem on the variety of com-
plete quadrics. This allows us to provide an explicit, basic, albeit of high computational
complexity, formula for the ML-degree. The variety of complete quadrics is an exact
analog for symmetric matrices of the permutohedron variety for the diagonal matrices.

1. INTRODUCTION

In this article we study inversion of matrices by the geometry of C* actions on homo-
geneous varieties. Our main motivations come from algebraic statistics, precisely linear
concentration models, based on the multivariate Gaussian model. We present the main
question in two equivalent versions:

e Given a general subspace A of the space of symmetric matrices, what is the degree of the
variety obtained by inverting all matrices in A?
o What is the mazimum likelithood degree of a general linear concentration model?

The computation of the maximum likelihood degree for linear concentration model has
recently attracted a lot of attention, consult e.g. [32], B3] 39, BI]. Our main new input is
to relate this invariant to the variety of complete quadrics Q. This is a smooth resolution
of the graph of the rational map of inversion of symmetric matrices. The computation of
the ML-degree translates directly to an enumerative intersection problem on . We address
it in terms of equivariant K-theory and cohomology. Our results provide a basic formula
for the ML-degree. The study of the cohomology class of the graph of a rational map is
also an active area of research in different branches of mathematics [26], [10], [12, 7.1.3] with
results going back to Cremona. The study of the cohomological properties of the variety of
complete quadrics was addressed, among others, in [5].

We would like to point out that our approach is quite similar to modern developments
in the theory of matroids [I8, [T, 20]. Explicitly, a projective space P~ may be identified
with the projectivisation of the space of n x n diagonal matrices. The inversion map is
the well-known classical Cremona transformation and a linear subspace of P*"~! may be
identified with a representable matroid. In algebraic statistics this corresponds to the toric
model. In that case, a particular role is played by the permutohedral variety, which is a
smooth resolution of the graph of the Cremona map. In our setting we replace P*~! by
the projective space of symmetric matrices. Then the analog of the permutohedral variety
is played by Q. In that analogy uniform matroids and their beta invariants correspond to
general spaces of symmetric matrices and the ML-degree. We hope that further study of
the cohomology of @ will reveal more similarities.

The plan of the article is as follows. We study C* actions on smooth, convex, projective
varieties [15] 0.4], with a focus on Lagrangian Grassmannian. We realize the moduli spaces
we study as subvarieties of Kontsevich spaces. Using [I5, Theorem 2] we obtain smooth,
projective varieties. In types A,C and D this parallels the constructions of Thaddeus [36]
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of varieties of complete collineations, complete quadrics and complete skew forms. More
precisely, @ is a compactification of a space of orbits of an action of C* on LG which
gives rise to the Cremona transformation, The description of the K-theory we provide
through so-called moment or GKM graphs is very explicit and down-to-earth. Finally, we
obtain the formula for the ML-degree just in terms of basic arithmetic operations on rational
numbers. We implement our algorithms in Sage and Macaulay?2.

We hope that our article will be of interest both to algebraic geometers and algebraic
statisticians. The variety of complete quadrics has played an important role in many enu-
merative problems in pure algebraic geometry, cf. [24] and reference therein. However, to our
knowledge it seems not to have been applied in algebraic statistics so far. In this article we
focus on introducing these methods and the computational aspects related to M L-degree.
We plan to study in detail the cohomological properties of @ in forthcoming articles.

We work over complex numbers C. By IP we denote the naive projectivisation of a vector
space or of a vector bundle, i.e. P(V) = V'\ {0} /C*. In particular P(Ny,x) is the exceptional
divisor of the blow up of a smooth variety X along a smooth subvariety Y C X, where Ny, x
stands for the normal bundle of Y in X.
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2. MAXIMUM LIKELIHOOD ESTIMATE FOR (GAUSSIAN MODELS

In this section we recall basic notions from algebraic statistics, focusing on Gaussian
models. Our basic references are [32] and [33].

A multivariate Gaussian distribution, also called a normal distribution, on Vg := R" is
determined by the mean vector p € R™ and a positive semidefinite n x n matrix 3, known
as the covariance matriz. In the most familiar n = 1 case X is just a positive number, which
is the variance of the distribution. Equivalently, we may consider K = X~!, which is the
concentration matriz and is also positive definite.

Before we proceed, we would like to mention one of general aims in algebraic statistics.
Given some data, which is derived from an experiment, we would like to specify the param-
eters of the model, in our case the vector y and the matrix ¥ and/or K. For this to make
sense, we need to assume that the data we gather indeed follows the Gaussian model. In
our setting we will be more restrictive and assume that K belongs to a fixed linear subspace
A. Such models are called linear concentration models and were introduced by Anderson in

1970 [3]. In other words:

a
A= {Z}\iKi € SQRH}
i=1
for some real symmetric matrices K; and we assume that A intersects the cone PD,, of
positive definite matrices. We obtain the cone of concentration matrices Ky := AN PD,,.
The covariance matrices allowed by the model form a semialgebraic set KXl ={M~1:
M € Ku}. Both K, and KXl belong to spaces of m X m symmetric matrices. From
the algebraic perspective it is more natural to assume that KXl is in the dual space of the
ambient space of K. Indeed, an element of S?V has a natural interpretation as a linear map
V* — V, hence its inverse is in the space S2V* D KXI. In coordinates, the natural pairing
between the two spaces is given by the trace of the product. In particular, in the ambient
space of KXl it is natural to consider A-—the vector space of linear forms that vanish on
A. The projection 7 : S2V* — S2V* /AL of KXl from A to the space S?V*/AL ~ A* is a
convex (most often nonpolyhedral) cone Cy, known as the cone of sufficient statistics. The
following is a fundamental theorem in algebraic statistics.
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Theorem 2.1. The cones Kj and Cp are dual to each other. The inversion of matrices
followed by projection m with center AL is a homeomorphism of the two cones, which factors
through KXl.

We next explain the importance of this theorem in statistics.

Observations give us a sequence of vectors x1,...,xs € R™. Classically, to estimate the
mean gy € R™ we simply take the mean of the vectors x;. Each z; gives us a sample
covariance matrix (; — po)(w; — po)”, which is positive semidefinite. By taking their mean
we obtain the sample convariance matriz S, which is positive semidefinite. If S € le then
clearly we should take ¥ = S, however this may be not the case. Our aim is to find ¥ that
best explains’ our observations. To make this more precise, one maximizes the likelihood
of observing data. In our case, we want to find ¥ for which the product of values of the
associated distribution at the observed data points is highest possible. Such ¥ is called the
mazimum likelihood estimate and abbreviated MLE. The following beautiful result tells us
how to find MLE from 7(.5).

Theorem 2.2. For linear concentration model the MLE is the unique point ¥y € KXl such
that w(Xg) = 7(S).

While 7 provides the bijection between KXl and Cy, the algebraic structure of this map
is quite interesting. Let X be the variety that is the Zariski closure of KXl. General points
in X, are simply inverses of matrices in A. Now 7 may be regarded as a dominant map
X — S2V* /AL, As all varieties we study are cones it is more natural to consider X, as
a projective variety in P(S?V*) and 7 as a rational map. It is regular on X, if and only if
P(A+) N X = 0. We next define the basic algebraic measure how hard it is to compute the
inverse of .

Definition 2.3 (ML-degree). The mazimum likelihood degree of a model is the degree of
the dominant rational map 7 : X --» P(S2V*/AL).

In other words, the maximum likelihood degree counts the number of possible complex
symmetric matrices in (m)y, ) (7(S)) (which are extremal for the likelihood function) given
a random sample convariance matrix S. The MLE is one of those preimages.

