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Name: Student #:

Record your answers on the front page.

PART A. MULTIPLE CHOICE

1. [3 marks/

(12
(2

2. [3 marks]

If the demand function for a product is given by

p = 500e%/*
then the maximum value of revenue is

A. 500
B. 20
1000/e

10,000

5 o 0

10,000/ e

Page 2 of 14



Name: Student #:

Record your answers on the front page.

3. [3 marks]

2
The function f(z) = 2® + = on the interval [§, 2] has its maximum value
T

A. nowhere; there is no maximum

B. atx=1
C. atx=2
D. atxz%
E atrz=23
4. [3 marks]

The graph of f(x) =e*+e " is

A. increasing when z > 0 and always concave upward.
increasing when x < 0 and always concave upward.
increasing and concave upward everywhere.

increasing and concave downward everywhere.

@ O a @

increasing everywhere and concave upward when x > 0.
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Name: Student #:

Record your answers on the front page.

5. [3 marks]

If a country’s savings (9) and national income (1) are related by: 252 + [? = 35T then when
I =4 and S = 2, the marginal propensity to save is:

3
A. -
4
B o
5
5
C. -
6
D. 1
2
E. 2
6. [3 marks]
1
lim (2% + 2)«2+1
T—00
A. =e
B. =0
C. =1
D =-1
E. does not exist
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Name: Student #:

Record your answers on the front page.

7. [3 marks/

If the demand for a certain product is determined by ¢ = 300 — 10p and the supply by

20p — 100
_2r— 7 where p is unit price and ¢ is quantity then producers surplus is

3
A. 750
B. 500
C. 1250
D. 2000
E. 1000
8. [3 marks]
1
The average value of f(z) = T on the interval e, e?] is
x
1, 1
= _'_ ==
A e €
e? —e
11
B. e? e
e? —e
3
C.
2(e?2 —e)
D. ez +e
e?—e
1
E —
2(e? —e)
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Name: Student #:

Record your answers on the front page.

9. [3 marks]

The present value of a continuous annuity at an annual rate of 9% compounded continuously
for 5 years, if the payment at time ¢ is at the annual rate of $30, 000, is closest to

A. $98,000
B. $117,000
C. $118,000
D. $120,000
E

. $121,000

10. /3 marks/

Let £ > 0 be a constant. Then

/ ke *dx is
1

—k

A e

B. —e*-1

C. 1

D. —e*

E. divergent, i.e. the integral diverges.
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Name: Student #:

Record your answers on the front page.

11. /3 marks/

If two goods have unit prices p; > 0 and p, > 0, and their respective demands are

q1(p1,p2) = 400 — 6py + pi + 4ps — p5

¢2(p1,p2) = 500 —p1 — 4p; — 2p; — 3p}
For which p; and p, are the goods complementary?
A. py > 2, any py
B. for no values of p; and ps
C. p1 <3, any po
D. p <2, any p;

E. p1 > 3, any py

12. /3 marks/
If f(z,y,2) =e*¥+3% then f,,.(1,1,1) =

A. 15¢°

16€°
C. 12¢°
D. 18¢°
E. 20¢°
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Name: Student #:

Record your answers on the front page.

13. /3 marks/

If 32%yz + 1 = 222 + y? + 22 defines y implicitly as a function of x and z, then when
(v,y,2) = (1,1,2), % -

A1

B. -2

C. 0

D. -1

E. 2

14. /3 marks]

0 0
If v =12+ 5% y=rsand z = f(x,y) has constant partial derivatives @—Z =3 and 8_Z =—1,
Z Y
0z
then when r =2 and s =5, — =
or
A 5
B. 8
C. 4
D. 6
E 7
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Name: Student #:

Record your answers on the front page.

15. [3 marks]

The function f(z,y) = xy + 3e~* has

A. alocal minimum and a local maximum
a local minimum but no local maximum
a local maximum but no local minimum

no local maximum and no local minimum

= o Q u

2 local maxima and 1 local minimum
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Name: Student #:

PART B. WRITTEN-ANSWER QUESTIONS

B1. [12 marks]
(a) [6 marks]

A $300, 000 mortgage is to be repaid by making equal monthly payments for 15 years, the
first payment 1 month after the loan is granted. If interest is 8% per year compounded
semiannually find (to within $0.01) the amount of each payment.

