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In this expository note, we begin by deriving a Lyapunov Stability result for soliton solutions of
the NLS. We then consider the NLS with a potential and demonstrate that soliton like solutions
concentrate near the critical point of the potential. The result depends heavily on the Implicit
Function theorem and the proof is mostly variational in nature. Some numerical results are also

presented at the end.

I. A NOTE ON EXISTENCE

The NLS is given by
10 + A+ f([¢1*)w =0
with initial condition
(2, 0) = to(x)

where x € R™, ¢t € R. The following Theorem sums up the essential global existence properties of the

NLS for solutions with initial data in H'. We begin by stating some assumptions about our non-linearity,
FW2) = f(101) ().

To ensure that the NLS has a global in time H' solution for H' data we need the following conditions.

First off we have that f :[0,00) — R is smooth and satisfies f(0) = 0 and
/()] < K(1+ 577,
for some « € [0, ﬁ) when d > 3. For the case when d = 1,2 then we require that « € [0, 00). Also,
f(s) < K(1+57),
for B € [0, 2).

We can state

Theorem 1 If we make the above assumptions on f , then the NLS has global H' solutions for small H*

initial data.



The proof of this theorem is conducted in two steps. First, one proves a local(in time) existence (i.e. on a
small time interval). To this end, using the Duhamel Principle one rewrites the NLS as

t

Bl t) = e "By 4 i / e[ (4 2)p(s)]ds,

0
and then applies a fixed point argument to it in an appropriate Banach space. A key point here is that the

length of the time interval should depend only on the H' norm of 1.

During the second step, one iterates this procedure with help from estimates that one gets from the conser-
vation of energy. For details check out [G1,V1], [G2,V2], and [Caze] for example as well as a survey in [S,5]
and [PEZ].

Section 3 of this work requires that we know a little more, specifically the long-time existence of the flow for

the nonlinear Schrodinger equation with potential V' on R™ given by

0
% = AV F(P)

This was accomplished by Yong-Geun Oh in [Ohl].

II. ORBITAL STABILITY OF SOLITON SOLUTIONS

Consider the non-linear Schrodinger Equation without potential given by

0y + A+ f(|0*)p =0 (1)

with initial conditions

$(0,2) = po(z) = €R?

and ¥y € H'.

In this section we wish to show that for initial data which is near a ground state soliton solution of (1),
the travelling soliton solution will remain near the ground state, where by near we mean close in energy.
This is what is referred to as orbital stability. These notions will be made precise as we go on. We begin
by exploring the structure of the manifold of ground state solitary waves by examining the symmetries of
equation (1). We then make precise the notion of orbital stability which then allows us to state the main
theorem of this section. To assist in the proof of the theorem we mention and demonstrate a couple of

important conservation laws.

We look for solitary waves of the form (¢, z) = eF*R(z). Substituting this anzatz into equation (1) we

arrive at the equation



AR—ER+ f(|R]*)R =0. (2)

The first thing to notice before we go on is that equation (1) enjoys gauge and translation symmetries.
Indeed, if ®(¢,z) is a solution to (1) then so is e ®(¢,x + z,) for v € [0,27) and x, € R™. This means that

the manifold of ground state solutions is given by
Mp = {""R(x + z,)|(z,,7) € R? x [0,27),}
if we also assume that the ground state solitons are spherically symmetric.

Now, we say that the ground state solitary waves of the NLS are orbitally stable if for any € > 0, 3 §(g) > 0,
such that if

d(tho(t), Mgr) < 6(e), (3)

then for all t > 0
d(y(t), MR) < e. (4)

Here d is an appropriate metric which measures the distance from the solution ¥ to the manifold Mg. In

our case d is simply the H! norm.

To reiterate, our goal for this section is to outline a proof which demonstrates that, under appropriate
conditions, the ground state solitary waves of the NLS are orbitally stable. Now, if f(|R|?) satisfies the

conditions in Section 1 we can state

Theorem 2 Take (t,x) as the unique solution of (1) with initial condition 1o € H'. Then the ground

state is orbitally stable.

Before outlining an idea of the proof, we should introduce a couple of conservation laws that will be of some
use. Assuming that 1 is a solution to (1), by taking a Frechet derivative it can be seen that the energy

functional

How) = 5 [ (Vwl = F(P) (5)

where I = f, is a constant of motion,i.e.

atH0(¢) =y

To see this notice that we can write (1) as

8t¢ = JH(/)(w)



where J* = —J. Then take

0Hy

oL = (H(w), 0) = (Hy(), THy()) = 0.

We can also see that the so called ’particle number’ N(¢) is also a constant where
1 2
N@) =3 [1P. (6)
To see this multiply the NLS by —it), integrate by parts and take the real part. We find
Re/if}@ﬂ/) +ily[*7F? + i A =0
which gives us

o [ 1w =0

and so N (1) is indeed a constant.