Remark 2.4. One may replace the space of symmetric matrices S?V by the space of diagonal
matrices, which may be identified with V. In this case the class of possible varieties X is
exactly the class of toric varieties. These models are called log-linear or toric.

The MLE in this case is very interesting and has been studied a lot, with relations to
moment maps [I1], geometric modeling and linear precision [16], Horn parametrization [19].
Connections to matroid theory are particularly interesting. The cohomology ring of the
resolution of the graph of the inversion map, given by the permutoherdal variety, was the
fundamental object to study basic invariants of matroids [20]. The ML-degree and its analogs
turned out to be coefficients of associated chromatic polynomials, which lead to the proof
of Heron-Rota-Welsh Conjecture [18, [IJ.

One of our aims and motivations was to generalize the permutohedral approach to the
setting of linear concentration models. This leads us to the variety of complete quadrics,
which is the analog of the permutohedral variety. Indeed, we provide interpretations of
both spaces as moduli spaces. The inclusion of diagonal matrices in the space of symmetric
matrices leads to the inclusion of the permutohedral variety in the variety of complete
quadrics. The computation of ML-degree is then reduced to cohomology computation on
respective varieties.

In this article we will be interested in the case when A is a generic subspace of S2V. The
nongeneric cases are also very interesting leading to e.g. graphical Gaussian models. In our
case the ML-degree depends only on two numbers a = dim A and n. We denote it by ¢(a,n).

Remark 2.5. On the projective level the map given by inversion of the matrices is the gradient
of the determinant. If we restrict to diagonal maps it is the gradient of the elementary
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symmetric polynomial E,, = xi---x,. Both of those polynomials are hyperbolic. In
general, one may study gradients of hyperbolic polynomials. This approach was taken in
[26]. In particular, explicit formulas for the ML-degree in case of elementary symmetric
polynomials were given.

In case of F, , this is simply the 3 invariant of the uniform matroid of rank a, which is
(Z:f) Hence, the table of all ML-degrees is in this case simply the Pascal triangle. From
this perspective, ¢(a,n) form a symmetric noncommutative version of the Pascal triangle.

The following result, which was conjectured in [26, Conjecture 5.5], is a straightforward
corollary of a result of Teissier.

Corollary 2.6. Let A be a general vector subspace in a vector space V. Let f be a homo-
geneous polynomial on V. The closure of the image of P(A) by the (rational) gradient map
of f in P(V*) is disjoint from P(AL). In particular, ¢(a,n) equals:

(1) the degree of the rational map 7 : P(K ') --» P(A*);
(2) the degree of the variety KXI;
(3) the degree of the rational map wo (-)~1 : P(A) --» P(A¥),

(4) The coefficient of x“‘ly(n;l)_a in the polynomial representing the graph of the in-
version map of symmetric matrices as a cohomology class in P(S?V) x P(S2V*).

Above, we identify the projection m with its restriction to IP’(KXl).

Proof. Teissier’s theorem [34], [35, Chapter 5] says that (grad f)(P(A)) NP(AL) = () for
A general. Then the inverse image of a point by 7 is a general projective subspace that
contains P(A1) as a codimension one subspace. Such a subspace, over complex numbers,
must intersect P(le) in precisely the number of points equal to the degree of the variety
and is the degree of 7. As inversion of matrices is of degree one, point (3) follows. Point (4)
is a restatement of point (1). [ |

Formulas for ¢(a,n) are quite elusive. In the theorem below point (1) trivially follows
from Bézout theorem. Point (2) is an easy consequence of the classical fact that the degree
of the variety of symmetric matrices of rank at most n — 2 is (";1) Point three is the state
of the art theorem by Stiickrad [30] and Chardin, Eisenbud and Ulrich [§].

Theorem 2.7. In the situation described above the following holds:

(1) ¢(a’n) = (n - l)a fOT a = 1727

(2) ¢(3,n) = §(5n = 3)(n —1)(n - 2),

(3) ¢(4,n) = 5(Tn* —19n+ 6)(n — 1)(n — 2),

(4) ¢(a,n) forn <6 and any a are given in [32, Theorem 1].

Sturmfels and Uhler [32] p.611] suggest the following conjecture.
Conjecture 2.8. For fixed a the function ¢(a,n) is a polynomial in n of degree a.

The computations of ¢(a,n) are very challenging. By Corollary one could try to
compute the degree of K;l. However, this relies on obtaining the equations of Kgl, which
is a hard implicitization problem. A more effective approach is to intersect random linear
combinations of (n — 1) x (n — 1) minors. However, then one needs to saturate with respect
to the base locus, made of matrices of rank at most n — 2, which again is complicated.

In the next sections we present a formula for ¢(a,n) given just in terms of basic arithmetic
operations on rational numbers.

3. C* ACTIONS AND BIRATIONAL MAPS

3.A. Set-up and basic results. Let us begin this section by recalling definitions and
results regarding C* actions. Our set up is similar to that of [29] or [28]. For details we refer
to [29, Sect. 2] or [28] Sect. 2].
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Let X be a smooth projective variety over C with an effective C* algebraic action 9 :
C* x X — X; we will write (¢,2) — 0(t)(z) or just (¢,z) — t(x) if the action is known
from the context. By the source and the sink of the orbit of a point z € X we understand
lims—,0 t(x) and lim; o t(z), respectively. The names of source/sink will be also used in
reference to the points on a rational curve which is the closure of the orbit.

By Yj, j € J, we denote components of the fixed point locus of the action. The source
of the action on X is the component which is the source for an orbit of a general point,
similarly with the sink.

We choose an ample line bundle £ on X and a linearization p = p,s : C* x L — L.
We will write ps if we need to stress that p lifts the action § to £ and £ is known from
the context. The linearization u, assigns to each component Y; the weight on the fiber
L, over a point y € Y;. Thus we have a function pp : {Y; : j € J} — Z. That is, by
abuse of notation, p, denotes both the linearization and the function whose value on each
fixed point y is the weight p,(y) of pe @ £, — L, and also, for a connected fixed point
component Y, 1, (Y) denotes ps(y) for y € Y. The function p, assumes maximum at the
source and the minimum at the sink of the action. We note that if £ is very ample then p,
is the restriction to the fixed point locus of the moment map associated to an equivariant
emmbedding defined by the complete linear system of £. For more see [7, Sect. 2.1] and
references therein.

We will assume that the action is equalized which means that the weights of the action
of the normal bundle of every fixed point component are either +1 or —1. The following
lemma summarizes [29, Lemma 2.2] and [28] Cor. 2.15].

Lemma 3.1. Let C* x X — X be an equalized action on (X, L) as above.

(1) If C is the closure of a nontrivial orbit with source at yo and sink at yoo then C is
smooth and L - C = pi2(yo) — pe(Yoo)-

(2) If Cy,...,Ch are closures of orbits such that the sink of the C;_1 and the source of C;
are contained in the same fived point component and the source of C1 is in the source
of X and the sink of C,, is in the sink of X then the numerical equivalence class of the
cycle >, [C5] is equal to the class of a general orbit of the action.

Finally, we recall that if the sink and source are of codimension one then assigning to the
source of a general orbit its sink determines a birational morphism of the sink and source of
the C* action. If the action is equalized then blowing up arbitrary sink/source (which may
be just a point) yields a birational transformation of the resulting exceptional divisors; for
this and more see [28] Sect. 3]. In particular we have the following corollary to 3.4 and 3.10
in [28].