(b) [6 marks]

A $40,000 debt with interest at 6% per year compounded monthly is to be repaid by making
payments at the end of each month for 8 years. The payments are all of the same size (X
dollars each) with 2 exceptions: the 36" payment is to be 10X dollars and the last payment
is to be $5,000. To within $0.01, find X.
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Name: Student #:

B2. [10 marks] Find the area between the curves y = ze® and y = —x fromz = =2 toz = 1.
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Name: Student #:

B3. [11 marks]
(a) [7 marks]

[Here, give your final answer to 3 decimal places.]
4
dz

Find | e - (-2

(b) [4 marks]
[Here, give your final answer to 3 decimal places, or show that the integral diverges.]

o d
What happens if the limits of integration of the integral in (a) are changed to / < ?
5wz —1)(z—-2)
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Name: Student #:

B4. [11 marks]

Solve the following problems showing all your work:
(a) [5 marks]

d
If % = 3z2%e¥ + 2z¢Y + €Y and y(O) =0, find y explicitly as a function of .

(b) [6 marks]

It dp  el\/1+p?
dg. P
positive.

and p = /3 when ¢ = 0, what is p when ¢ = 1? You may assume p is
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Name: Student #:

B5. [11 marks]

The production function for a certain factory is given by P(I, k) = 2001"/*k3/* where [ is the
number of units of labour and & is the number of units of capital. Labour costs $20/unit and
capital costs $30/unit and the total amout spent on labour and capital is $16,000.

By using the method of Lagrange multipliers find the number of units of labour and capital
that maximize production.

[No marks will be given for any method except Lagrange multipliers.]
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Name: Student #:

Record your answers on the front page.

PART A. MULTIPLE CHOICE

Solution

1. [3 marks] ATAX — [X — X
Lo (12 (-1 1\
If A —(3 4 A 0 2 =X
1 2 -1 1
) (3 4)( 0 2) =X

(:?1 151) =X
then X =

2. [3 marks] Solution
If the demand function for a product is given R = pq=>500ge ¥/
by dR _ q _
20— 500(e"9/?0 — L p—a/20
dq (e 20¢ ")
p= 500e9/20 — 500e"920(1 — q
e (1 = o5)
then the maximum value of revenue is ﬁ — 0 when ¢ = 20
A. 500 g]q%
— < 0 when ¢ > 20
B. 20 Ccllq
R
— > 0 when ¢ <20
C. 1000/e dg
R max at ¢ = 20
10,000
D. 10,000 R = 500-20e ! =2

e
E. 10,000/e
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Name: Student #:

Record your answers on the front page.

3. [3 marks] Solution f is continuous on [, 2] so must

) have a maximum.
The function f(z) = 2* + = on the interval
x

[%, 2] has its maximum value f(z) =2z — % — P(;ﬁ —1)
A. nowhere; there is no maximum
The only critical point is at z = 1.
B atx=1
.1
C. atx=2 f(§> B §+6 Hax
f2) =5
D. atz= % f(1) 3
E. atz =275
4. [3 marks]

The graph of f(x) =e* +e " is
A. increasing when z > 0 and always concave upward.
B. increasing when x < 0 and always concave upward.
C. increasing and concave upward everywhere.
D. increasing and concave downward everywhere.
E. increasing everywhere and concave upward when z > 0.

Solution

flx)=e¢"—e®=e"(*—1) >0 when z >0 only
< 0 when z < 0 only

is already the only possible answer.
f"(x)=€e"4+e* >0 forall x

SO concave upward.
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Name:

Student #:

5. [3 marks]

Record your answers on the front page.

If a country’s savings (S) and national income (I) are related by: 252 + I? = 3ST then when
I =4 and S = 2, the marginal propensity to save is:

Q
S| Ot

N | —

6. [3 marks]

Solution

Marginal propensity to save is

as

ds

dr -
s

A
B
C.
D
E

lim (2% 4 2)

T—r00

. =€

. =0

=1

o=—1

. does not exist

45— + 21 —1
Sdl + Sd] + 35
dS dS
t [ =4,5=2 — 122
a .S 8d[ +8 i +6
dS
2 4—
dl
dS 1
dl 2
Solution
In(z? + 2) 00
1 = — 7 —
n(y) x2+1 00
2z
. o . 242
o) = o
1
= 1m =
T—00 _732 + 2
In(y) — 0
y = eln(y) N 60 —
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Name: Student #:

Record your answers on the front page.

7. [3 marks/

If the demand for a certain product is determined by ¢ = 300 — 10p and the supply by

20p — 100
_2r— 7 where p is unit price and ¢ is quantity then producers surplus is

3
A. 750 Equilibrium:
B. 500
C. 1250 20p — 100
D. 2000 00— 10p = 3
E. 1000 900 — 30p = 20p — 100
) 1000 = 50p
Solution 20 = p
qg = 100
When ¢ = 0, p = 5 on the supply curve.
’ 1
PSS = §~(20—5)~100
T = 750
Figure 1: by triangle area.
Alternate Solution 1 Alternate Solution 2
20 920p — 100
100 1 PS = / ——d
PS = / M —5)dg 5 3 p
0 20 1002 1 20
100 5 _ ( P @)
q pu—
0 ) 1100 = 750
3q
40 |,
~ 30,000
40
= 750
8. [3 marks]
Inz ) o1 -
The average value of f(x) = —— on the interval [e, e?] is
x
1,1 .
-4 5 Solution
A. _22 _ee 1 . 1 ]
Avf = = / nmda: u:lnx,du:—x
E— ee—eJ, T T
B. € e 2
et —e = L / udu
e2—e ),
C. 23 B 1 w?)?
2(e? —e) T 22|,
1 4-1
e +e — el
D. 7. e2—e 2
B 3
1 T 2(e2—e
B L ( )
2(e? —e)
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Name: Student #:

Record your answers on the front page.