Now we introduce the Lyapunov functional
Hi = Ho(v) + E N(v).
We now know that both Hy and N are conserved and therefore we have that

O Hp(y) =0.

Consider the tangent space to Mg at a point R given by Tp M = span{T, G} where

T = 0,,(R(z + ,)e™)

= VR(z) (7)

x,=0, v=0
and

G = 0y(R(x + x,)e")

z,=0, v=0

Take 1) as
Y =Ry y + Wy, y
where VR, ., € TRM and Vw, . € TRM L+, TrM the tangent space of M. We have the Taylor expansion
Hi(R +w) = Hp(R) + (Hy(R), w) + %(w, HY(R)w) + R(w). )

Notice that (H(R),w) =0 and

Lemma 3 R(w) = O(||lw||3;.).



PROOF:

To demonstrate this fact about R(w), define the real valued function h(t) by
1
h(t) = 5 /(\V(R +tw)[* + E|R + tw|* — F(|R + tw|?))
and Taylor expand about 0. We find

1 1
h(1) = Hg(R) + 5H}§(R)\w|2 + 6H§’(R)|w\3 I

Looking at the last term of the above we can deduce that
RG] < B [ 17 R+ 5B ol < 0 [ fuf® = M]3,

where B is a constant and M is the L> norm of |f'(R?)R + f”(R?)R3|. Notice however, that we have the

imbedding
HS — I?
which means that for dimensions d > 6 we have the inequality
lwllLs < lwlla
This means then that we have
R(w) < M|[wl[jn
as desired.

Due to conservation we have

Hi() = Hp(V) = Hp(R+w) (10)
= Hp(R)+ g (w, H'(R)u) + R(uw). (1)
Let
AH = Hy(w,) - Hi(R) (12)
and
L= H"(R).

Using (11), we can rewrite (12) as
1
AH = §<w7Lw> + R(w). (13)

We need a lemma that we prove later.



W(x)

FIG. 1:

Lemma 4
«o
(w, Lw) > §||w||fm — cllwl|Fn

forw L TrM, provided

1o = [1re

Assuming Lemma 2 we reason as follows. From (13) and Lemma 1, we have
AH = Tl = 5wl
In other words we have the left hand side
sl = Flwli + AH >0
One can see this as a cubic polynomial in ||w| g1. It is necessary to find a AH so that ||w]||g: is bounded.

Since ||w||g1 can never be negative one just has to ensure that AH is small enough so that our polynomial

intersects with the ||w]|| g1 axis. Let = ||w|| g1 and

W(z) = gx?’ - %xQ + AH.



One can then refer to figure (1). By considering the critical points of the polynomial one finds that this
occurs when

3
AH < 0%
108

When this condition is fulfilled we are guaranteed that

||w||H1 Sﬂ -
«

for § € RT, i.e. in figure (1)
AH
o
This gives

Y]

14 = Rapa g = lwlla < 6 (14)

which ends the argument if we let our metric d be the H' norm. W

How does one go about producing the estimate in Lemma 2?7 We proceed by first discussing some spectral
properties of L. It turns out that L has a negative eigenvalue, but that it will not prevent us from achieving

a positive estimate for L.
Recall that L has real and imaginary parts given respectively by L, and L_ where

Ly =-A+1-(f(R*) +2R*f'(R?)) (15)
and

L_=-A+1- f(R%. (16)

Now, we know something about L, and L_ that is very helpful. That is we know that

OR
+5‘xj 0 & R=0 ;j ) (17)

To see this just notice that R € Mg and so by definition it satisfies L_R = 0. Now, differentiating this

equation with respect to z; for j = 1,...,n gives the other half of (17).

In one dimension we can show that L has one negative eigenvalue as follows. The Sturm-Liouville theorem
then tells us, being that R > 0, that 0 is the lowest eigenvalue of L_ and that it is simple. In fact, you can be
assured that this result holds in all dimensions and so we can say that L_ is a non-negative operator. Also,
by the same reasoning and using the fact that % has one zero, we can see that 0 is the second smallest
eigenvalue of L. We then see that the spectrum of L contains a negative eigenvalue, and that it is simple.
For dimensions 2 and higher, we reason as follows. (This is taken from [MW]. An alternate proof is included

in appendix B of [FGJS].)



Proposition 5 L has exactly one negative eigenvalue.

Idea of Proof :

We already discussed the situation for the one dimensional case. For higher dimensions we begin by consid-

ering the specific non-linearity f(|¢|?) = [¢|*?. We show that this L, has exactly one negative eigenvalue.

