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Abstract

This is a presentation for Yael’s course on Symplectic Geometry. We
discuss here the context in which the geodesic flow can be understood using
techniques from Symplectic Geometry.

1 Introduction
We begin defining our object of study.

Definition 1.1. Given a closed manifold M with Riemannian metric g, the co-
geodesic flow is defined as the Hamiltonian flow φt on the cotangent bundle
(T ∗M,Θ) (Θ will always denote the canonical form on T ∗M) where the cor-
responding lagrangian is L = 1

2
g

Suppose that the Legendre transform is given by (x, v) 7→ (x, p). Then we
know

• H = 〈p, v〉 − L(x, v)

• p is given as the fiber derivative of L. Namely, consider f(v) = L(x, v) for
x fixed and then p(x,v) is given by p = Dvf
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In our very particular case, we can easily calculate the transform using Eüler’s
lemma for homogeneous functions (L is just a quadratic form here); ge wet

〈p, v〉 = 〈Dvf , v〉 = 2f(v) = 2L = g(v, v)

This implies

• the Legendre transform identifies the fibers of TM and T ∗M using the
metric
(v 7→ g(v, ·)).

• H = 2L− L = L.

This shows that the co-geodesic flow induces a flow (which we will continue
denoting φt) on TM such that φt = (γ, γ̇) and γ satisfies the variational equation
for the action defined by L = H .

We have that1 d
dt
∂L
∂v

= 0, so the norm of γ̇ is constant. We will restrict ourselves
to ‖v‖ = 1 (ie we’ll work in the unit tangent bundle ofM).

Definition 1.2. The flow φt on TM is called the geodesic flow, and the curves γ
are called geodesics.

Notice that in particular, the generating vector field (called the geodesic vector
field) of the flow in TM is given by

G(X) =
∂

∂t

∣∣∣∣
t=0

φt(X) =
∂

∂t

∣∣∣∣
t=0

(γ, γ̇))

More can be said about the level sets of the Lagrangian (∼ metric). We know
that the level sets of the Hamilton equation are preserved by any Hamiltonian
flow, but in general, different level sets carry different dynamics. However in our
special case, we have

Proposition 1.1. Suppose that Γa and Γb are two level sets of the metric g. Then,
up to reparametrization Γa and Γb are isomorphic.

Proof. Notice that
∥∥∥√ b

a
v
∥∥∥2

= b
a
‖v‖2. So

v ∈ Γa ⇔
√
b

a
v ∈ Γb

Since Γa and Γb are invariant by the flow, we are done.

1Conservation of energy!
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Now we want to see how the geodesic flow looks like in the tangent bundle
ofM.Recall (cf. appendix) that the Riemannian conexion induces an splitting of
TM

X ∈ TM⇒ TXTM = TXh
TM⊕ TXvTM

If X = (x, v) each of the previous subspaces is (canonically) isomorphic to
TxM, and we’ll identify corresponding vectors with their images in TxM.

Proposition 1.2. The symplectic 2-form Θ on TM is given by

Θ(ξ, η) = g(ξh, ηv)− g(ξv, ηh)

Proof. We’ll show that the form Ω defined by the right hand of the equation sat-
isfies for every X ∈ TM , ξ ∈ TXTM

dLX(ξ) = ΩX(G(X), ξ) = ιG(X)Ω(ξ) (1.1)

Take a curve z(t) on TM such that z(0) = X , ż(0) = ξ and write it as
z(t) = (α(t), Z(t)). Then

dLX(ξ) =
∂

∂t

∣∣∣∣
t=0

L(z(t)) =
∂

∂t

∣∣∣∣
t=0

1

2
g ((∇α̇Z)(0), Z(0)) = g(ξh, v) (1.2)

We know calculate with Ω to get

ΩX(G(X), ξ) = g(G(X)h, ξv)−g(G(X)v, ξh) = g(G(X)h, ξv) = g(v, ξh) (1.3)

We’ll finish with a very well know example.

Example : integrability of the geodesic flows for surfaces of revolution
Let’s recall first if we have a Hamiltonian system H :M2n 7→ R, we say that

the a real valued function f : M 7→ R is an integral of H if f is constant along
trajectories ofH (equivalently, {f,H} = 0). We say that the Hamiltonian systems
is completely integrable if it has n− 1 independent2 integrals.

Now suppose that S ⊂ R3 is a surface of revolution and suppose S is given
by the induced metric from the ambient space.

2ie. its differentials are l.i. in T ∗M
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If we use polar coordinates (r, θ) 7→ (f(r) cos θ, f(r) sin θ, g(z)) we see that θ
doesn’t appears explicitly in L = 1/2g. So by Eüler-Lagrange equations we have

P = r2θ̇ = const. (1.4)

The previous equation is know as Clairut’s equation, and so L and P are a
complete system of integrals for the geodesic flow on S.

2 Appendix
Here we collect some facts about Riemannian geometry.

Proposition 2.1. LetM a closed Riemannian manifold with metric ‖·‖. Then for
any a > 0 the set Γ = {v ∈ TM : ‖v‖2 = a} is a (codimension 1) submanifold
of TM.

Proof. We just need to check that a is a regular value for the function f(v) =
‖v‖2. We’ll work in coordinates, so without loss of generalityM = Rn

D(x,v)f (α, β) =
∂f

∂x
· α +

∂f

∂v
· β = g(v, β)

(the first term vanishes because g(v, v) = a ). Now by non degeneracy of g,
we get that D(x,v)f is surjective.

Also recall that in a Riemannian manifold, a conexion ∇ is compatible with
the metric g if for every pair of vector fields X, Y along the differentiable curve α
we have

d

dt
g(X, Y ) = g((∇α̇X, Y )) + g(X, (∇α̇Y )) (2.1)

We have used that in the proof of Proposition 1.2.
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