University of Toronto
Faculty of Arts and Science

MAT136H1Y Practice Midterm Solution
Li Chen
Summer 2017
Duration - 110 minutes
No Aids Permitted

Surname:

Given Name:

Student Number:

This exam contains 9 pages (including this cover page) and 5 problems (one problem is bonus). Once the
exam begins, check to see if any pages are missing and ensure that all required information at the top of this
page has been filled in.

No aids are permitted on this examination. Examples of illegal aids include but are not limited to
textbooks, notes, calculators, cellphones, or any electronic device.
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following rules apply:

e Total points available is 110; but the test is out Problem | Points | Score
of 100. The last problem is a bonus problem. ) 10
e Unreadable answers will be receive no mark. 9 15
e Organize your work in a reasonably neat and coher- 3 15
ent way, in the space provided. Work scattered all over
the page without a clear ordering will receive very little 4 15
credit. 5 15
e Mysterious or unsupported answers will not re- Total: 100

ceive full credit. A correct answer, unsupported by
calculations, explanation, or algebraic work, will receive
no credit; an incorrect answer supported by substan-
tially correct calculations and explanations might still
receive partial credit.

e If you need more space, use the back of the pages;
clearly indicate when you have done this.
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Part 1: Short Answers (50 marks)

No justification is necessary and no mark will be awarded for them

1. For each of the following questions, write your final answer in the box on the righthand side. Only your
final answer will be graded.

(a) (5 points) True of False? Suppose that f is integrable, then f is differentiable.
Solution: Consider the function f(z) = |z|. It is integrable since it is continuous. But it is not
differentiable at = = 0 since it has a cusps.
Final Answer

False

(b) (5 points) Compute
1
/ e +sin(z) + 2° dx
0

Solution: )

1

1 1

/ e” +sin(z) + 22 dr = e® — cos(x) + 61‘6 =e—cos(l) + g
0 0

Final Answer

e—cos(1) + &

(¢) (5 points) Compute fol %(e*t2 In(1+1¢))dt
1
Soluion: By FTC, we see that this is e~ In(1 + ¢) .= e 11n(2)

Final Answer

e 1n(2)

(d) (5 points) Compute
d [~ t+1
7/ Ldt
dx 0 t2 + 1

Solution: Let F(u) = (;L t’;ill dt. The question asks us to compute %F (?). By the chain rule,

this is F’(2?)(2x). The FTC, therefore, tells us that

2 +1 _ 2z(x* +1)

F'(a?)(22) = @2 +1 - (22) = 4+ 1

Final Answer

2x(xz241)
i1
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For the following problems, evaluate each definite integral.
(e) (5 points)
/e In(z) i
1T
1

Soluion: We note that - (In(z)) = 1. So we perform the substitution u = In(z). We see that

du = %dac. It follows that
€] ! 1
/ n(@) dx :/ udu = ~u?
1T 0 2

1

0 2

Final Answer

1
2
(f) (5 points)
/ sin®(z) dz
0
Soluion: We note that sin®(x) = 1 — cos?(x). So we write our integral as
/ sin®(z) dx :/ (1 — cos®(x)) sin(z)dx
0 0
Now, we perform a substitution u = cos(z) with du = — sin(z)dz. It follows that

/()Tr(l — cos?(z)) sin(z)dz = — /1_ (1 —u?)du=u— éu3 = %

—1

Final Answer

Qi

(g) (5 points)

et

Solution: We note that = sin(2xz) cos(bx). Hence, using the product formula we see

that

1
csc(2z) sec(bx)

. 1 . . 1 . .
sin(2x) cos(5z) = §(sm(2z + 5z) + sin(2z — 5z)) = §(S1n(7z) — sin(3z))

We can easily integrate this to obtain # cos(3z) — - cos(7z)

Final Answer

% cos(3z) — 1 cos(7x) + C
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(h) (5 points)

/de
V14 22

Solution: The radical /1 + 22 prompts us to use the substitution = tan(f). Moreover, dx =
sec?(6)df. Tt follows that

[ = [

Since tan(#) = x, we have that cos(d) = ———. Hence sec(d) = v/1 + z2.
V14+z2

sec’(0)df = /tan(@) sec(d) = sec(9)

Final Answer

Vi+z2+C
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Part 1: Long Answers (50 marks)

Show your work for full marks

2. (15 points)

/x4+9x2+x—|—2
dx

2 +9

Solution: We note that the numerator has higher degree than the denominator. So we perform long
division first.

