
MAT367 Differential Geometry, Exercises for Lecture March 19

Exterior differential:

ω = ex
2y dx ∧ dz + sin(xyz) dx ∧ dy

Then

dω =
∂ex

2y

∂x
dx ∧ dx ∧ dz +

∂ex
2y

∂y
dy ∧ dx ∧ dz +

∂ex
2y

∂z
dz ∧ dx ∧ dz

+
∂ sin(xyz)

∂x
dx ∧ dx ∧ dy +

∂ sin(xyz)

∂y
dy ∧ dx ∧ dy +

∂ sin(xyz)

∂z
dz ∧ dx ∧ dy

= 0 + x2ex
2y dy ∧ dx ∧ dz + 0 + 0 + 0 + xy cos(xyz) dz ∧ dx ∧ dy

= (−x2ex2y + xy cos(xyz)) dx ∧ dy ∧ dz

Contraction (inner product) and Lie derivative:

X = ex
∂

∂y
+ (y3 + sinx)

∂

∂z
, α = (x2 + y2 + z2) dx ∧ dz

Then

iXα = −(y3 + sin x)(x2 + y2 + z2) dx, dα = 2y dy ∧ dx∧ dz = −2y dx∧ dy ∧ dz

(there is a typo in the sign of dα in the lecture notes), and

LXα = (iXd+ diX)α = iXdα + diXα

= iX(−2y dx ∧ dy ∧ dz) + d(−(y3 + sinx)(x2 + y2 + z2) dx)

= 2exy dx ∧ dz − 2y(y3 + sinx) dx ∧ dy
+(−3y2(x2 + y2 + z2)− 2y(y3 + sinx)) dy ∧ dx− 2z(y3 + sinx) dz ∧ dx

= (2exy + 2z(y3 + sinx)) dx ∧ dz + 3y2(x2 + y2 + z2) dx ∧ dy .

Pull-backs:

For F : R3 → R2 given by (x, y, z) 7→ (u, v) = (y2z, xy) the pull-back of the
2-form eu du ∧ dv is

F ∗(eu du ∧ dv) = ey
2z d(y2z) ∧ d(xy)

= ey
2z (2yz dy + y2 dz) ∧ (x dy + y dx)

= ey
2z (−2y2z dx ∧ dy − xy2 dy ∧ dz − y3 dx ∧ dz)