Define the Raleigh quotient J[u] to be the functional
[Vl gl

lull35 43

One could evaluate the Frechet derivative §2.J[¢]|y—r and find that

J[u] = (18)

(Lyh,h) + k*(od — 2)(h, AR)* > 0,

for functions h such that (h, R) = 0. This means that we have a non-negative operator Ly + U where U
is an operator of rank one. Thus, L can have at most one negative eigenvalue. But VR is not strictly
positve and therefore it can’t be the ground state, and so we can conclude that there is exactly one negative

eigenvalue.

Now we extend our result to general linearities f. This is achieved by considering a one-paramter family of
equations and interpolating between the result above and with what we are trying to achieve. Specifically,

consider

Ay —thy + (1= 72T + 7 f(W2)0, =0, (19)

where 7 € [0, 1]. Now, let R, be the unique ground state of (19). Also let the linearization of (19) be L (7).
In the previous paragraph it was demonstrated that L,(0) = L has exactly one negative eigenvalue.
Before we go on, we need to make an assumption about the dimension of the null space of L. We assume
that all zero eigenvalues are generated by the translation invariance of equation (2), which means that the
null space of L; has dimension equal to the dimension of the domain we are in. To continue, we have that

the null space of Ly (7) has dimension N for any 7. Furthermore, we know that it is spanned by % for

i=1,...,N. Now, for any 1, %1;* is not the ground state, and so Ly (7) has atleast one negative eigenvalue.
Notice that as one varies 7 € [0, 1], the eigenvalues of L (7) will vary continuously as well. One can do this
until they get to L4 (1), being the linearization with the general non-linearity. If the number of negative
eigenvalues were to increase, the multiplicity of the zero eigenvalue would also go up, by the continuity
of the parameter 7 and the eigenvalues of L, (7). But this contradicts our assumption. Thus we see that

L (1) has exactly one negative eigenvalue. B

Now assume that

KerL, =span{VR} and KerL_ = span{R}.



For more details on this matter we refer the reader to [FGJS], [BL1], and [BL2].
We now need a proposition that allows one to estimate the quantity

inf  (w, Lw).
lwll=1
wlKerL R

We assume here that for the general class of nonlinear interactions f(|1/|?) that given E > 0 3! ground state

R(E), where R >0 and R € H*.

Proposition 6 Let R satisfy equation (2), where R is real valued ground state, and so R = R(E). (Here
R(E) is the local minimum of Hg for a given E.) Then

(R,L7'R) < 0.
Proof
We now have
—AR — f(RH)R=—-ER

and we differentiate with respect to E. We get

OR OR OR OR

AT / 2 274 2\ Y Z
Ase =2 (R)R? o = f(R?) s + R+ B = 0
which gives
[~A —2f(R*)R? — f(R?) + E]a—R = —R.
OF
So
OR
Lisrs =R (20)

Also, we can invert Ly since R is not in its kernal and so we can write
OR 0 (1
R - <

—1 _ __ = |z 2 — _ N/
(R,L'R) = - 2/3) N'(R)<0.m

We now use this proposition to demonstrate that if
o= m}jn (h, Ly h)
then we have o > 0, given that (h, R) = 0.

For the specific nonlinearity f(|1)|?) = 1?7 we can argue as follows. It is well known that the infimum of the
Rayleigh functional (18) over all u € H' is attained at R. See [MW] for example. As mentioned previously,

after taking the second Frechet derivative of J about R, one finds for functions where (h, R) = 0 that

(Lih,h) + k*(od — 2)(h, AR)?> > 0.
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This means for ¢ < 2/d (where d is the dimension) we have
(Lyh,h) >0,

Therefore there exists a minimum for

o= mhin (h,Lyh), (21)
where ||h]2 =1 and (h, R) = 0.
Now, the corresponding condition to o < 2/d for the general nonlinearity f(|1)|?) is the condition
d
—||R(E)|I”> > 0.
7 [ RE)I >

Assuming this we can continue in the following way. Assuming that « is attained for the function h., by the

theory of Lagrange multipliers we know that h, satisfies the Euler-Lagrange equation

On. |5} = SRl — 5B, | =0 (22)
which means that we have
Lih, —Xh. — BR=0. (23)
Multiplying this by h, we get
A= (Lihy, hy) (24)
by noticing that
[[hll =1 (25)
and
(R,hs)=0. (26)

Recall that L, has one negative eigenvalue that we shall denote as A\g and its corresponding eigenfunction

as hg. Now, let A = )y and take the inner product of (23) with kg to obtain
(Lih, ho) — Aolhs, ho) — B(R, ho) = 0.
But this means that
(hs, Liho) = Xo{hu, ho) + B(R, ho)
or

)\0<h*, h0> = Ao (s, h0> + ﬂ<R, h0>
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This means that either S = 0 or that (h., hg) = 0. This is not true however. Further, if 3 = 0 then « is an

eigenvalue of L, which one can see by considering equations (24) and (23). One gets
L.h, = ah, + BR.

