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3. This exam consists of 15 multiple choice ques-
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ANSWER BOX FOR PART A

Circle the correct answer

1. A. B. C. D. E.

2. A. B. C. D. E.

3. A. B. C. D. E.

4. A. B. C. D. E.

5. A. B. C. D. E.

6. A. B. C. D. E.

7. A. B. C. D. E.

8. A. B. C. D. E.

9. A. B. C. D. E.

10. A. B. C. D. E.

11. A. B. C. D. E.

12. A. B. C. D. E.

13. A. B. C. D. E.

14. A. B. C. D. E.

15. A. B. C. D. E.
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PART A. MULTIPLE CHOICE

1. [3 marks]
A bond has a face value of $1000, 13 semi-annual coupons remaining with an annual coupon rate of 4%,
and an annual yield rate of 2.4%. Its current price is closest to

A. $ 982.47

B. $1079.99

C. $ 955.78

D. $1176.88

E. $1095.76

2. [3 marks]
If

x − 2y = 5
2x + 3z = 6

3y + 2z = 7

then y =

A. 31

B. 29

C. 37

D. 23

E. no value, since the system has no solution
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3. [3 marks]

If 2x3 + x2y + y3 = 4 defines y as a function of x, then when x = 1 and y = 1,
dy

dx
=

A. −2

B. −3

C. −1

D. −4

E. −6

4. [3 marks]
Let f(x) = x3 − 9x2 + 15x be defined only on the interval [0, 7], that is, for 0 ≤ x ≤ 7. Then which one
of the following is true?

A. f takes on its absolute maximum and minimum values at the endpoints.

B. f takes on its absolute maximum value at two points.

C. f has no absolute maximum or minimum.

D. f takes on its absolute minimum value at an endpoint.

E. f takes on its absolute minimum value at two points.
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5. [3 marks]

The curve y =
lnx

x
has a point of inflection

A. nowhere

B. at x = e

C. at x = e3/2

D. at x = 1

E. at x = e2

6. [3 marks]

lim
x→1

1

1− x
+

lnx

(1− x)2
=

A. − 1

B.
1

2
C. 1

D. ∞

E. − 1

2
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7. [3 marks]

If f(x) =

∫ x

1

e
( 2

t
−1)

dt, then f ′(1) =

A. 1

B. e

C. 0

D. e2 − 1

E. −2e

8. [3 marks]
If f(x) = x+ 2, then the average value of f on the interval [−1, 1] is

A. 2

B. 1

C. 0

D. −1

E. −2
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9. [3 marks]∫ 1

0

x4
√
x5 + 1 dx =

A.

√
2− 1

3

B.

√
2

3

C.
4
√

2

15

D.
2(2
√

2− 1)

15

E.
2
√

2− 1

3

10. [3 marks]∫ 1

0

x2 + 1

x+ 1
dx =

A. ln 2

B. 1

C. 1 + 2 ln 2

D.
3

2

E. −1

2
+ 2 ln 2
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11. [3 marks]

Let f(x, y, z) = 5e5x
2−3y4+2z. Then fz =

A. 10e5x
2−3y4+2z

B. 50xe5x
2−3y4+2z

C. 5e5x
2−3y4+2z

D. e10x−12y
3+2

E. e5x
2−3y4+2

12. [3 marks]
Given the production function

f(L,K) =
√
LK + L2 + 4K

where L is labour and K is capital, the marginal productivity with respect to labour when L = 400 and
K = 1, 000, 000 is

A. 4, 001, 800

B. 829

C. 25, 800

D. 4, 180, 000

E. 825
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13. [3 marks]

If z = 5yex − x ln y, then
∂2z

∂x∂y
− ∂2z

∂y2
=

A. 5ex − ln y

B. 0

C. 5ex − 1

y
− x

y2

D. 5− ln y

E. −1

y
+
x

y2

14. [3 marks]
The equation

s = 2t2r + 3r3s− 4ts2

defines s as a function of r and t near the point r = s = t = 1. When r = s = t = 1,
∂s

∂t
=

A. −5

B.
2

3
C. −1

D. 6

E. 0
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15. [3 marks]
Let pA and pB be the prices of product A and product B respectively and qA and qB be their respective
quantities. The demand functions for each are given by:

qA = 2p 2
ApB+kpB qB = e3pA+pB

These two products are competitive at all positive prices

A. for all values of k.

B. for k < 0 only.

C. for k ≥ 0 only.

D. for no values of k.

E. for k > −2 only.
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PART B. WRITTEN-ANSWER QUESTIONS

B1. [10 marks]
A $600, 000 mortgage with monthly payments is amortized over 10 years.