9. [3 marks]

The present value of a continuous annuity at an annual rate of 9% compounded continuously
for 5 years, if the payment at time ¢ is at the annual rate of $30, 000, is closest to

A. $98,000 Solution
5
B. $117.000 PV = / 30,000e~ "% dt
. , 0
30,000 g 00|
C. $118,000 - 009,
_ 30,000(1_6_0_45)
D. $120,000 0.09
= 120,790.62
E. $121,000
10. /3 marks/
Let k£ > 0 be a constant. Then Solution
/ ke % dx is
1 o) R
/ ke % dy = ]%im ke **dx
A. e F ! Bats
= lim —e‘kx‘f
B _ k. 1 R—o0
- e = lim (e™* — e
R—o0
C. 1 = e_k
D. —e7*
E. divergent, i.e. the integral diverges.
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Name: Student #:

Record your answers on the front page.

11. /3 marks/

If two goods have unit prices p; > 0 and p, > 0, and their respective demands are

¢1(p1,p2) = 400 — 6py +p% +4py — p%

¢@(p1,p2) = 500 —p; — 4p] — 2py — 3p3

For which p; and py are the goods complementary?

A. py > 2, any py Solution
B. for no values of p; and p, fe. % < 0and % <0

Op2 Op1

0
C. p1 <3, any p a—(h = 4 —2py <0 only if py > 2

P2

0q2
D. py <2, any p; 8_]91 = —1—8p; <0 always
E. p > 3, any py

12. /3 marks/
If f(x,y,2) =e*¥3 then f,,.(1,1,1) =
A. 15¢° Solution
Mixed partials are equal, so ok to do %

B. 166 first.

= 362:vy+3z
C. 1265 f 2xy+3z 2xy+3z

fre = 37Ty = 6ye ™Y
D. 18¢° fmyz = fzzy = 6> 4 6y€21y+3221’
at (1,1,1) we get fo,. = 6e® + 12e° = 18¢€°.

E. 20¢°
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Name: Student #:

Record your answers on the front page.

13. [3 marks]

If 32%yz + 1 = 222 + o2

@y =012,

Ty, z) = —= =
7y7 ) Y Y ax

+ 22 defines y implicitly as a function of z and z, then when

A1 Solution
oy oy
2 pr— —
B _9 6ryz + 3z %z = 4x+2ya$
At(11,2), 12+3%9 = 440
C. 0 oz ox
W2~ g
D _1 or
Ox
E. 2
14. /3 marks/
2 2 : .. 0z 0z
If z =r*+s% y=rsand z = f(z,y) has constant partial derivatives Fre 3 and i -1,
z )
0z
then when r =2 and s =5, — =
or
A5 Solution
B. 8 0z _ 020v 020y
or  Oxor Oyor
C 4 = 3.2+ (—1)s
0z
D. 6 r=2,s=95 9 5=7
E. 7
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Name: Student #:

Record your answers on the front page.

15. [3 marks]

The function f(z,y) = xy + 3e~* has

A. alocal minimum and a local maximum
B. alocal minimum but no local maximum
C. alocal maximum but no local minimum
D. no local maximum and no local minimum
E. 2 local maxima and 1 local minimum
Solution

fx = y_3€_x:O
fy = x:o

Critical point: z =0, so y = 3e™% = 3.

for = 377
fyy =0
f:cy = fy:v =1
D = fiuxfy — gy = —1 always

There are no local extrema.
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Name: Student #:

PART B. WRITTEN-ANSWER QUESTIONS

B1. [12 marks]
(a) [6 marks]

A $300, 000 mortgage is to be repaid by making equal monthly payments for 15 years, the
first payment 1 month after the loan is granted. If interest is 8% per year compounded
semiannually find (to within $0.01) the amount of each payment.

Solution

(1+4)2 = 1.04?
300,000 = Rag,

5 _ 300,000 _ 300,000
T amyy - (1+i)
1.045 — 1
— e _$9844.4
300, 0007~ $2844.46

(b) [6 marks]

A $40,000 debt with interest at 6% per year compounded monthly is to be repaid by making
payments at the end of each month for 8 years. The payments are all of the same size (X
dollars each) with 2 exceptions: the 36" payment is to be 10X dollars and the last payment
is to be $5,000. To within $0.01, find X.