But we know that L has only one negative eigenvalue which implies that h, > 0. This would contradict

equation (26) however.

Consider A € (Ao, 0] and the function
9N = ((L+ =N 7'R,R). (27)
In this way we have
he=pB(Ly —a)"'R
so equation (26) is the same as
B{(Ly —a)"'R,R) =0
or
g(a) = 0. (28)
We claim that o cannot be negative. Notice that
g =Ly = N7'R?, (29)
which implies that g is increasing on (Ao, 0]. To guarantee that there is no zero of g on (A, 0], all we need is
9(0) = (LI'R, R) <0. (30)
But this is true so long as
LIRE) >0 (31)
dE

Again, recall that this condition reduces to o < 2/d for the nonlinearity f(¢)) = |1|?°. Thus, we have that

a > 0 as desired, as long as we have condition (31).

What remains to look at is the operator L_. This is much easier for it has no negative eigenvalues. To make

the argument as precise as possible consider taking as our metric d the function
d*(§(t), Mp) = inf {|[Vo(- + w0, )e” — VR|[Z: + E||¢(- + w0, t)e’ — Rl|Z:}. (32)
Minimization of

[Vo(- + xo,t)e” — VR|32 + E||p(- + z0,t)e — R||32
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over xo and y gives

/ F(R2)Rudz = 0. (33)

Now consider
(L_v,v)
(v,v)

subject to (31). If we assume that (32) is identical to zero, then it is attained at R. But this would contradict

inf (34)

(31), and so we can conclude that it is positive or zero. Thus, we are not quite finished.

In order to conclude the proof of Lemma 2, we outline the idea of the remaining steps. In addition to the
assumption that the L? norm of the perturbed soliton v is the same as that of the ground state R, and the

assumption given by (31), we require that
/[f(R2) + 2R*f(R*)|0y, R)?]dx # 0 for i=1,2,..d. (35)

Notice that we obtained that o > 0. Consider the metric given by d? as defined previously. In [MW] it was

demonstrated that if zo = z¢(t) and v = 7(¢) are chosen so as to minimize this metric then one also obtains
2 2 0102y OR .
[f(R*)+2R°f'(R )]a—udm =0 for j=1,..,d
T
where u is the real part of the pertubation of the ground state R. This together with (35), guarantees that

« is strictly positive.
Now, take note of the assumption
J
where ¢ = R + w, and w = u + tv. This gives
(R+w,R+w) = (R,R)

= (u+iv,R) + (R,u— i) + (u+iv,u —iv) =0

— 2w, R) = —gl{w,u) + {o,0)].

Following [MW], one takes u = uj| +u and using the above one rewrites

(Lyu,u) = (Lo u) + 2(Lquyur) + (Dyug, up)
as

(L+uu) > (Lo R R)[(u,u) + (v,0)]* = ¢ |[wl[3p [Vl g + " {{u, u) - i[(u’ u) + (v, o))}

N

Similarly, one can find that
(Lov,0) > " |lv]| 3.

Lemma 2 follows from this. H
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III. PINNING OF SOLITONS FOR THE NLS WITH POTENTIAL

In this section we consider the stationary non-linear Schrodinger equation given by
(FA+ Vet MY — f(¥) =0 (36)
where V.(z) = V(ex) is an external potential and ¢ € H?. Here ¢ € R is a small paramter.

Consider the situation when we take our non-linearity to be f(1) := g(|¥|?). To ensure that we have positive,

spherically symmetric solitons as solutions to (36) we require the following conditions on the nonlinearity

g(v[?):

0< hn})g(\s\) <weR" and
S—

0 < lim g(s) < CsP,

§— 00O

4
Whereford>2wehave1<p<1+ﬁ.

When d =1 or 2 then p € (1,00). And finally
L

a
Jde > 0 such that/ sg(s?) > Fwe’
0

More details of this nature can be found in [BL1| and [BL2].

Through out this section however we consider the more general non-linearity f(¢)) and so we need the
following conditions on f to ensure that we again have positive spherically symmetric solitons. Note that we
take 0 C R? and that H}(2) represents the closure in H*() of C* functions Q + R which are compactly

supported in 2. We require:
o fe C(H'(RY), H'(RY))
and 3 {f1,..., i} € C(H'(R?), H~*(R?)) such that f = f; +--- + fx where each f; satisfies

o F;, € CY(HL(Q),R) such that F! = f;.
For the following we require that 3r,p € [2, %) such that
[ HY Q) — LP(Q) — H Q).
If d = 1 then we require that r,p € [2,00] and if d = 2 then we have r,p € [2, 00).

o for every M > 0 3 C(M) < oo such that

1f(v) = f@)]lr < CM)][o = ullLr
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for every u,v € H}(Q2) such that
lull e + vl < M.
Also Im(f(u)u) = 0 a.e. on Q for every u € Hi (). And finally
e the Energy:
1 2
E(u) =3 | [Vul" = F(u)
2 Ja

Vu € H}(2). We take that E € C1(HY(Q),R).