(a) [5 marks]
Find the amount of each payment if interest is 8% compounded semiannually.

(b) [5 marks]
Immediately after the 5th year of the mortgage, the interest rate changes to 6% compounded semi-
annually. Find the new monthly payment required if the mortgage is still to be repaid in a total of
10 years.
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B2. [10 marks]
BigBoxCompany wants to choose how many televisions to keep in stock constantly throughout the year
in its warehouse so as to minimize its annual cost. The annual cost C of keeping q televisions constantly
in stock is given by

C(q) = 5q +
200, 000

q
+ 1000

for q > 0.

(a) [5 marks]
What is the minimum cost if 0 < q ≤ 100? (Justify your answer.)

(b) [5 marks]
The warehouse decides to increase its capacity. If the annual cost function remains the same no mat-
ter what they do, how much capacity would they need to have the absolute minimum cost? (Justify
your answer.)
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B3. [12 marks]
Evaluate the following integrals

(a) [6 marks]∫ ∞
1

x2e−x dx

(b) [6 marks]∫
3x− 2

x3 + 2x2
dx
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B4. [11 marks]

(a) [5 marks]

The marginal cost of producing widgets is given by
dC

dq
=

1

q2
+e1−q where q is the number of widgets

and C is the total cost function. Given that C(1) = 7, find the total cost (to 2 decimal places) of
producing q = 5.

(b) [6 marks]

Find all functions y explicitly in terms of x such that
dy

dx
=
√
x(1− x)y for x > 0.
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B5. [12 marks]

(a) [6 marks]
Find and classify the critical points of

f(x, y) = x2 − xy + y2 − 2x+ y

(b) [6 marks]
Use Lagrange multipliers to find all critical points of

f(x, y) = x1/2y3/4

subject to the constraint

x+ 2y = 30

Note: No marks will be assigned to another method of solution.
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PART A. MULTIPLE CHOICE

1. [3 marks]
A bond has a face value of $1000, 13 semi-annual coupons remaining with an annual coupon rate of 4%,
and an annual yield rate of 2.4%. Its current price is closest to

A. $ 982.47

B. $1079.99

C. $ 955.78

D. $1176.88

E. $1095.76

P = V (1 + i)−n + rV ani
n = 13 V = 1000 r = .02 i = .012
P = 1000(1.012)−13 + 20a13.012

= $1095.76 E

2. [3 marks]
If

x − 2y = 5
2x + 3z = 6

3y + 2z = 7

then y =

A. 31

B. 29

C. 37

D. 23

E. no value, since the system has no solution

x y z1 −2 0 5
2 0 3 6
0 3 2 7

 R2→−2R1+R2−−−−−−−−→

1 −2 0 5
0 4 3 −4
0 3 2 7


R2→ 1

4
R2−−−−−−−−→

R3→−3R2+R3

1 −1 0 5
0 1 3/4 −1
0 0 −1/4 10

 R4→−4R4−−−−−−→

1 −1 0 5
0 1 3/4 − 1
0 0 1 −40


R3→−3/4R3+R2−−−−−−−−−−→

 irrelevant
0 1 0 29
0 0 1 −40


so y = 29 B

or: back substitution z = −40 y = −1 +
3

4
z = −1 +

3

4
(40) = 29 B
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3. [3 marks]

If 2x3 + x2y + y3 = 4 defines y as a function of x, then when x = 1 and y = 1,
dy

dx
=

A. −2

B. −3

C. −1

D. −4

E. −6

6x2 + 2xy + x2
dy

dx
+ 3y2

dy

dx
= 0

At (1, 1): 6 + 2 +
dy

dx
+ 3

dy

dx
= 0

4
dy

dx
= −8 and

dy

dx
= −2 A

or: (x2 + 3y2)
dy

dx
= −(6x2 + 2xy)

dy

dx
=
−(6x2 + 2xy)

x2 + 3y2
= −2 at (1, 1).

4. [3 marks]
Let f(x) = x3 − 9x2 + 15x be defined only on the interval [0, 7], that is, for 0 ≤ x ≤ 7. Then which one
of the following is true?

