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1) 0.8 pt Find (a) The general solution to
y" — 3y — 4y = 48¢” cosz + 6e” — He ™"
and (b) Solution satisfying y(0) = y’(0) = 0.
2) 0.8 pt Find (a) The general solution to
y" — 6y 4+ 10y = 3% + 39 cos x + 20€3* cos
and (b) Solution satisfying y(0) = y'(0) = 0.

3) Ipt Find (a) The general solution to
3x

" !/

— — 2 —
vy == oy
and (b) Solution satisfying y(0) = y’(0) = 0.

4) 1 pt For equation

/

Y
" 2 _ytan?z =0
cos x sin x

(a) derive equation for Wronskian and resolve it;
(b) check that y; = cosx is a solution and find another non-proportional solution;
(c) Find Wronskian of these two solutions;

5) 0.8 pt Find (a) The general solution to

y//:y_;

Y
and (b) Solution satisfying y(0) =1, 3/(0) = —1.
6) 0.8 pt Find (a) The general solution to

y"" — tanh xy’ = cosh x
and (b) Solution satisfying y(0) = y’(0) = 0.
7) 0.8 pt Find (a) The general solution to
y" — 4y + 5y — 2y =e® +e** +10cos

and (b) Solution satisfying y(0) = y'(0) = y”(0) = 0.
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Question Mark
1 /0.8
2 /0.8
3 /1.0
4 /1.0
5 /0.8
6 /0.8
7 /0.8

TOTAL /5.0

That’s right, you can get 6 points out of 5!




Solutions

1) Finding characteristic roots:
M3\ —4=0 = M =—-1,A=4
and the solution of homogeneous equation is
y* = Cre=® + Cye.

Equation with r.h.e. e® cosx has a solution of the form y; = (A cosx + Bsinx) because
1 £ 4 are not characteristic roots. Then 7] = e”((4 + B)cosz + (B — A)sinz), yf =
2e*(—Asinx 4+ Bcosz) and plugging into equation we get

e”((B—TA)cosz + (A—T7B)sinz) =48¢"cosx = B=-1,A=7 =
y1 = Te* cosx — e” sin x.

Equation with r.h.e. 6e* has a solution of the form g, = Ae”; plugging into equation
X

we get A = —1 and 35 = —e€”.

Equation with r.h.e. —5e™" has a solution of the form y3 = Axe™" because A = —1 is
a simple characteristic root; plugging into equation we get A = —1, y3 = —ze™".
Now

y="Te"cosx —e“sinz — e + xze ¥ + Cre % + Cael®
solves (a); initial conditions of (b) are satisfied as Cy = —1&,Cy = —12.

2) Finding characteristic roots:
M —6A+10=0 = M\ o=3%i
and the solution of homogeneous equation is
y* = e3%(Cy cosz + Cosin).

Equation with r.h.e. 3 has a solution of the form §; = Ae3* because 3 is not a charac-
teristic root. Plugging into equation we get A =1 and 7; = e3*.

Equation with r.h.e. 39 cosx has a solution of the form g, = A cosx + B sin x; plugging
into equation we get A =3, B= —2 and y, = 3cosx — 2sinz.

Equation with r.h.e. 20e3? cos 2 has a solution of the form jj3 = ze3® (A cosx + Bsin x)
because A = 3 £ ¢ are simple characteristic roots; plugging into equation we get

e”((2B — 4A4) cosz — (2A + 4B) sinz) = 20e” cos z

and A = —4, B =2, §j3 = xe3%(—4cosx + 2sin ).
Now

y =€ +3cosx — 2sing + xe3%(—4cosx + 2sinz) + 3%(C} cos x 4+ Cy sin z)



4

solves (a); initial conditions of (b) are satisfied as C; = —4,Cy = 17,
3) Finding characteristic roots Ay = —1, 2 = 2 we have solution of the homogeneous
equation

y=Cre " + Cqe”
and applying variation of constants we arrive to
Cre™™ 4 Che*™ =0,
3x