Corollary 3.2. Let C* x X — X be an equalized action with Yy and Yo, denoting its source
and sink. Then assigning to a general point x € X the tangents to its orbit t — t(x) at Yy
and at Yo defines a birational map ® : P(Ny,;x) --» P(Ny_/x)-

3.B. A special C* action on a Lagrangian Grassmanian. Let V be a C vector space
of dimension n and basis e, ..., e,. By fi1,..., fn we denote the dual basis of the dual space
V*. The space V @ V* is equipped with a symplectic form w = )", ej A f. We may think
about w in terms of the duality w : Ve V* —» (V@ V*)* = V@ V* such that w(f;) = e; and
w(e;) = —fi. A subspace U C V @ V* of dimension n is called Lagrangian if the restriction
of the form w to U is trivial, that is U is a maximal isotropic subspace with respect to w.
We note the following known property of the form w: if 7y : V@ V* — V is the projection
and U is Lagrangian then

mv(U)={veV :YueUNV* ulv) =0}
A similar observation holds for projection 7y «.
The group SL(V) acts on V' by the standard representation and on V* by dual repre-

sentation. Then the resulting action on V @ V* preserves the form w. The Cartan torus in
SL(V) whose action in the basis ey, ..., e, is diagonal will be denoted by T.
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We consider the diagonal action C* x V' 3 (¢,v) +— t-v € V of weight 1 and its dual
C* x V* — V* of weight —1; the resulting action § : C* x V@ V* - V @ V* preserves the
form w. We note that 6(—1) is just multiplication by —1 on V @ V*.

The diagonal action ¢ of C* commutes with the action of SL(V) described above. In
fact, we have a homomorphism with finite kernel SL(V) x C* — GL(V) — Sp(V & V*)
into the group of symplectic transformations of V & V* which we will denote by Sp(n). The
homomorphism maps the product of the diagonal torus of SL(V) and C* to the big Cartan
torus of Sp(n).

The representation theory of Sp(n) = Sp(V @ V*) can be described by the root system
of type C,, with the Dynkin diagram

1 2 3 n—2 n—1 n

O—O0——O0....0—Cc==0 (,
We use notation of Bourbaki [6, Planche III] which is consistent with [37]. In particular we
take g;, 1 = 1,...,n as the orthonormal base of the space of characters of the Cartan torus
of Sp(n). The roots are £2¢; and *¢; £ ¢;, with simple roots o; =&, —¢g,41,1=1,...,n—1,
an = 2&,. The fundamental weights w; = 1 + - -+ + &; are generators of Weyl chamber.
We recall that the Weyl group is the semidirect product S,, x (—1)", where the group S,
permutes ¢;’s and (—1)™ changes their sign.

The embedding SL(V) — Sp(V @& V*) is associated to the projection of the space of
characters of the Cartan torus of Sp(V @ V*) onto the space spanned by the first n — 1
elements of the root base aq,...,q,_1.

The fundamental weight @y = €7 is associated to the standard representation of Sp(n) on
V@ V* with weights +¢; and —¢; associated to vectors, respectively, e; and f;. In particular,
the action § of C* described above is associated to projection of the space of characters
> aze; — Y a; with the kernel generated by the first n — 1 simple roots aq,...,q,—1

On the other hand the fundamental weight @,, = >.| &; is an irreducible representation
W = W, contained in A" (V & V*). The closed orbit of Sp(n) in the naive projectivization
P(W,,) is the Lagrangian Grassmannian LG = LG, (we use the subscript if we need to
indicate the dimension of V' and skip it otherwise) parametrizing linear Lagrangian subspaces
inVoV*

For I = {i; < -+ < 4.} C {1,...,n} by e; we denote the respective wedge product
ei, A+ Ae; ; asimilar notation will be used for f7, J C {1,...,n}. The vector e; A f; €
N"(V @ V*) is isotropic with respect to the form w if and only if J is the complement
of I, that is J = I’. Thus the point [e; A fr/] € P(W) is in LG and, in fact, all fixed
points of the action of the Cartan torus of Sp(n) on LG are of this type. The weights
associated to these points are in the Weyl group orbit of the dominant weight @,, and they
are ) . ;€ — Zjel, ;. In fact, in terms of the action of the Weyl group the fundamental
weight @,, has isotropy S,, < S,, X (—1)" hence its orbit in the space of characters depends
only on the change of signs of ;’s. We note that the convex hull of the weights associated
to the fixed points is a hypercube.

The weights of the action of the Cartan torus on the tangent space to LG at the Borel
fixed point [e; A -+ A e,] associated to the fundamental weight @, are roots which have
negative intersection with @,. They are —2¢;, 7 =1,...,nand —¢; —¢;, 1 <i < j < n.
Thus, in particular, dim LG = (”;1) Again, in order to write down the weights of the
action on the tangent space at the point [e; A f/] one has to change signs of ¢;’s accordingly:
if ¢ € I then the sign is negative if ¢ € I’ then the sign is positive.

Ezample 3.3. Let us consider the case n = 2. On the naive projectivisation P(A*(V & V*))
we introduce Pliicker coordinates z;; associated to the ordered basis {e1, ea, f1, fo} of VEV™,
so that a general vector in A*(V & V*) is

TigrerANex+xi3 1A fi+Tua-er Afatxaz-eaAfi+xos-e2 A fot+T34- fi A fa.
The Grassmannian of planes in V @& V* is the Plicker quadric

T12 T34 — T13 " To4 + T14 - T23 =0
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while the wedge intersection with the form w adds a linear equation x13 + 224 = 0 which
defines a linear subspace W C V @ V*. Therefore, if we set y = x13 = —x24 then P(W) has
linear coordinates 12, 14, T23, T34, y on which the Cartan torus of Sp(2) acts with respective
weights
—€1 — €9, —€1+ 62, +€1 — €9, €1+ €9, 0
(note the change of signs which follows from the fact that we pass to the dual representation).
In P(W) the Lagrangian Grassmanian LG is defined by the equation
T12 T34+ T1a -T2 +y° =0

and we are in the situation of [7, Ex. 2.20]. The point [e; A e3] € LG2 C P(W) is contained
in two lines 14 = x34 = y = 0 and x93 = x34 = y = 0. Both lines are orbits of the Cartan
torus action with limits at [e; A es] and [ea A fi], [e1 A f2], respectively. The weights of the
torus action at the tangent space to LGz at [e; A es] along these lines are —2¢9 and —2¢1,
respectively. Also the conic 214 = x93 = 12 - T34 + y> = 0 is the closure of an orbit of the

Cartan torus with limits at [e3 A e2] and [f1 A fo]. The weight of the torus action on the
tangent to this conic at the point [e; A eg] is —&1 — £a.

In the general set-up, for arbitrary n, as we noted above, the action §(—1) is multiplication
by (—1) in V& V* and therefore (—1) acts trivially on the projectivisation P(WW') hence the
action descends to the quotient C* — C*/(—1) = C*. We will call the resulting action on
P(W) by 5. We note that in terms of characters the projection C* — C*/{—1) is associated
to multiplication Z — 2 - Z < Z.

By £ we denote the restriction of the bundle O(1) on P(W) to LG, sections of O(1) are
linear forms on W. The action § yields t - ey A fir = =1l and therefore the standard
linearization of § on the fiber of O(—1) over [e; A fr/] has weight |I| — |I'|, see e.g. [29]
Ex. 2.7]. Thus we can choose the linearization . of the action & such that

pc(ler Ner]) = (n— |+ |I'])/2
We summarize our discussion in the following.