A. f takes on its absolute maximum and minimum values at the endpoints.

B. f takes on its absolute maximum value at two points.

C. f has no absolute maximum or minimum.

D. f takes on its absolute minimum value at an endpoint.

E. f takes on its absolute minimum value at two points.

Since f is cont. on the closed interval [0, 7], it must take on an absolute min value and an absolute max
value (C is false).

f ′(x) = 3x2 − 18x+ 15 = 3(x2 − 6x+ 5) = 3(x− 5)(x− 1) crit. pts. are x = 1 and x = 5.

The candidates for max and min:

x = 0 f(x) = 0
x = 1 f(x) = 7 max
x = 5 f(x) = −25 min (A and D are false)
x = 7 f(x) = 7 max

E is false because the min is at x = 5 only.

B is true: max at x = 1 and x = 7.
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5. [3 marks]

The curve y =
lnx

x
has a point of inflection

A. nowhere

B. at x = e

C. at x = e3/2

D. at x = 1

E. at x = e2

dy

dx
=
x 1
x
− lnx

x2
=

1− lnx

x2

d2y

dx2
=
x2
(
− 1
x

)
− (1− lnx)2x

x4
=
−3 + 2 lnx

x3

d2y

dx2
= 0 when −3 + 2 lnx = 0

lnx =
3

2
x = e3/2

lnx

x
undefined for x ≤ 0

y′′ y

(0, e3/2) − conc. down

(e3/2,∞) + conc. up

x = e3/2 is p.o.i C

6. [3 marks]

lim
x→1

1

1− x
+

lnx

(1− x)2
=

A. − 1

B.
1

2
C. 1

D. ∞

E. − 1

2

lim
x→1

1− x+ lnx

(1− x)2
0

0
L’Hôp

= lim
x→1

−1 + 1
x

2(1− x)(−1)

0

0
L’Hôp

= lim
x→1

− 1
x2

+2
= −1

2
E

or: lim
x→1

−1 + 1
x

2(1− x)(−1)
= lim

x→1

1− x
2(1− x)(−1)

= −1

2
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7. [3 marks]

If f(x) =

∫ x

1

e
( 2

t
−1)

dt, then f ′(1) =

A. 1

B. e

C. 0

D. e2 − 1

E. −2e

f ′(x) = e2/x−1

f ′(1) = e2/1−1 = e B

8. [3 marks]
If f(x) = x+ 2, then the average value of f on the interval [−1, 1] is

A. 2

B. 1

C. 0

D. −1

E. −2

1

b− a

b∫
a

f(x) dx =
1

2

1∫
−1

(x+ 2) dx

=
1

2

(x+ 2)2

2

∣∣∣∣ 1

−1

=
1

4
(9− 1) = 2 A
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9. [3 marks]∫ 1

0

x4
√
x5 + 1 dx =

A.

√
2− 1

3

B.

√
2

3

C.
4
√

2

15

D.
2(2
√

2− 1)

15

E.
2
√

2− 1

3

Let u = x5 + 1 du = 5x4dx
x = 0 u = 1
x = 1 u = 2

1

5

2∫
1

√
u du =

1

5
u3/2

2

3

∣∣∣∣2
1

=
2

15

(
23/2 − 1

)
D

10. [3 marks]∫ 1

0

x2 + 1

x+ 1
dx =

A. ln 2

B. 1

C. 1 + 2 ln 2

D.
3

2

E. −1

2
+ 2 ln 2

x− 1

x+ 1
)
x2 + 1
x2 + x
− x+ 1
−x− 1

2

1∫
0

[
(x− 1) +

2

x+ 1

]
dx

=

[
x2

2
− x+ 2 ln |x+ 1|

] ∣∣∣∣1
0

=

[
1

2
− 1 + 2 ln 2

]
− [0− 0 + 2 ln 1]

= −1

2
+ 2 ln 2 E
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11. [3 marks]

Let f(x, y, z) = 5e5x
2−3y4+2z. Then fz =

A. 10e5x
2−3y4+2z

B. 50xe5x
2−3y4+2z

C. 5e5x
2−3y4+2z

D. e10x−12y
3+2

E. e5x
2−3y4+2

fz = 5e5x
2−3y4+2z · 2 A

12. [3 marks]
Given the production function

f(L,K) =
√
LK + L2 + 4K

where L is labour and K is capital, the marginal productivity with respect to labour when L = 400 and
K = 1, 000, 000 is