We refer the reader to [Caze]. Before going on we would like to mention that the upon the assumptions of

f above, we can have the following generalized non-linearity:
F) (@) = h(w, (@) + (W = [p]*) (@),
where W : R? - R is an even function where W € L(Q) + L>(Q), for ¢ > 1,q > n/4. Further
h:R% % [0,00) R

is continuous and measurable in 1) and h(z,0) = 0 a.e. on R%. Also, if d > 2, then we assume 3 constants

C and a € [0, %) so that
Az, v) = h(z,u)| < C+ |ul® +[o])]o - ul,

for almost all x € R? and all u,v € R. If d = 2 then let o € [0, 00). If on the otherhand d = 1 then assume
that for every M that there is an L(M) such that

|h(z,v) — h(z,u)| < L(M)|v — ul

for almost all z € R and all u,v € R where |u| + [v| < M. All of this guarantees global well posedness of our

problem. One additional assumption before we continue:

f'(W) e L.
This allows one to obtain a positive bound that we will require later. Again, we refer the reader interested
in more details to [Caze| as well as to [FGJIS].
The main focus of this section is to examine soliton like solutions near critical points of V.(x) for equation

(36). For simplicity, and with no loss of generality, let us assume that zero is a critical value of V' at zg, i.e.

V(zg) =0 & VV(xo) = 0. (37)
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From Section 1, we already know that (36) with & = 0 has soliton type solutions, that we shall call Ry. We

have Ry > 0 and
(A+XN)Ro — f(Ro) =0, (38)

where Ry is real valued. Notice that Ry is a solution to (38) and so we have that R,(z) = Ro(z + ¢) is also

a solution to (38) Vq € R, due to translation invariance.

Our goal for this section is to outline a proof for the following.

Theorem 7 For ¢ sufficiently small, 3 a solution to (36) of the form
R.(z) = Ro(z —a(e)) + &

where £ = O(e?) and a(e) = zo + O(e).
Idea of Proof :
Take

F(y,e) = (mA+ Ve + MY — f(¢)
S0)

F:H*xR—L?

where 1) is real valued.

We wish to solve the equation F(¢,e) = 0. Notice that we know that F(Rg,0) = 0 but that the Implicit

Function Theorem cannot be applied directly since
9y F(Ro,0) = —A+ X — f'(Ro)

is not invertible. To see this notice that

0

7 [(FA+AN)R; — f(Rg)] ;g =0 (39)
and so

(=A+MNVRy— f(Ry))VRy =0

- (—A +A— f/(Ro))VRO =0
or

8, F (Ry,0)V Ry = 0. (40)
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We have to consider

L= 8¢F(R0, 0)

. Thus,
OR
Null L = span {(%3:, iRo} , (41)
where j = 1,...,n. In [MW2], Weinstein had this result for dimensions one and three. He also had it in

general, except that he was missing the fact that any solution of

d2 n—1d -1
T~ 41 —=—pP =
( dr? rdr TP )f 0

where
f(0)=0 and f(0)=1

is unbounded. This however was established in [KW].As an improvement McLeod in [KM] provided a similar
but more powerful result where the last term is replaced by a more general function whose properties are
the same as our nonlinearity. For more details on (41) see [DMAS] as well. Equation (41) is claimed to be

true in Appendix D of [FGJS].

We have L := 0, F(Ry,0) and let Nt := [Null 8,F(Ro,0)]* be the restriction of L to the space orthogonal
o0 (41). We also define P, to be the projection onto Null L = N, and so we also have P, = [ — P,, which is

just the orthogonal projection onto N+. Having said this, we have that for ¥ in a closed neighborhood of
M = {Ry|q € R}
we express 1 as
Y =Ry+u (42)
so that
(VRg,u) =0

ie u€ Ranpq. This expression is permissable because 1 is an element of a Hilbert space and so within any

closed subspace, it can be decomposed in this way.