Lemma 3.4. The action 6 on (LG, L) commutes with the action of SL(V) and has the

following properties:

(1) the source of § is at yo = [fi A A fo] and sink at Yoo = [e1 A -+ A€y

(2) the fized point set of 5 decomposes into n + 1 components Y; = Grass(n —,V) =
Grass(i,V*), fori=0,...,n; with us(Y:) =4; Yo = {yoo }, Yo = {¥0};

(3) the action S is equalized.

Proof. The first statement is obvious, see e.g. [29, Ex. 2.7]. For the second statement
we note that the SL(V) orbit of the point [e; A fr/] is a Grassmannian Grass(|I|,V) =
Grass(|I'|,V*). Since all fixed points of the action of the big torus in SL(V) on LG are
of type [e; A fr/] and the action of SL(V) commutes with & we conclude that these are all
fixed point components. For the last claim we note that the weights of the action on the
tangent space of any Cartan torus fixed point are of the form +2¢; or +e; = ¢;, with ¢ # j,
with signs depending on the type of the fixed point. Thus the weights of the action $ can
be either £1 or 0. ]

By looking at the weights of the action at fixed points, as in the proof above, we conclude
the following.

Corollary 3.5. Let C C LG C P(W) be the closure of a nontrivial orbit of the action 5
with limits at Y, and Y. Assume that C is invariant with respect to the action of the Cartan
torus in SL(V'). Then either C is a line and |r —s| =1 or C is a conic and |r — s| = 2. In
particular, if [er, AN f1], ler, AN fry] € C are the limit points of the orbit then [I, = 13| = deg C'.
Conversely: If Iy, Iy C {1,...,n} are such that either |I; = I3| = 1 or |I; = Is] = 2 and
|I1| # |I2| then there exists a unique line or a conic, respectively, in LG which is a closure
of an orbit of the action 5 which contains er, N fr; and er, A fr.
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Proof. The sink and the source of the orbit whose closure is C' is a point of type e; A f- with
suitable choice of the set of indices I. Let ey A fi/ be the source of the orbit. The weights of
the action of the Cartan torus on the tangent space to LG at e; A f;r are some of the roots
and they determine unique einvectors: each of these eigenvectors is tangent to the unique
1-dimensional orbit of the torus whose closure is either a line or a conic with respect to L.
Thus the orbit in question is one of them and the first claim follows by [3:1] The second
statement can be proved similarly: in fact a more general version of this statement is [ |

In Section [4] we will provide one more approach to classification of orbits of the § action.
In view of [3.2] we get the following.

Lemma 3.6. There exists a natural identification of the tangent space at yy and yso to the
space of n x n symmetric matrices so that the birational map ® : P(Ty,) --+» P(T),.. ) defined
by the action 8 is the Cremona transformation associated to inversion of symmetric matrices
or, equivalently, of symmetric tensors P(S2V) --» P(S?V*).

Proof. The arguments are standard, we recall them for convenience of the reader. We can
write a vector w € V @ V* in our base as w = Zz a;e; + b; f; and therefore any n-linear
subspace U in V ® V™ spanned by vectors w;, j = 1,...,n, can be presented as n X 2n matrix
[A | B] of rank n with A = [a;;], B = [bj;] square matrices such that w; = >, ajie; + bj; fi.
Changing basis in U is equivalent to left multiplication by elements of GL(U) and therefore
if both A and B are invertible then, as points in the Grassmannian, we have equivalence

[A|B] ~ [B-A|1] ~ [I| A7 B]
where [ is the identity matrix.

In these coordinates the action 6 is as follows §(¢)[A | B] =[t- A | t=! - B] hence we can
write

S| A B =[I|t " A" B] and 6(t)[B-L-A|I|=[t-B~ " Al

Thus the tangent to the orbit of [A | B] at the sink yo, = [I | 0] can be identified with
A~!. B while the tangent at the source yo = [0 | I] is B~! - A. Therefore the rational
map ® : P(T,,) --» P(T,.) is inversion of matrices. As the tangent to Grassmannian
Grass(n,V @ V*) at yo = [V*] is identified with Hom(V*, (V@ V*)/V*) 2V @ V and a
similar statement is true for yo, we get the map ® : P(V @ V) --» P(V* @ V*).

Hence, it remains to show that if U is presented by [I | M], where M is n X n matrix
and U is Lagrangian, i.e. isotropic with respect to w, then M is symmetric. However, by the
presentation of w introduced at the beginning of this subsection U is isotropic if and only if

0=[I|M-[M|-I" = MT-M
hence the claim follows. [ |

3.C. Complete Quadrics. We will call a smooth projective variety X convez if it is covered
by rational curves and for every morphism f : P' — X one has H'(P', f*(TX)) = 0, see [15,
0.4]. The main example of convex varieties are rational homogeneous spaces G/P where G
is semi-simple algebraic group and P is its parabolic subgroup. In what follows we will fix
an ample line bundle £ on X.

Let us recall that Kontsevich moduli space ﬂg,n(X , B) parametrizes equivalence classes of
stable maps of genus g quasi-stable curves C' with n marked points to an algebraic variety X,
so that the pushforward of the fundamental class of C is equal to a fixed class 8 € Ha (X, Z).
We refer to [15, Section 1.1] for the proper definition of this moduli. In general, the moduli
space M, (X, B) can carry any possible singularity, but in the case when g = 0 and X is
convex, Kontsevich moduli space is much nicer. Namely, we have the following result from
[15, Thm. 2].

Theorem 3.7. Let X be convexr manifold, then

(1) Kontsevich moduli space Mo (X, B) is a smooth projective orbifold;
(2) points of Mo (X, B) which represent stable maps without automorphisms are smooth.
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The main result of this subsection is the following consequence of the above theorem.

Theorem 3.8. Let X be a convex smooth projective variety with an effective and equalized
C* action a : C* x X — X. By Yy and Y, we denote the source and the sink of the
action and by B € Ha(X,Z) we denote the class of the closure of a general orbit of .
Then there exists a smooth projective variety, the moduli space M, which is a closed subset
of Mo.o(X,B) and which contains an open part parametrizing C* orbits in X which have
source at Yy and sink at Yoo. The moduli space M, comes with two natural morphisms
o+ Mo — P(Ny, x) and To @ Mo — P(Ny_/x), which resolve the birational map
®q 1 P(Ny,/x) -—+ P(Ny,_ /x) which is associatd to o, as defined z'n. In other words, the
following diagram is commutative:

Ma
/ ) \
P(Ny,/x) ----=---=%-mmm-3 » P(Ny,/x),

and Ty, Tso GTE 1SOMOTphisms away from the indeterminacy locus of @ .

It is worthwile to note that, in fact, the variety M, maps to the Chow quotient for
the action a which admits birational morphisms to GIT quotients for this action including
P(Ny,,x) and and P(Ny_,x), see [23]. The above theorem assures its smoothness.

We will realize the moduli space M, as a component of the locus of fixed points of a C*
action on the Kontsevich moduli space of stable maps to X coming from «. Namely, the C*
action a on X lifts up to a left action on the space of stable maps to X. If f : C — X is
a stable map then (t- f)(p) =¢- (f(p)), for p € C. In particular we have the action on the
component WO,O(X, B)

a:C* x Moo(X,8) — Moo(X, B)

Let f: C' — X be a stable map to X, and let C,...,C, be irreducible components of
C'. Suppose that the class of the map f in Mo,o is fixed by the action of a. Then the image
of every C} is either contained in the fixed point locus of « or its image is the closure of a
C* orbit in X. In particular, a parametrization of the closure a general orbit of « is a fixed
point of the action a.

Theorem [3.8 and Lemmata [3.4] and [3.6] allow us to make the following definition, which,
together with Corollary [3.10] are crutial to our paper.