A. 4, 001, 800

B. 829

C. 25, 800

D. 4, 180, 000

E. 825

∂F

∂L
=

√
K

2
√
L

+ 2L

=

√
1, 000, 000

2
√

400
+ 2 · 400

=
1000

2 · 20
+ 800

= 825 E
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13. [3 marks]

If z = 5yex − x ln y, then
∂2z

∂x∂y
− ∂2z

∂y2
=

A. 5ex − ln y

B. 0

C. 5ex − 1

y
− x

y2

D. 5− ln y

E. −1

y
+
x

y2

∂z

∂y
= 5ex − x

y

So
∂2z

∂x∂y
= 5ex − 1

y

and
∂2z

∂y2
=

x

y2

∂2z

∂x∂y
− ∂2z

∂y2
= 5ex − 1

y
− x

y2
C

14. [3 marks]
The equation

s = 2t2r + 3r3s− 4ts2

defines s as a function of r and t near the point r = s = t = 1. When r = s = t = 1,
∂s

∂t
=

A. −5

B.
2

3
C. −1

D. 6

E. 0

∂s

∂t
= 4tr + 3r3

∂s

∂t
− 4s2 − 8ts

∂s

∂t
∂s

∂t
= 4 + 3

∂s

∂t
− 4 + 8

∂s

∂t

−10
∂s

∂t
= 0

∂s

∂t
= 0 E
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15. [3 marks]
Let pA and pB be the prices of product A and product B respectively and qA and qB be their respective
quantities. The demand functions for each are given by:

qA = 2p 2
ApB+kpB qB = e3pA+pB

These two products are competitive at all positive prices

A. for all values of k.

B. for k < 0 only.

C. for k ≥ 0 only.

D. for no values of k.

E. for k > −2 only.

∂qA
∂pB

= 2p2A + k > 0 for all pA > 0 as long as k ≥ 0

∂qB
∂pA

= 3e3pA+pB > 0 no matter what

Competitive at all positive prices requires
∂qA
∂pB

and
∂qA
∂pB

> 0 for all pA and pB positive so C
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PART B. WRITTEN-ANSWER QUESTIONS

B1. [10 marks]
A $600, 000 mortgage with monthly payments is amortized over 10 years.

(a) [5 marks]
Find the amount of each payment if interest is 8% compounded semiannually.

(1.04)2 = (1 + i)12 (1.04)−20 = (1 + i)−120

600, 000 = Ra120i

R =
600, 000

a120i
=

600, 000i

1− (1 + i)−120
=

600, 000[(1.04)1/6 − 1]

1− (1.04)−20

R=7238.45

(b) [5 marks]
Immediately after the 5th year of the mortgage, the interest rate changes to 6% compounded semi-
annually. Find the new monthly payment required if the mortgage is still to be repaid in a total of
10 years.

Principal outstanding (with 60 payments remaining)= Ra60i

=
600, 000

a120i
a60i

= 600, 000
[1− (1 + i)−60]/i

[1− (1 + i)−120]/i

= 600, 000
[1− (1.04)−10]

[1− (1.04)−20]
= $358, 088.24

P.O.= R′a60i′ (1.03)2 = (1 + i′)12 : (1.03)−10 = (1 + i′)−60

R′ =
358, 088.34

a60i′
= 358, 088.34

[
(1.03)1/6 − 1

]
[1− (1.03)−10]

R’=$6910.59
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B2. [10 marks]
BigBoxCompany wants to choose how many televisions to keep in stock constantly throughout the year
in its warehouse so as to minimize its annual cost. The annual cost C of keeping q televisions constantly
in stock is given by

C(q) = 5q +
200, 000

q
+ 1000

for q > 0.

(a) [5 marks]
What is the minimum cost if 0 < q ≤ 100? (Justify your answer.)

dC

dq
= 5− 200, 000

q2
= 0 when q2 =

200, 000

5
= 40, 000 i.e. when q = 200

dC

dq
C

(0, 200) − decreasing
(200,∞) + increasing

On the interval (0, 100], C is decreasing, so its minimum value is at q = 100

when C = 5 · 100 +
200, 000

100
+ 1000

C=3,500

(b) [5 marks]
The warehouse decides to increase its capacity. If the annual cost function remains the same no mat-
ter what they do, how much capacity would they need to have the absolute minimum cost? (Justify
your answer.)