Now define
P(u;q,€) := F(Rq + u,¢)
by definition of . Also notice that ¢(0,¢,0) = F(R,,0) = 0. We then decompose ¢ to obtain

Pq(b(uv q, 5) =0 (43)
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and
P,p(u,q,¢) = 0. (44)

In this way we have two equations with two unknowns.
Before we continue, we will demonstrate a theorem where we estimate the function u. It requires the use of
a lemma which ensures that our operator Eq@ is bounded below by a positive constant C;,. We demonstrate
this first.
Lemma 8

IZgevlire = Crlv]lme (45)

where v € H2N N+,

Idea of Proof : First off, note that

Lye=Pyl-A+Vo+ X = f'(Ry)] = Lgo + V-,
where
Eq,O = Pq[_A +A - f/(Rq)]-
We begin by noticing that since zero is not an eigenvalue of our operator and E;O = Ly, we have that
[ Lg.0v[lz2 = dist(0, 0(Lg,0))l[v]l 2,

where 0(Lg,0) is the spectrum of the operator in question.

Now, for simplicity during the proof, let L, . := L. Thus we know 3y € R* such that

Lol > o]l

Rewriting L as (1 — §)L 4+ 6L and noticing that (v, Lv) < ||v|| gt ||Lv|| L2 we can write

(v, L)

v

(1= 0)yllvlIZz + 6(v, Lo)

(1= 8)vllvllZs + 6(v, (A + Ve + X = f'(Rg))v)

where it is understood that the operator is being projected away from its kernal. We then see that

ILvllzz vl = (1= d)vllvlfe + 6(v, —Av) +6{v, Vev) + 5 (v, v) = (v, f'(Rg)v)

V

(1= llvliZs +8IVollZs +6Cv[vlZ> + oXl[vlZ2 = 81 f (Ry)llzelv]|Z

Y

min (8, (1 = 8)y + 0Cy + 6X = 4| f'(Ry) |l z=) o7



18
which means we have
[Lvl|pz = wllvl| -
via Holder. We are not done yet.

Using a similar trick, we take

[Lvllz = (1+ )| LvllLz — ' Lv] L2
> (140 wlvlla = [[(=A+ X+ Ve = f'(Ry))vl| 2
> (L+ 8 wllvllm = 0" [[(A+ Ve)vllLz + &'l Av]ze = [[f/(Rg)v] 2]
> (L4 0wlvllm = 0"(A+ Cv)[[vlla + 6" My + &'l Av|| 2
> min{(1+6")w — 6'(A+ Cv),8")||v]| =
Letting Cr, be that minimum and noting that My = || f'(Rq)v|[r2 < ||f/(Rg)|lL<|/v| L2 < oo we have our

claim. We need to mention only one more thing. We want Cp, > 0. This means that for ¢’ > 0 we have

1+4
Cv<Tu]—)\.

This is a constraint on the potential V.. B

We have completed the proof of the lemma and now wish to use this result to prove

Lemma 9 The solution u(q,e) of (44) satisfies

u = 0(?).

Idea of Proof : We begin by expanding (44) in u remembering that
#(u,q,e) = F(Rq +u,e) = 0.
Let

Lq e = anwF(Rq,&‘).

)

Then we have
P,F(Ry,€) + Lg.u+ P;N(u,e) = 0. (46)
We already know that L, ¢ is invertible. But notice that
Lye = Py [-A+Vo+ 2= f(Ry)] (47)
= Lgo+ V= Lyo+O(e), (48)
so that L, . is also invertible. From (46) we find

u=—L;! P, [F(Rye)+ N(u,e)].

q,€
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But
F(Ry2) = (—A+ NR, — f(Ry) + VR, = VoR,,
S0
u=—L,! Py [VeRy + N(u,e)]. (49)
We know that L ! is bounded above.
We begin with an argument for the specific non-linearity f() = |1|?¢, and then make some comments

about the general non-linearity. For the specific non-linearity

ud

N(u,e) = 3R,u® + 5

Notice that L, ! : L? — H?. Now, since ¢ € H?and 1) = Ry + u, we know that u and R, both live in H?.

It is easy to verify the Sobolev imbedding

H? — LS. (50)
From this we can arrive at
Proposition 10 R, and u are in LS. Further, u® € L? and quq € L2,

Proof : The first part of the proposition follows immediately from the Sobolev Imbedding just mentioned.

Now, we have that u € L® which means that we have

/(u3)2 < 00

which means that u® € L2. To see the last claim notice that
lu®RylZ2 < llu*[loa | Ryl o=
We know that ||R2||z~ < co and
[utflps = flulza-

We have that v € L% and u € L?, (since it is an H? function) which means that u € LN L? and so u € L*.