Definition 3.9. Let 8 € H?(LG,Z) be the class of the closure of a generic C* orbit. We
define the space Q to be the connected component of the C* fixed locus of the Kontsevich
moduli space Mg o(LG, §) which contains a generic orbit.

Although, the above definition of the variety of complete quadrics might sound very
abstract, in Remark we give a very concrete description of points of Q.

Corollary 3.10. The variety Q is a smooth projective variety, which contains an open part
parametrizing general C* orbits in LG. It comes with two natural morphisms my : Q —
P(S?V) and 7o : Q — P(S2V*) which resolve the inversion map ® : P(S?V) --» P(S?V*).
Moreover, Q admits an SL(V) action which makes the above morphisms SL(V) equivariant.

We note that examples of varieties X with a C* action as in Theorem [3.§ include
Grass(n,2n) and orthogonal Grassmanian OG(n,2n). Hence one has a smooth compactifi-
cation of space of C* orbits of an equivalent of the action § in these cases as well; applications
of this observation will be used in forthcoming papers.

The rest of this subsection will be devoted to the proof of Theorem |3.8

We fix an ample line bundle £ on X and its linearization yz. By Lemma[3.1] the product
of 8 with the first Chern class of £ is pz(Yo) — e (Yoo)-
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Lemma 3.11. Let M, C m070(X,ﬂ) be an irreducible component of the fized point locus
of a which contains a parametrization of a general orbit of a. Suppose that f :C — X is a
map in M with C;, i =1,...,r, irreducible components of C. Then the following holds:

(1) f(C)NYo # 0 # f(C)N Y,

(2) fori=1,...,r the morphism fic, : C; — X is a parametrization of the closure of an
orbit of «,

(8) after possibly renumbering C;’s we have f(C1) NYy # 0, f(Cr) NYs # 0 and for
i =1,...,7r — 1 the intersection f(C;) N f(Ciy1) consists of one point contained in a

fized point component Y; of the action a,
(4) the linearization function satisfies the following inequalities

pe(Yo) < pe(Y1) <. <pe(Yr) < pe(Yoo)-

Proof. First, let us note that the evaluation map for M, C Mo o(X, ) dominates X and
over a general point of X we have the map f € M, which parametrizes the closure of
a general orbit hence its image meets both Yy and Y,,. Thus the first statement is true
for a general f € M, hence for every f € M,. The remaining three points follow from
Lemma [3.1] Indeed, we write C = C’UC”, where f maps components of ' = C{U---UC],
to orbits and components of C” to fixed point components of a. The linearization p,
yields a moment function of f*£ on C with maximum at p.(Yy) and minimum at pz(Yeo)
and every C! mapped to an interval bounded by the value of pus on the source/sink of
the respective orbit. Thus, because of continuity of the moment map , in view of
> deger f*L = pe(Yo) — pe(Yoo) and since the class of f(C) is § we conclude that this is
in fact equality and components of C” are mapped to points. Therefore the components C;
satisfy conditions postulated for C;’s above. Finally, since f is stable it cannot map a tree
of (unmarked) rational curves to a point hence there are no components in C”. |

Now it remains to prove that M, defined in Lemma [3.11] satisfies properties postulated
in Theorem B8

Proof. First we note that maps in M, admit no automorphisms and therefore by
Mo o(X, ) is smooth along M,. Therefore, by [22], M, is smooth as fixed point com-
ponent of the C* action on the smooth locus. Finally, the maps 7y and 7, are defined by
tangents to curves f(C') at points of their intersection with Yy and Y. [ |

Remark 3.12. The core of the above proof of Theorem is the following more general
observation: Suppose X is a convex manifold with an equalized action o : C* x X — X and
let f: P! — C C X be a parametrization of the closure of an orbit with source in Y¥; and
sink in Y5, any two fixed components of the action a. Then the fixed point component of
the action @ on My o(X, [C]) which contains the class of f is smooth.

Remark 3.13. The points of @) are in one to one correspondence with chains of C* orbits
C4,...,C, C LG such that

e the source of C] is the source of LG, the sink of C,. is the sink of LG;
e the source of C; is the sink of C;_1 for i =2,...r.

4. GEOMETRY OF COMPLETE QUADRICS

4.A. Equivariant K-theory. In this subsection we give a very brief overview of the results
on equivariant K-theory we are going to use later. We will use the push forward formula
from Theorem to provide an algorithm for computing the ML degree in Subsection [£.C]
For a more detailed introduction to the topic we refer to [I4} [9] [13].

Let X be a smooth complete algebraic variety of dimension m with an effective action of
an algebraic torus T ~ (C*)". Recall that the equivariant K-theory of a point with trivial
T action is the representation ring T. That is, K2(pt) = Z[M(T)] ~ Z[t1,...,t.], where
M(T) = Hom(T,C*) is the group of characters of T. Assume now that the action of T on
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X has only finitely many fixed points. For any fixed point p € XT there is the restriction
map:

ir K(X) = K2(p).
The first result we will need is the Localization theorem which states that any element in
K9(X) is determined by its images in K3(p) for p € XT.
Theorem 4.1 ([38] Theorem 2.1). Let X be a smooth, projective algebraic variety with
a T action such that X" is finite. Then the map @iy : K2(X) — @,cxr K2(p) =~
@D, cxr Zt1, ..., tr] is an injection of rings.

Theorem states that in the situation as above any class in equivariant K-theory of X
can be uniquely represented by a collection of Laurent polynomials with integer coefficients
(one for each of the fixed points of T).

The second general statement we will need is the formula for the intersection index of
classes in K-theory. This is done by the push forward formula. For a fixed point p € XT
there is a decomposition of the cotangent space at p into irreducible representations of T:

;X = @(CXW_
=1

We will call the collection of characters Xy, ; the compass of the action of T at p.
Theorem 4.2 ([9] Theorem 5.11.7). Let X, T be as before and let also f : X — pt be the
trivial map to the point pt with the trivial T action. Finally, let F € K(X) be a class

represented by collection of Laurent polynomials g, with p € XT. Then the pushforward
[+(F) € K{(pt) can be computed as

(4.A.1) LF)=Y ( Ip

pEXT 1=Xpa)...(1- Xp,m>.

In particular, the rational function on the right hand side of the equation s a Laurent
polynomial.

4.B. K-theory of complete quadrics. In this subsection we use results of the previous
subsection to understand equivariant K-theory of Q with respect to the action of the Car-
tan torus T = (C*)"~! C SL(V) acting on Q. We note that because of symmetries it is
convenient to use the torus in SL(V) whose action on LG and @ is not faithfull (i.e. has
nontrivial kernel). Thus, eventually, we will divide the acting torus by its finite subgroup
acting trivially. Our aim is achieved in two main steps: describing the T invariant points in
Q (Proposition and describing the T invariant rational curves in @, together with the
characters with which T acts on them (Proposition [4.9).

