MAT 367S — Midterm #2, March 26, 2020

Solutions

Problem #1:[5+3=8 points]
a) Find the integral fw a of

a = " (dx + 2dy) € Q'(R?)

along the path
v:[0,1] = R?, ~(t) = (=3t,cos7t).

b) Is a closed? exact? Explain briefly.

Solution: a)
a = "t (dx + 2dy) = d(e ).

/Oé — /d<ez+2y) — 6—3t+20037rt|(1) — 6_5 . 62.
Y Y

b) The form « is exact, and hence it is closed.

So

Problem #2: [3+3+2=8 points]
a) Show that

o, <x,y> = (e’tac, In(e? 4+ t))
is the flow of a vector field X on plane R?.

b) Find the vector field X on R? having the flow ®;(z,y) from part a).

c) Is this vector field complete? Explain briefly.
Solution: a) We have ®((z) = (11:, In (e¥ + O)) = (x, y), i.e. &g =id and

Oy, 0 Dy, (:c, y) =&, (etlx, In (e¥ 4+ tl)) = (ethtlx, In (™ (e4t1) | t2)> =
= <€(t1+t2)x7 In <€y + (tl + t2))> = (I)t1+t2 (I, Z/) :
hence ®, is a flow.

b) X = %’tzoq)t(x7y) = <_ e_t'ra e%th) |t:0 = (—l’, eiy) = (_I76_y>'
1



¢) The y-component y(t) of the solution (z(t),y(t)) with initial condition
(2(0),y(0)) = (z0,y0) is y(t) = In(e? + t) and it does not exist for t < —e¥.
Hence the solution is not defined for all ¢ € R, and the field X is incomplete.

Problem #3: [4+4=8 points]
Consider the coordinate transformation, for z > 0, y > 1,
(u,v) = F(z,y) = (ze’, 2zy)

a) Express the differentials du, dv in terms of dx and dy (with coefficients that are
functions of x,y).

b) Express the coordinate vector fields 8%, % in terms of a%v a% (with coefficients
that are functions of z,y).
Solution: a)
ou ou
du = —dxr + —dy = e’dx + ze¥dy
ox oy
dv = %dx + @dy = 2ydx + 2xdy
ox dy
b)
9 w0 wo L0 L0
or  Oxdu 0Oxdv  Ou y@v
9 _oud wo L0 5.9
oy Oydu Oydv ou ov
Hence
0 0 0
L oy —1)—=
Tor oy oy )811
0 0 0
o = (1 — eV =
T or y@y vl —y)e ou

and therefore

Problem #4: [4+4=8 points]

Compute the Lie brackets [X, Y] and [[X, Y], Y] of the following two vector fields on
R3.
0 0 9] 9,

X=22 2 v=z2_,<
xay s Yoz You



Solution:

0 0
X,Y]=yo — 22
0 0

Problem #5: [8 (+4 bonus) points]

a) [8 points] Let S C M be a submanifold. A vector field X € X(M) is said to
vanish along S it X, =0 for all p € S.

Show that if X, Y € X(M) are two vector fields such that X vanishes along S, and
Y is tangent to S, then [ X, Y] vanishes along S.

b) (Bonus problem [4 points]) Let X,Y € X(M) and f,g € C*(M). Express
[f X, gY] € X(M)
as linear combination of X, Y, [X, Y] with coefficients in C*°(M).

Solution:

a) Since both fields X and Y are tangent to S their commutator [X, Y] is also
tangent to S and [X,Y]|s = [X|s, Y|s] =[0,Y|s] = 0.

b)

fX,gY] = (fX)(9)Y +glfX, Y] = fX(9)Y —g[Y, fX] =
= [X(9)Y —g(Y (/)X + fIY, X]) = fX(9)Y — gY (/)X + fg[X,Y].