Thus, our claim is true. B

Now using Proposition 2 and Lemma 3 we will estimate the H? norm of u. We have

lullwe < BIEgEReu e + | Lyt s + 1 E Ve Ryl
< O {BIRu I + [u®llze + IVeRy 1}
1
< g (IRl + ulide + V2 ooe | R2) 22 }
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Recall that the IFT was used to demonstrate the existence of u, such that u = u(q,¢) and u(g,0) = 0. By
the regularity of u and the aforementioned property of u, it is reasonable to assume that ||u|/g2 < €. Then

from the fact that u € L? N L® and the imbedding (50), we have
lullzs < lullpz <e and [lufze < [ullme.
Thus, our H? estimate for u yields
lull < O {8IRZ e + € + | B2l 12e”)
where both norms of RZ are finite and where we took ||[V2|[z~ < . This means that we have
u=0(e?).
This completes the estimate of u in terms of ¢.
To extend this estimate to the general non-linearity f(1), we first need to notice that

N(u,e) = fﬁ(b;qw + fm(f!q)ug,

for the general f(v). The last line of our estimate for u will now look like

1 1
lullzre < 2t {02 E Nl + 020w e}

The proof will work identically to the specific case if in addition we assume that

[(Ff9N)2| e < 00 for j=2,3.
|

We now return to where we left off. Recall that we had two equations, (43) and (44), in two unknowns. We

will attempt to solve (44) first, for u. To simplify, let

G(u, q,€) = Fyo(u, q,¢).
We have that
G : RanP; x R" x R — RanP,
is C! in u, and that
G(0,4,0) = P[(-A+ AR, — f(R,)] =0 Vg € R",

but

0.G(0,¢,0) = 8, P,F(R,,0)



21

is invertible, being because we projected away from the zero eigenspace. The Implicit Function Theorem is
therefore applicable and so we have that 3 a solution u = u(q,€) to (44) such that u(q,0) = 0. We take this
u and plug it into (43) to obtain

Pao(u(g,€),q,¢) =0, (51)
our reduced equation. Since our projection P, is given by

|02, Rq) (O, Rq|
P _ L A VA e A 1 ,
Z ||3le [

we can rewrite this equation as

Z (00, Ry, d(ulq,€),q,€)) = 0. (52)

Notice that

P,p(u,q,e) = PyF(Ry + u,¢)

= (02, R, [(-A+ MRy — f(Rg)]) =0 Vg €R.
We want to solve (51) for ¢q. Notice however

a <aw1Rq7¢( ( Q7 > - GLR(P[ u¢(0 q’ )a u(q’ )+aq¢(07%0)]> = O

and so we cannot use the Implicit Function Theorem.

Proposition 11 Ve < ¢y 3 qp which solves

Py, d(u(qo,€), qo,€) = 0.

Proof : Notice that we have
P, = 0, R¢(0: Ry, 0). (53)
Denote
5(¢,€) == (Ox Ry, §).
We wish to solve
s(qo,€) =0 (54)

for go. The next lemma provides an explicit formula for s(q,e) which allows us to solve (54). The proof of
the following lemma depends on three important facts that allows one to make the necessary cancellations

which gives the required equation. These are claims (55),(56), and (57).
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2 2 3
s(q,e) = 57(]‘/”(0)/ <8£CO> 2 — %V’”(O)/R%(.%‘)Iz + 0(e%¢%) + O(3q).

Proof : We expand s(g,¢) in € about 0. One would get

0:5(¢,0) = > (9, Ry, [0u6(0, ¢,0)0-u(g, 0) + 9-6(0, ¢,0)]).

(2

The second term gives

8828(% 0) = Z <8acl Ry, [{83¢(u7 q,€)0:u(q,€) + 0:0,0(u, q,€) } 0cu(q; €)

7

+{0u0(u(g,), 4,€)0u(g,€)} + B2(u,0,)])|
e=0

Finally, the third term gives

50,0 = 3 <aR {33¢<0,q, 02 (4,00 +0.22(0, 00} (Fr@0)

- oud Oe ou? Oe
0% ou 0%u 5 09 ou 0o 0%u
+2{ 520,005 00 5560 | +22520.0.0 5.0+ 0.570.0.0 55 0.0

0%¢ ou ¢ 0%u 0 03u

We claim

Three Important Facts
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Pq8u¢<07 q, 0) = 07 (55)
ou
e =0, (56)
and
oler _
85%(0, q, 0) - O (57)

To see (55) is easy because note that

0u(0,q,0) = =A+ X — f'(Ry)
and that P, projects this operator onto its kernel. Thus the claim is true.
To see (56) we notice that we have

0:P,F(Ry+u,e) =0



= P, [~A0.u+ V' (ex)xyp + V(ex)Oeu + Neu — f'(1)0:u) = 0

so at € = 0 we have V’'(0) = 0 and

Ju
Oe

e=0

Py[=A+ A= f'(Ry)]

But notice that P, [-A + X — f/(R,)] is invertible and so we conclude that

ou
a(q,s) T 0.
Finally, to see (57) just notice that
¢ _ i o %
0. 5 (u,q,e) = V'(ex)x — f"(Ry + u) e (g,¢)
6¢ _ " 87“ _
:>aaau(07qa0)_ f (Rq)aE(QaE) €=0_O

by (56).
From the above we gather that

0r2(q,0) = P,0r¢(0,¢,0) n=1,2,3.
Recall however that

d(u,q,e) = F(Ry + u,e) = F(Ry + u,0) + Vo(x)(Ry + u)

— 9"2(¢,0) = P,V™(0)z"R,.
This means that we now can write

s(q,¢) = %V”(o) <8£;, x23q> e 4 év"'(o) <6£2 x3Rq> &4 0.