We begin by discussing low-dimensional cases. As in the case of LG = LG,, we write Q,,
if we need to indicate the dimension of V. We use notation of Section [3.Bl

Example 4.3. The Lagrangian Grassmannian for n = 2, the 3-dimensional quadric, was
presented in Example We use notation from that example. The Cartan torus in SL(V)
is just C* which acts on ey, es with weights 1, —1, respectively, hence its action on coordinates
of W has weight 0 on x12, %34,y while on x14 and x93 it has weight —2 and 2, respectively.
Consider the projection

W — W/ (C-(e1 Ae2) + C-(f1 A f2))

with the quotient having coordinates (214,y, 223). The projection is equivariant for both
the action & which descends to the trivial action on the quotient and for the action of
C* ¢ PGL(V) which descend to the action which in the above coordinates has weights
(1,0,—1). Thus conics passing through e; A ez and fi A fo which are cut from LGs by
planes in P(W) are closures of orbits of 8. Thus for n = 2 we have Q = P2 with a C* action
of weights (—1,0,1) with source and sink at 14 = y = 0 and z23 = y = 0 representing
reducible conics and an inner fixed point x14 = x23 = 0 representing an irreducible conic,
cf. Figure
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Ezample 4.4. The case of a special C* action on the Lagrangian Grassmanian LG3 was
considered in [28 Sect. 6] where its associated birational transformation ® : P(S?V) --»
P(S%2V*) was indentified as the classical quadro-quadric Cremna transformation of P° with
the indeterminacy center at the second Veronese P? — P? which can be resolved by a single
blow-up of this center. By the discussion in the proof of [28, Prop. 6.4] it follows that the
blow up dominating both sides of the Cremona transformation is the variety of complete
quadrics Q4 in this case with my and 7+, the blow-down morphisms.

If H; and E; are the pullback of the hyperplane section divisor in each of the P° and
the exceptional divisor, respectively. Then Hy = 2H; — F4y and Hy = 2H5 — Fs hence
L = H, + Hy = 3H; — E; is ample. As the action of SL(3) on P?’s are standard or its dual
we can describe the values of the function p, on the fixed points of the action of the Cartan
torus T C SL(V) on Q5.

The diagram below presents images of fixed points of this action as e in the lattice of
characters of T; by o we denote roots and some weights. The two big triangles are associated
to the action of T on P%’s. The arrows at one of the vertices o of a big triangle represent
weights of the conormal of P? C P? at one of its fixed points which yield the fixed points of
the blow-up. The arrows at two of the fixed points e present their compasses in Q5.

o6 - Wy

o6 - Wy

o
The reader is advised to compare this graph with Figure [2] which presents T fixed points
and its 1-dimensional orbits in ()5 described in terms of T invariant flags on V' which we
introduce below.

We start by proving preliminary lemmas that allow us to better understand the C* action
6 on LG.

Lemma 4.5. Let U C V@®V™ be a Lagranian subspace in V®V™ such that dimmy (U) = my
and dim wy«(U) = ma, where my and wy« denote the respective projections. If [U] € LG =
LG, is a point representing U then the source of the orbit of [U] with respect to the action
§ is [y (U)] € Yo, = Grass(ma,V*) and the sink is [y (U)] € Yn_m, = Grass(my, V).

Proof. As in the proof of Lemma [3.6] we represent U as an n x 2n matrix [A | B], where the
rows of A spann 7y (U) and the rows of B spann 7y« (U), and we apply the same arguments.
We note that the linearization of & which we use to index the components of the fixed point
set is related to the standard linearization of ¢ by the formula pz = (us 4 n)/2. [ |
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As observed at the beginning of Section my«(U) C V* is orthogonal in the sense of
natural pairing to U NV C V. Therefore the orbit of a Lagrangian subspace U determines
aflagUNV C oy (U) in V of by its dual in V*. This observation can be inverted.

Lemma 4.6. Let us consider a flag F = (V4 C V3) in V) with 0 < ny = dimV; < ng =
dimVy < n. Set m = ny — ny. Then there exists a natural C* equivariant closed embedding
nr : LGy, — LG, such that the restriction of the action 5 on LG, is the respective action
on LGy, and the image of the source in LG, is the class [V1] € Y,—, = Grass(ny, V') while
the image of the sink is [Va] € Yy—n, = Grass(na, V).

Proof. We take eq,...e, a basis of V such that eq,...,e,, is a basis of V; and ey,...e,,
is a basis of V5. Consider the quotient @ = V2/Vy, with basis é,,41,...,€n,, with &
denoting the class of e; in V2/Vi, and its dual Q* C V5, the kernel of V5" — Vi*, with basis
Jriatsees fn,. Let Wy, € A™(Q @ Q) be the linear subspace with basis &7 A f1/, where
I’ is complement of I in the set n; + 1,...,m2, as in Section We define a linear map
nF: Wo — W, C A" (V @ V*) by setting

77]:(5] AN f[/) =ef A ff,

where I = {1,...,n1} UL

Recall that the action 6 on W, takes weight |I| — |I'| = 2|I| — na + ny at the vector
er A fr and 6 on W, takes weight 2|I| 4+ 2n; —n on e A f7. These weights differ by the
constant ny + na —n hence the induced embedding nr : P(W,,) — P(W,,) is C* equivariant.
Moreover 77 maps the source of the action at P(W,,) to [V1] € LG, and similarly the sink
to [Vo] € LG,,. Now, to claim the embedding of LG,, in LG, it remains to note that the
orbits whose tangents generate the tangent of LG, at the sink or source are mapped to
orbits contained in LG,; this follows from Corollary ]

In what follows T fixed points on Q will be presented as flags of T invariant subspaces in
V or in V*. The key is the following observation.

Proposition 4.7. Let f € Q be a stable map f : C — LG. Then intersection of f(C) with

the fixed point locus of § determines a partial flag in V
o=VocVic---CcV,_1CV,=V

with dim V; = a; and [V;] = f(C)N Yo, = f(C) N Grass(a;, V).

Moreover, if the stable map f is T invariant then a;11 — a; < 2 and there ezists an
ascending chain of subsets
@:I()C11 Cc---Cl_q CIT:{I,...,TL}: [n]

such that V; = (e; = i € I;), or equivalently, f(C)NY,, = [er A frr]. Conversely, given any
ascending chain of subsets I; C [n], i = 0,...7, such that 0 < |[;11 — I;| < 2 there exists a
T invariant f € Q such that

—_T .
f(C)ﬂQ = {[eh /\fllf] :’L:07-~-aT}
Proof. The first part follows by Lemma while the second statement follows by [ |
From now on, we will present a T fixed point p € Q as a flag in V or its dual in V* or an
ascending sequence of subsets in [n] such that the cardinality of any two consequtive subsets

differs by 2 at most.
We have the following easy consequence of Proposition

Corollary 4 8. If (n) i the cardinality of the torus invariant points Q then we have:
#x(n)=n-xn-1) (g) »(n —2). The explicit formula is given by:

se(n) = nl((1+V3)" = (1= V3)") /(2" "1V3)
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The sequence »(n) is the Euler characteristic of the variety of complete quadrics X. It
appears in many different contexts, cf. [21].

Our next aim is to describe weights of the action of T C SL(V') on the tangents to fixed
point of its action on @Q. For this we will described one dimensional T-orbits in . Roughly
speaking, just as T fixed points corresponded to (reducible) curves in LG, one dimensional
T-orbits in @ will determine T-invariant surfaces in LG. Recall that T acts on e; € V with
weight ;. We note that in our convention Y e; = 0, as we have chosen T C SL(V).

Proposition 4.9. Letp € @T be a point determined by the flag
0=VeWVigc - Ve CVep =V~

where V; = (f; : j € I;) for ascending chain of subsets I, C [n]. Then the action of T on the
tangent space T,Q has all characters distinct and they fall into one of the following types:

(1) €; —€; if there exists s such that i € Iy and j & I,

(2) 2e; — 2¢; if there exists s such that Isy1 = Is U{i}, Ispo = Io41 U{j},

(8) € —e; and € — ¢; if there exists s such that Iy \ I, = {i,j},

(4) 2ex, — ;i — €, if there exists s such that Io4q1 \ Is = {k} and Isyo \ Is41 = {i,7},
(5) €i+€; — 2¢ey, if there exists s such that Ioyo \ Is1 = {k} and Is 41 \ I, = {i,j},
(6) ey +ejr—e;—ej if there exists s such that sy o\ Is41 = {i,j} and I; 41\ I = {7, j'}.

n+1

5 ) — 1 distinct characters, which is the dimension of Q.

