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Fundamental Theorem of Algebra: Every polynomia with complex coeffients other than constant
polynomials has a complex proof.

(2) =a2"+ a2 +az +a,a 0C,n0ON. a#0. n degreeof polynomial.
Definition: A closed curve in the planeis a continuous function from [0, 21t] into C such its values at d
and 2 T are the same)
Eg. A Function

@t)=f(t) +i g(t), f,g into functions mapping [0, 2] into R & f(0) = f(2m), g(0) = g (2m).

Eg. @t) = cost + sint , t 00 (0, 2m)

e

Winding number is 1.

Eg. @(t) = cos3t +isin3t, t 0 [0, 2]

PICTURE

Winding number is 3

Definition: If @isa dosed curvein C that doesn't go through (0,0), its winding number about (0,0) isthe
total number of times avedaor from (0,0) to pant on curve winds around (0,0) ast goesfrom 0 to 2t

e

Eg. @(t) = 27 cos4t + 27 isin4t , t 0J[0,211]
Winding number is4

Eg. @(t) = sin4t + i cosAt.

Winding number is—4.

Winding number isO.
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I dea of Proof of Fundamental Theorem of Algebra.
Suppose p, hon-constant polynomia & p(z) # 0 0 z (Wewill get a contradiction)
For each R>0, let ¢ be aurve: gr(t) = Rcost + Risint, t [ (0, 21)
Let 4r(t) = p(qr(t) O 4g(t) closed curve too.
No root for p 0 4 doesn't go through (0,0).
Well show if (1) R islarge enough, winding number of 4y isthe degreeof p.
Alsoif (2)R small enough, winding number of 4z isO.
But the winding number of 4y is a continuous function of R, & asaumesinteger values. O Its constant,
contradiction.
To simplify alittl e, can assume a= 1 (divide through).
Detailed Proof of Fundamental Theorem of Algebra.
P@2) = 2"+ 8z + ezt az + &
Forech R> 0, let ¢ be awrve R, radius.
@r(t) = Rcost + Rsint , t 0 (0, 2m), Winding rumber =1.
Let 4@x(t) = p(@r(t)) — Take image
4x(t) (closed curve too. Noroat for p O 4g not through (0,0))
Letq(z) =2"
LetLr (2) = q(e:(1))
= (Rcost + iRsint) "
= R"(cosnt + isint).

Winding number of L g (t) isn
Suppose p(gx(t)) = 0, for t =to

P(Px(to))=0.
No roots means doesn't to go through origin.

Lemma: If L(t) & M(t) are closed curves nat through (0,0) & |L(t) —M(1)| < |L(1)| O t, then L(t) & M(t)
have the same winding number,

Arrows; Distance between pants.

—

<1

Clam: If Rislarge enough, then | Lr (t) - 4 r (t)] < | Lr (t)| (have winding number N)
Le(t) = (@ (1)"
4r(1) = p(er(1) PR =2"+a1Z" +..+ &

ILr(®) - 4r ()] = a1 (D)™ - a2 (@ (1) ™ + ... |

<l @ (O™ [+ lava (G (®) ™ [+ ......Jad| (Triangle Inequality)

=@t 1o (®) ™+ lana | KGR ()™ [+ oot 0]
AslongasR>1,

Z|an |[R™+ [ane |[R™+ Jans |R™ + ot [ S| 80 |[R™ + Janz |R™ + [ao |R™ if
R>1 (bound) =(|an1| + |anz |+ ... + a0 [) R™ - need to find R bigger than < R"if R> |a,a| + [an2 |
+owtl@o|& R>1

=[Lr ()]
Thusif R>1& R>|a.q| + a2 ]| +..... +[ag |, then winding number of 4 g (t) isn (by claim and Lemma). n
ON,n>0. Letp(0)=k. k%0 (since p hasno root).
Sincepis continuous, | p(¢r () —p(0)| < |k| for R small enough.
O for such R, winding number of 4 5 (t) isO.



L]
A=l
=l

Can' twind around origin.
Thusthere exists R ; such that Wr has winding number O, but the winding number of Wy is a continuous
function of R. Why?

%

But a continuous function on (0, «) that has integer values must be a constant. Contradiction since it takes
in vaues 0 and n.

@r(t) = Rcost + iRsint

e

Image of that as polynomial.

Wr(t)

( * ol
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If start. Rbigenoughd n
ifssartRsmall 0 0
O Can' t beboth n& 0.

Recall : If p(z) = a:2" + a1Z2"" + &z + &, & r 0 C, a [0 C, do "long division of p(z) by z—".
Get p(z) = (z-1) 9(2) g (2) + k where g polynomial & k O C.
Eg.p(z) =2z°+5z%+z—-1.r =3.
222+112+34
z-32z%+5z%+z-1
2z%-62°
11z°
112°—337
34z
34z -102
101

2z%+5z%+z-1
=(z-5)(2z%+ 11z + 34) + 101
| |
a(2) k



Factor Theorem: If p(r) = 0.
p(2) = (z-1)q(2), some polynomial q.




