
MAT157 – Analysis I, 2018–19. Assignment 5.

Please read Chapters 7 (“Three hard theorems”) and 8 (“Least upper bounds”) of Spivak’s
book and the handout “Properties of continuous functions that follow from the least upper
bound property of the real numbers” on the course website. Clear solutions to the following
problems are due in the tutorial on Thursday November 1st.

Please also read the appendix (“Uniform continuity”) to Chapter 8.

(1) Prove Lemma 1 from the handout; here it is:

(i) Suppose that a function f is continuous from the left at a point γ and there
exists δ > 0 such that f(x) < 0 whenever γ − δ < x < γ. Prove that f(γ) ≤ 0.

(ii) Suppose that a function f is continuous from the right at a point γ and f(γ) < 0.
Prove that there exists δ > 0 such that f(x) < 0 whenever γ ≤ x < γ + δ.

(2) Assume that the sine and cosine functions are continuous at the point 0.
(a) Find functions a(x), b(h), c(x), d(h) such that b(h) and d(h) are continuous at

h = 0 and b(0) = d(0) = 0, such that |a(x)| ≤ 1 and |c(x)| ≤ 1 for all x, and
such that cos(x+ h)− cos(x) = a(x)b(h) + c(x)d(h) for all x and h.

(b) Prove that the cosine function is continuous everywhere.
(c) Optional – no credit: Show that there do not exist functions f(x) and g(h) such

that cos(x+ h)− cos(x) = f(x)g(h) for all x and h.

(3) Suppose that f : R → R is a continuous function and that f(x) is irrational for
all x. Prove that f is constant. (Hint: assume that f is not constant and use the
intermediate value theorem from Chapter 7.)

(4) Solve Question 14 of Spivak’s Chapter 8. (It’s about nested intervals.)

Please solve the following questions but do not hand in your solutions.

• Spivak Chapter 7 Problem 1 – choose 5 subsections. (Determine whether functions
are bounded above/below or attain a maximum/minimum.)

• Spivak Chapter 7 Problem 3. (Show that a solution exists.)
(Hint: you may rely on the “hard theorems” or their consequences.)

• Prove Lemma 2 from the handout; here it is:
Suppose that a function f is continuous from the right at a point γ. Prove that

there exists δ > 0 such that f is bounded on [γ, γ + δ).
(Recall that “bounded” means “bounded from above and from below”.)

• Prove Lemma 3 from the handout; here it is:
Suppose that a function f is (defined and) bounded on each of two sets D1 and

D2. Prove that f is bounded on the union D1 ∪D2.

• Prove that, if functions f and g are continuous at a point γ, then the function
max{f, g} is continuous at the point γ.
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