In total we have (
Proof. We start by proving the last claim on the number of distinct characters by induction
on n. For n = 2 this is a direct check, see Example For n > 2, without loss of generality
we may assume that the ascending chain of subsets I; representing p starts with the following
terms; in brackets we describe the first two components (counting from the source fi,)) of
the reducible curve represented by p.

) I = {1}, I, = {1,2}, (lines + line);

) 11 = {1,2}, I, = {1,2,3} (conic + line);

) I = {1}, I, = {1, 2,3} (line + conic);

) I ={1,2}, I, ={1,2,3,4}, when n > 3 (conic + conic).

(
(
(
(

As the cases are similar we just present the proof for case (B). By inductive step for n — 2
we have (";") — 1 characters that do not involve ;. Additionally we obtain the following
contributions: 2(n—2) from case (1) of[1.9] 2 from case (3) and 1 from case (5). All together
we have (") = 1+2(n—2)+2+1= ("}') — 1 characters.

We have to show that each of the given characters indeed appears as a weight of a tangent
vector to @ at p. Our construction will be explicit: we give one dimensional T-orbits in @,
which closure contains p and we show that T acts on a given orbit with a character predicted
in (1)-(6). As we know that @ is smooth by Corollary this is enough to completely
characterize the T action on the tangent space Tp@.

The orbits that appear are of two types. One type corresponding to point (1) is quite
similar to one dimensional torus orbits in flag varieties. These orbits do not have to be
induced from the case of smaller n.

Consider p,4,j as in point (1) and without loss of generality assume ¢ = 2 and j = 1.
For X\ € C define the automorphism of V' by Aj(e1) = e1 — Aex and Ay(e;) = e; otherwise.
We naturally consider Ay as an automorphism of V' & V*. By abuse of notation, Ay is also
an automorphism of LG and Q. We have Ay = Id. We may also interpret p as a reducible
curve in LG. In particular, for any A the curve Ay(p) C LG is invariant with respect to the
C* action and represents a point in Q. Note that limy ., Ax(p) is a T invariant point of Q.
Interpreting points of LG as n X 2n matrices we have the following diagram:

A
B
C
D
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[alag...blbg...] A [alag—)\al...b1+)\b2b2...]

(tl,‘..,t")l l(tl,...,tn)

[t1a1 tgag N t;1b1 t;lbg . ] W [tlal t2a2 — )\tgal e t;lbl + )\tflbg t;lbz }
=A

Here, a; and b; for 1 < 4,5 < n are columns of the n x 2n matrices, i.e. vectors in C". The
distinction is that the a labels correspond to the space V, while b to the space V*. The
diagram above shows that A parametrizes a one dimensional T orbit in @ with character
Eo —£&7.

All of the other 1-dimensional orbits affect only at most two consecutive irreducible
components of a reducible curve representing p € @T, i.e. are induced from Lagrangian
Grassmannians with n at most four. Precisely, we use Lemma[£.6] to induce one dimensional
orbits from Q for n = 2,3,4 to any other ). Points (2) and (3) come from the case n = 2
as in Example Points (4) and (5) come from the case n = 3 as in Example We
describe in detail point (6). To fix notation we assume s = 0, {i/, j'} = {1,2}, {i,7} = {3,4}
and n = 4. Consider the two dimensional subset of LG consisting of all points that may be
represented as following 4 x 8 matrices:

10000 a0 0
0100a 000 X

Map=10 010000 p| @b€C
000100 0b 0

For fixed a,b the unique C* orbit that passes through the point M,; € LG represents
a point p,p € Q. As the given two dimensional subset of LG is T invariant, so is the
set {paptapecs = {P1a}recr C Q. Tt provides a one dimensional T orbit in Q. For
t=(t1,...,t4) € T we have:

tt 0.0 0 0 t;% 0 0
10t 0 0 7' 0 0 0
EMA=10 04 0 0 0 0 i\
0 0 0 ty 0 0 t7'N 0
1000 0 (it} 0 0
o100 (it 0 0 0 _u
= 001 0 0 0 0 (t3t4)_1)\ = M(t1t9) =1, (b3ts)— 1 A+
0001 0 0 (tsta)~'A 0
Note that M ¢,)-1 (t5¢4)-1a a0d My 4 4, (45e,)-11 are in the same C* orbit. Hence, t - p;x =
D1,t1ta(t5ta)~ 11, Which is the character given in point (6). u

Remark 4.10. In Propositionwe did not describe all 1-dimensional T orbits in Q, however
enough to describe the tangent space at each torus fixed point. The reason is that there are
infinitely many such orbits. This is visible already in the case n = 2 as in Example

Erample 4.11. In this example we consider the case n = 3. We present the graph with
vertices given by T-fixed points in Q—twelve of them—and edges corresponding to one
dimensional T orbits—five from every vertex. (If there are infinitely many orbits joining
two points, we draw just one edge, as in Remark ) The result is given in Figure[2] The
shaded triangles correspond to P2, as in Remark by Lemma

Let us focus our attention on the set Vj of six vertices corresponding to complete flags.
These are exactly the torus fixed points of the moduli space P C @ corresponding to the
restriction of the inversion map to diagonal matrices. If we consider only the edges among
Vo that correspond to points of P we obtain the permutohedron, a regular hexagon in our
case. This picture is general for any n. It represents our philosophy: the moduli of C* orbits
on the ’correct’ presentation of a rational map as a C* action is the ’correct’ resolution
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of the graph of that map. Our main aim is to exploit the geometry of that moduli to
obtain information about the rational map. This approach was extremely succesful in case
of diagonal matrices [Il [I8]. However, in that case the permutohedral variety was simply
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FIGURE 1. Graph representing T orbits and fixed points of the complete
quadrics for n = 2 (left) and actual orbits on Q = P2. The vector (a,b)
represents the character ae; + bes.
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constructed from scratch, without reference to moduli spaces or C* actions.

ML-degree.

Parallelly, the study of rational maps, through C* actions turned out to be very advan-
tageous [41], [27]. We combine both points of views to efficiently perform computations of
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4.C. Using complete quadrics for intersection. The variety of complete quadrics Q
comes with two natural projections: 7y : @ — P(S?V*) and 7o : Q@ — P(S?V), cf. Theorem
This should be understood as associating to a C* orbit on the blow-up of the Lagrangian
Grassmannian respectively its source and sink. Both maps are birational and isomorphism
on the locus of matrices of rank at least n — 1. Let A be the closure of the graph of the
rational map given by inverting matrices. We have the following diagram in which Q is
apparently a resolution of the graph A, as discussed in the introduction:

]P’(SZV*) ",,14,’?14:1,,,4 ]P’(SQV)

Our intersection problem now translates as follows. Given a, b nonnegative integers sum-
ming up to ("5') — 1 compute ¢(a,n) = w5 (Hy ) n% (H2)®, where Hy and H, are classes of
hyperplanes respectively in P(S?V*) and P(S?V). Suppose p € @T is a point given by the
flag (fiy C -+ C{f1,..., f;, .«+y fn), which means that the first (counting from the source)
irreducible component of the stable curve represented by p is a line from the source to the
point [ep,\fi3 A fiy) € LG. Then mo(p) equals f; - f; € P(S?(V*)). Similarly, if the flag
begins with (f;, fi) (i.e. the first component is a conic) then mo(p) = f; - fir € P(S?V*). The
same applies for the last elements in the flag and the map 7w,. We start our computations
in T-equivariant K-theory of Q. We use the notation from Section

We know that to represent O(1) on P(S?V) as an element of K-theory, as in Theorem
we need to take t;t; over eje; € P(S?V)T. Further, we have an exact sequence:

0—0(-1) — 0 — Oy —0.