Since C decreases all the way to q = 200, and increases forever afterward, the minimum cost will be
at q=200 .
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B3. [12 marks]
Evaluate the following integrals

(a) [6 marks]∫ ∞
1

x2e−x dx

∫ ∞
1

x2e−x dx = lim
R→∞

∫ R

1

x2e−x dx u = x2 dv = e−xdx

du = 2xdx v = −e−x

= lim
R→∞

[
−x2e−x

∣∣∣∣R
1

+ 2

∫ R

1

xe−x dx

]
u = x dv = e−xdx

du = dx v = −e−x

= lim
R→∞

[
−R2e−R + e−1 + 2

{
−xe−x

∣∣∣∣R
1

+

∫ R

1

e−x

}]

= lim
R→∞

[
−R2e−R + e−1 + 2

{
−Re−R + e−1 − e−x

∣∣∣∣R
1

}]
= lim

R→∞

[
−R2e−R + e−1 − 2Re−R + 2e−1 − 2e−R + 2e−1

]
= 5e−1 − lim

R→∞
e−R(R2 + 2R + 2)

but lim
R→∞

R2 + 2R + 2

eR
= 0 by two applications of L’Hópital

so = 5e−1

(b) [6 marks]∫
3x− 2

x3 + 2x2
dx

3x− 2

x2(x+ 2)
=
A

x
+
B

x2
+

C

x+ 2

Ax(x+ 2) +B(x+ 2) + Cx2 = 3x− 2

x = 0 ⇒ 2B = −2 B=-1

x = −2 ⇒ 4C = −8 C=-2
x = −1 say ⇒ −A+B + C = −5

−A+ (−1) + (−2) = −5

−A = 2 A=2∫ [
2

x
− 1

x2
− 2

x+ 2

]
dx

= 2 ln |x|+ 1

x
− 2 ln |x+ 2|+ C

or 2 ln

∣∣∣∣ x

x+ 2

∣∣∣∣+
1

x
+ C
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B4. [11 marks]

(a) [5 marks]

The marginal cost of producing widgets is given by
dC

dq
=

1

q2
+e1−q where q is the number of widgets

and C is the total cost function. Given that C(1) = 7, find the total cost (to 2 decimal places) of
producing q = 5.

C =

∫ (
1

q2
+ e1−q

)
dq = −1

q
− e1−q +K

7 = −1− e0 +K ⇒ K = 9

C = −1

q
− e1−q + 9

C(5) = −1

5
− e−4 + 9 = 8.8− e−4 = 8.78 to 2 places

(b) [6 marks]

Find all functions y explicitly in terms of x such that
dy

dx
=
√
x(1− x)y for x > 0.

dy

y
=
√
x(1− x) = x−1/2 − x3/2

ln |y| = 2

3
x3/2 − 2

5
x5/2 +K

|y| = eKe
2
3
e3/2− 2

5
x5/2

and if D = ±eK

y = De
2
3
e3/2− 2

5
x5/2 , D arbitrary
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B5. [12 marks]

(a) [6 marks]
Find and classify the critical points of

f(x, y) = x2 − xy + y2 − 2x+ y

fx = 2x− y − 2 = 0 2x− y = 2
fy = −x+ 2y + 1 = 0 −x+ 2y = −1

}
x = 1, y = 0

The only critical point is x = 1, y = 0

fxx = 2 fyy = 2 fxz = −1

D = fxxfyy − (fxy)
2 = 4− 1 = 3 > 0 so local extremum and fxx > 0 so local min

(1,0) is a local min

(b) [6 marks]
Use Lagrange multipliers to find all critical points of

f(x, y) = x1/2y3/4

subject to the constraint

x+ 2y = 30

Note: No marks will be assigned to another method of solution.

L = x1/2y3/4 − λ(x+ 2y − 30)

Lx =
1

2
x−1/2y3/4 − λ = 0

Ly =
3

4
x1/2y−1/4 − 2λ = 0

Lλ = 0⇒ x+ 2y = 30

x−1/2y3/4 = 2λ

x1/2y−1/4 =
8λ

3
Dividing the second equation by the first
x1/2y−1/4

x−1/2y3/4
=

4

3
⇒ x

y
=

4

3
⇒ x =

4y

3
4y

3
+ 2y = 30⇒ 10y = 90⇒ y = 9⇒ x = 12

x=12, y=9

Page 27 of 27