From the shape of Ry, we know that z2Ry is even and 8611" is odd
Taylor expand R, and get
and notice that

This implies that we have

<6$’qu>_<8m’xRo>+<6x’m Ox q+0().
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We also have

<%?@%»/%?ﬁm+0@ (60)
- 2 / (9. R3) 2 + O(q) (61)
_ _%/Rng + 0(q) (62)

by integrating by-parts. Using (59) and (62) in conjunction with (58) gives the desired result. W

From here we see that there exists a solution to (54) given by

_ LV™(0) ] Rj(x)a?
TEIVI0) (o)

qo(e) £+ 0(e?). (63)

Thus, we have the proposition as desired. H
Now, recall from Theorem 3 that we claimed that there was a solution to (36) of the form
R. = Ro(x — a(e)) + O(g?).

If we let R. = ¢, and a(e) = —q(e), then from equation (42) we get

But from Theorem 4 we know that u is O(g?), and so we are done.

IV. SOME NUMERICAL EFFORTS TOWARDS THE NLS WITH POTENTIAL

A spectral method was used to simulate the dynamics of solitons in an external potential. For periodic
problems the spectral method has been shown to be extremely stable and not too computationally expensive,

i.e. the time stepping does not have to be absurdly small.

The specific methods used to generate the dynamics is based on a splitting algorithm introduced to me by

Mary Pugh and Robert Almgren. It works as follows. Consider the cubic NLS with potential V' given by

A — il — il P + iV (x)1p = 0 (64)
with initial condition
¥(0,2) = vo.
One takes (64) and splits it into

Oy = i (65)
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Soliton Pinned at Critical Point of the Potential
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FIG. 2:
and
O = i’ — V(). (66)

One then uses a Fast Forward Transform(FFT) and its inverse(IFFT) to compute derivatives of these func-

tions in accordance with the equation (64).

To decrease the error in the program a Richardson Extrapolation was introduced as well as Strang Splitting.
Convergence tests demonstrated that the program was running with an error of dt* locally. The Richardson

Extrapolation effected the mass conservation, but the error was small.

The potentials we experimented with for the simulations were gaussians i.e. of the form

V() = +Bexp(—ya?)
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Motion of Soliton started at 3.0
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FIG. 3:

and also
P(z) = az(z — )2

Notice that when one uses a Gaussian, that V//(0) = 0 and so the soliton actually concentrates at the critical
point as the theory predicts. With the use of P(x), one can actually observe the soliton concentrating near
but not on the critical point, again as the theory predicts. In general, a soliton with no initial velocity started
at a critical point of an even potential will remain there as predicted by the theory. For an odd potential

the soliton started at the critical point will begin to oscillate about the pinning point.

We include some illustrations of the dynamics of a soliton in an external potential. The graphs represent

the motion of the center of a soliton with no intial velocity in the vicinity of a critical point of the potential.

In figure (2) we have a soliton whose intial position is at the critical point of a Gaussian potential given by

V(z). As the theory predicts, the soliton is pinned at the critical point £ = 3. The next picture is more

40
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Motion of Soliton started at 2.993
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interesting. Here we have an odd potential given by P(x) where we start the soliton at the critical point
x = 3. According to the theory, the center will want to slide to the left of the critical point. What one
actually observes in figure (3) is a periodic motion about some other point to the left of the critical point.
In figure (4) and (5) we start the soliton nearer to this ’other point’ and one can see that the oscillations
become quite small. In figure (5) one actually sees that the center essentially just bounces around the ’other
point’, i.e. the pinning point. Finally, figure (6) represents what happens when the soliton is started at the
critical point of an odd potential whose second derivative is negative. In other words the soliton is started

at the top of a ’hill’. We see that this is an unstable situation and so it slides away.

We also produced simulations of a soliton with intitial velocity in the vicinity of a positive even potential
and negative even potential given by V(x). As expected, the soliton wobbled about the critical point of the

potential when it was a mininum of the potential. Also, in the presence of a positive potential it would either

40
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be repelled or roll over it and speed away depending on the potentials amplitude.
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Many thanks to Robert Almgren and Mary Pugh, especially the latter who spent many hours educating me

in the ways of mathematical computing.
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Unstable Motion of Soliton started at 3.0
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