Thus, as an element of T-equvariant K-theory on @ the pull-back 7% (Hz) is represented

. —=T .o .. .
over a point p € () as 1 — t;t;; where j,j’ are the two elements missing in the last flag
element associated to p or j = j' if only one element is missing. We have proved the following
proposition.

Proposition 4.12. As a class in T-equivariant K -theory wg(Hy)%m% (Hs)® over p € @T is
the Laurent polynomial:

(1=t 1) (1= tyt50)",
where 1,1 (resp. 4,7’ ) are the two entries (resp. missing) in the first (resp. last) element in
the flag representing p. If there is only one entry (resp. missing) we take i =1 (resp. j = j').

Our next aim is to push-forward the class from the previous proposition to a point. As

L. . =T . .
we know, by Proposition the compasses at each point p € ) this is straightforward
from Theorem

Corollary 4.13. Let 7 : Q — pt be the trivial map to the point pt with the trivial T action.
The class . (mg(H1)m% (Hz)b) is represented as a sum of rational functions rp(t1, ... t,)

indexed by p € @T. Using notation of Proposition each v, is a fraction that has

n+1
(1—t; ') (1—t )b in the numerator and a product [];_3 )_1(179@) in the denominator,
where X; are the characters in the compass of p described in Proposition @
The resulting sum is a Laurent polynomial. The ML-degree ¢(a,n) equals the evaluation
of that polynomial at ty =ty =---=t, = 1.

Remark 4.14. Note that it is not possible to first substitute for ¢; value one in Corollary
in the expression for r, as this would lead to zero in the denominator. At this point
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one needs to first sum up the rational functions and only then substitute. We will see how
to avoid this complicated computation later.

Ezample 4.15. We continue Example [£:4] considering n = 3. Let p correspond to the flag
(f1) C (f1, f2). Let a =2 and b = 3. The rational function r, from Proposition equals:

(1—t7%)%(1 — t3)°
2 t2\"
(- B-H-2)a-Ha-3
In the denominator we have a product of five functions corresponding respectively to weights:
€1 — €2, €1 — €3, £2 — £3,261 — 2e5 and 269 — 2e3 as in Proposition [4.9]

Computations with rational functions in many variables, although basic, are hard. To
simplify them one first considers a subtorus C* ~ T’ C T and passes from T action to T
action. We note that T’ is not the C* action we started from. Quite the opposite we would
like to first choose T’ generic, so that we do not obtain additional fixed points on @ /zeros in
the denominator in the formula in Corollary This means that we have a map t; — ¢,
where a; are some general integers. Here, explicitly general means that a; + ay = a; + a;/
must imply {¢,4'} = {j,j’}. Using notation from Corollary each 7, becomes a rational
function in the variable ¢, in which both the numerator and the denominator is a product
of functions of type: one minus ¢ to an integral, nonzero power. The final formula for
the ML-degree is now a sum of those functions (which is a Laurent polynomial in ¢) after
substitution ¢t = 1.

At this point we have reduced the number of variables to one. However, it is still not
possible to substitute ¢t = 1 in the formula for r, as this leads to zero in the denominator.
Hence, we would still have to perform costly operation of adding rational functions. Andrzej
Weber suggested us to do the computation not in equivariant K-theory but in equivariant
cohomology [4, 2, [40]. In our case it is equivalent to a very easy to prove formula:

d . d
m [[im, (1= tbl) _ [[icy bi

1 1%, (1 —te) o ML, e

j=1 i=1Ci

Hence, although substitution ¢ = 1 for r, does not make sense, the limit ¢ — 1 exists
and is simply a fraction of products of exponents of ¢, which are linear functions of variables
a;. From theory we know that after we add those limits the result is a constant, that
does not depend on a choice of particular a;’s and equals the ML-degree. Hence, we may
simply substitute a; = 2% in each formula for lim;_,; r,. Each limit is now a number (which
depends on our choice of a;’s) and so is the sum (which does not depend on the choice).
This computation may be performed very efficiently and the complexity of computation is

—T
the number of points in Q.

5. ALGORITHMS, COMPUTATIONS AND CONCLUSIONS

We have implemented two algorithms to compute the ML degree ¢(a,n). One is written
in Sage [37] and one in Macaulay2 [I7]. The implementations are available at [25]. As
adding rational functions is computationally hard, both algorithms apply the reduction to
operations on numbers described at the end of Section [4]

The major steps for the algorithms are:

(1) Creating the moment graph G representing the T-equivariant K-theory of the com-
plete quadrics;
(2) Summing over the vertices of the graph G to obtain the value of ¢(a,n).

The main difference among the programs is step (1). In Sage we use the recursive formula
for the construction of G on n. For small n we explicitly input the graph and for larger n
we proceed as described in Lemma 4.6 Hence, this option is best if we want to compute
@(a,n) for all values of a and bounded n.
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In Macaulay2 we apply directly the in-build command to list all partitions of n with size
at most two and for each partitions we directly list all possible corresponding vertices.

In both cases we remember the sequence of characters associated to a given vertex of G,
described in Proposition The programs are available on []. The Sage version directly
outputs ¢(a,n). The Macaulay2 version is called by typing phi(a,n) for any integers a, n.

We hope that our approach will lead to further advances on the ML degree. However,
currently the programs are very useful for making predictions. For example we have the
following conjecture.

Conjecture 5.1.

1
6(5,n) = 755 (n = 1)(n — 2)(43n® — 221n? + 316n — 60)

$(6,n) = i(n —1)(n—2)(n — 3)(12n® — 570> + 81n — 10)

60
1
#(7,n) = %(n —1)(n —2)(n — 3)(87n* — 654n> + 17550 — 1844n + 140)
1 ,
6(8,n) = zzes(n—1)(n = 2)(n - 3)(169n° — 1770n* + 7163n> — 14042n? + 121361 — 560)
1
= -1 -2 —
$(9,n) = geees(n = 1)(n = 2)(n - 3)

(8357n° — 114126n° 4 629471n* — 18169021 + 291101602 — 2201088n + 60480)

9(10.1) = 557500
(9053n5 — 118395n° + 625700n* — 174997513 + 2847707n? — 2352810n + 37800)

1
¢(11,n) = m(n —1(n—=2)(n—3)(n-4)
(40993n" —685483n°+47632901° —17995750n +41239027n> — 5972892712 +45442410n—415800)

(n=1)(n =2)(n = 3)(n —4)

It is very easy to derive Conjecture [5.1] from Conjecture using our algorithms. We are
also convinced that our methods allow, at the very least, to prove the formula for ¢(5,n). It
is interesting to note that in all known cases ¢(a,0) = (—1)* and ¢(a, —1) = (—2)® when we
extrapolate it as a polynomial. It is easy to understand the term (n—1)(n—2)--- in ¢(a,n),
as the function must vanish for fixed a for small values of n, precisely when a > (";1) The
remaining polynomials are quite mysterious. Comparing Theorem [2.7] and Conjecture [5.1
we see that their coefficients are alternating in signs, with log-concave absolute values, but
the polynomials are not always real rooted.

Question 5.2. To which complexity class does the problem of computing ¢(a,n) belong?
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