_C/ —x 20/ 2x — .
1€ + 2€ €m+1’

solving this system we get

1 e
C =_= — _ _(p37r _ 2= T -
1= 3@y 3l et ) faa T
1 €”
Ch == :
27 3641’
then
11 3x 2x T T ~
Cl=—§(§€ —e* +¢e”) + < log(e” + 1) + C,
1 _
02 = g log(ex + 1) + CQ

with constant Cq, Cy and

1,1 1 1" -~ 1 _
y=—-(ce—-e"+1)+= log(e*+1)+Cie "+ —e*"log(e” + 1) + Cae™
33 2 3 3
solves (a); initial conditions of (b) are satisfied as C1 = 3 — 1 log2,Cy = —1 log 2.
4)
(a) According to theory
w aw 2dx
W/ _— = 0 = — =
coszsinw w sin 2z

logW =logtanz 4+ logC — W = C'tanzx.

(b) Substituting yo = z coszx, 2z’ = u into equation we get

d
. ):O:>—u:(2tanx+ .
sin u sin 2z

logu = (—2logcos z + 2log tan x)

2" cosx + 2/ (—2sinz — ydr =

where we picked arbitrarily a constant after integration; then

sin 1
U=z = 3 > Zz = 5
COSs- T COS“ T




1
cosx

where we picked the constant again; finally y5 =
(¢) Then

COS T

W =

Sin X

—sinz 2
COS“ T

cos @ ‘ = —tanwx

in correspondence with (a).

Remark. Using (a) one could write equation for y = ys:

cosr Yy

. .| =9 cosz + ysinz = tan z;
sinx y

W)

1
cos x

solving this equation one gets y = — (after we pick up a constant).

5) Let z = ¢/, then

dz z dy
z—=— dz=— = z2=—+C
dy  y? y? y
in the general case; taking y =1, 2 = —1 we get C' =0 and z = —% in the case (b).
Then q p p
Y yay 2 Y
c-I - Thy—o TS

with C7 = % and
z = Ciy+ Cilog(y — C1) + Co

solves (a). In the case (b)

d 1 2
L dr = —ydy = x:—y—+02
dx Y 2

with Cy = 5 due to y(0) = 1. Then y = /1 — 2z solves (b).

6) Let z = ¢/; then
2/ —tanhxz = cosh x

is a first order linear equation; solving homogeneous equation first

d d
d—zzztanhx == & =tanhxdr = logz =logcoshz + logC = 2z = Ccoshz
x z

and assuming that C' is a function and plugging z = C cosh z into equation we get
C'=1= C=x+C; = z=(z+C})coshx

and
Y= /(:U coshz + Cy cosh x)dz = zsinhx — coshx + Cy sinh z + Co
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with constants C 2 solves (a) and y = xsinhx — coshz + 1 solves (b).
7) Finding characteristic roots:

A — AN 45X —-2=0
and one can guess A\; = 1 and A3 = 2 and then Ay = 1 (Vieta theorem). Now
y* = Che® + Coze® + Ce®

solves homogeneous equation.

Equation with r.h.e. €® has a solution 3j; = Ax?e® because A = 1 is a double root.
Plugging into equation we get A = —1, §1 = —1z%e”.

Equation with r.h.e. e2* has solution 7o = Axe?® because A = 2 is a simple root.
Plugging into equation we get A = 1, o = xe?®.

Equation with r.h.e. 10cosx has a solution g3 = Acosz + Bsinx. Plugging into
equation we get 2A4+4B =10, —4A+2B=0 — A=1,B=2and y3 = cosx+2% sin z.

Finally,

1
—ixQew + 2e®® + cosx + 2sinz + C1e® 4+ Coxe® + Cye®®

solves (a); initial conditions of (b) are satisfied as C; = —4,Cy = 0,5 = 3.