Solution

© = 0.005 per month

1 36 95 96
| | | |
| | | |
X . X - - - . . . X 5000
+9X
10X

40,000 = Xagg s + 9X(1.005)7*° 4 5000(1.005)
40,000 — 5000(1.005)~%

ags(0.005 + 9(1.005) %6
X = $444.63
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Name: Student #:

B2. [10 marks] Find the area between the curves y = ze® and y = —x fromz = =2 toz = 1.
Solution
y = xe® and y = —x intersect only when
re' = —ux
xe* +x = 0
z(e®+1) = 0
x = 0only
We need to know which functions is above and which is below. Since both functions are
continuous, they can only change places, if at all, at x = 0. On [—2,0] if we test at x = —1
T -1 1
y=xe"=— =——andy=—-c=1
e
so y = —x lies above y = xze®. On [0,1] ze®” > 0 but —x < 0 so y = ze® lies above y = —z

(we could have used this reasoning on [—2, 0] also). Hence:

Area — /0(—55 _ ze")dz + /01(er (—a))de

-2

Now, /xe“dx u=ux,dv=e"dr,du=dr,v=-e"

= xez—/emdx:xem—ez

x? 0 221"

So Area = {———xem—i-em} —l—[mez—ex—l——}

2 2 2 ],

—4 o _a 1
= [1—(7—#26 +e )]+[(e—e+§)—(—1)]

3 9 3
_ - -2 T_-_ =
= 3—3e +2 5 =

4.094

Q
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Name: Student #:

B3. [11 marks]
(a) [7 marks]

[Here, give your final answer to 3 decimal places.]
4

dx
i
md/3 2(x — 1)(z — 2)
Solution
1 A B C
vz —D(z—-2) = -1 z-2
Alx —1)(z—2)+ Bzx(z —2)+Cz(z—1) = 1
r=0 = 2A=1 A=-
r=1 = —-B=1 B=-1
r=2 = 20=1 C’:%

/4 11 N 1 p
L \2r r-1 2@-2))"

4

I
—
DO | —
5
&

|

=3
8

|
=
+
DO |
5
B

|

[\
[E—'

3

(b) [4 marks]

[Here, give your final answer to 3 decimal places, or show that the integral diverges.]

d
What happens if the limits of integration of the integral in (a) are changed to / < ?
5 x(r—1)(x—2)
Solution
R 1 —2 1
lim = lim =1In M ——ln§
R—o0 /g R—o0 2 (R — 1)2 2 4
R(R—2
But (éfl)g — las R—
R(R —2)
1 0
SO R-1) —
/ = —11n§%0.144
2 4
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Name: Student #:

B4. [11 marks]

Solve the following problems showing all your work:
(a) [5 marks]

d
If d_y = 32%e¥ + 22¢¥ + € and y(0) = 0, find y explicitly as a function of x.
x
Solution
e Vdy = (32° +2x+ 1)dx
Integrating —e¥ = 2°+2*+a2+C
Atz=0,y=0:-€" = C=C=-1

— ™V = Pyt -1
eV = 1—x—2>—2°
—y = In(l —x—2*—2°
y = —In(l—2—2% 2%

(b) [6 marks]
dp  e’\/1+p?

If Q- and p = v/3 when ¢ = 0, what is p when ¢ = 1? You may assume p is
positive.
Solution
_pdp = /eqdq =el4+C
V14 p?
(1%—102)é = e+ C At p=+3,0=0
43 = ¢° +C soC=1
(1+p2)% = el+1
when ¢=1
(1+p%)7 = e+1
1+p* = (e+1)?
p? = e*+2e
p = Ve + 2e because p > 0
p =~ 3.58
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Name: Student #:

B5. [11 marks]

The production function for a certain factory is given by P(I, k) = 2001"/*k3/* where [ is the
number of units of labour and & is the number of units of capital. Labour costs $20/unit and
capital costs $30/unit and the total amout spent on labour and capital is $16,000.

By using the method of Lagrange multipliers find the number of units of labour and capital
that maximize production.

[No marks will be given for any method except Lagrange multipliers.]

Solution

L = 20003k — A(201 + 30k — 16, 000)

oL 3.3

- = [T1ks — 20\ =

3 50({" 2 0 0

oL 1.1

— = 1501k 2 —30\ =0
ok

oL

— = 200+ 30k — 16,000 =0
B + )

E\ 1
5 (—) = 2\  from the 1st equation

I\ 1
10 (E) = 2\ from the 2nd equation

Dividing the 2nd equation by the first

)
2zzlsok::2l

subbing into the g—§ equation (or the constraint)

20( + 607 = 16, 000

80! = 16,000
[ =200
k = 400
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