1.2

2249 ) 224922 +x+2
xt + 922
T+2

Hence, we obtain
x4+9x2+x—|—2_ 9 TH2

249 v 2249

1
/x2 dr = gx?’.

Likewise, splitting the numerator, we see that

xr+ 2 x 2
" dr= | ———d ——da.
/:c2+9 v /x2+9 er/1:2+9 v

We use substitution u = z2. We get

1 1 1 1
/ ’ dx:/ du:§ln(u+9):§ln(x2+9)

We find first that

249 2u+9

Using [ H% dx = arctan(z), we see that

2 2
/ peop dx = 3 arctan(z/3).

Combining all the terms, we arrive at

4 4 922 2 1 1 2
/ Tt ;23 +—|—9x + dx = §x3 + 3 In(z? +9) + 3 arctan(xz/3) + C.
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3. Compute the following integrals.
(a) (5 points)

/csc(:n) dx

Solution: We multiply and divide by (csc(z) + cot(zx)) to get

/csc(a:) dp = / csc?(z) + esccot(x) i

csc(x) + cot(x)

where we note that the numerator is the negative of the derivative of the denominator. Hence, we
perform the substitution v = csc(x) + cot(z) with du = —(csc?(z) + csccot(x))dz. Our integral
becomes

/csc(:zr) dzx = /f%du = —1In(u) + C = —In(csc(x) + cot(z)) + C

/csc3(x) dx

Soluion: We observe that csc®(x) = csc?(x) cse(z), where we know how to integrate the first factor.
So, we use integration by parts with

(b) (5 points)

u = csc(x) dv = csc?(x)dx
du = — cot(x) csc(x)dxr v = — cot(x).

This gives us
/cscg(az) dx = — csc(x) cot(z) — /cot2 (x) cse(x)dx.

Now, we attempt to recover the original integral, with an opposite sign. To this end, we use the
identity 1 4 cot?(x) = csc?(x). We get

/0503(x) dx = — csc(x) cot(x)—/cot?’(x)dx—l—/ csc(x)dx = — csc(x) cot(x)—ln(csc(x)—i—cot(x))—/cot?’(x)dx
It follows that, after solve for f csc3(x) dr as an unknow in the above linear equation, we obtain

/csc3 (z)dx = f% (esc(z) cot(x) + In(csc(z) + cot(z)) + C
(¢) (5 points) Use parts (a) and (b) to compute the following integral.
/ cot?(z) csc(x) dx
Solution: We recall from part (b), after integration by parts, that we have obtained

/cscg(x) dx = — csc(zx) cot(z) — /cot2 (z) csc(z)dx.

It follows that

/cotQ(m) cse(z)dr = — / esc?(x) dx — csc(x) cot(x).

Using the result from part (b) again, we obtain

/cotQ(x) cse(z)dx = % (cse(x) cot(z) + In(cse(x) + cot(z)) — cse(x) cot(z) + C
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4. (15 points)

/(x +1)%e* dx

Solution: We may write the integrand as x2e” + 2ze® + e®. This prompts us to use reduction of power
(via integration by parts). The simplest term is

/exdx = e”.

u=2x dv = e*dx
du=dxr v=¢e€"

The next simple term is 2 [ ze®dz. We use

to obtain
2/a:ezdx = 2ze” — Z/emdaj = 2ze” — 2e*.

Likewise, for the term [ z2e® dx, we use

u = z2 dv = e*dx

du = 2zxdx v =2¢"

to get
/m2e”“'dac = 2%e® — 2/xewdw = 22e® — 226 + 267

Combining all three terms, we get

/(a: + 1)%e* dr = x%e” — 2xe” + 2 + 2xe” — 26" + €* = x%e” + €”
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5. (15 points) Find the volume of the solid given by the region enclosed by the curve
P+ (y-1)3%=1

and rotated about the y-axis.

Solution: We note that the region describe is a circle with center at (0,1) and radius 1. Hence, after
rotating about the y-axis, we obtain a ball of radius 1. Standard formula from high school tells us its
volume is %77. However, we can compute this using an integral. Namely, we use the disc method. We

note that z = /1 — (y — 1)? for y = 0 to y = 2. Hence the volume is given by

2 1 2 1 1. 4
7T/0 (y—1)*dy =7 (y 3(y ) )0 7( 3 3) 57
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