MAT 2448, Final Exam, May 5, 1998. Problems
FE-1 (4 pts) Solve

2x 3
" / _ 2\—%2
vty =t )2
FE-2 (4 pts) Find solution to
y// — 2yy/

FE-3 (5.5 pts) Check that y; = z is the solution of homogeneous equation
y'(x* —1) — 22y +2y =0
(b) Find another (non-proportional) solution ys of this equation;
(c) Find equation for Wronskian and solve it; calculate Wronskian of y;; and ys.
(d) Solve equation
y'(x? —1) —2zy +2y =1
HinT: Try t = l,—lQ in difficult integral.
FE-4(5.5 pts) (a) Find second order linear homogeneous equation with the coefficient 1
at y” and with solutions y; =z + 1 and yp = ZH1.
(b) Solve this equation with the r.h.e. 1.

FE-5 (5 pts) Find the general solutions to (a) and (b):

(a) y" — 3y’ + 2y = 2cosht
(b) y” — Sy/ + 2y = 673):
et +1

FE-6 (5.5 pts) Find the general solution

/

T = x+2y+

/

y =-z-y

cos3 t

FE-7 (3+3 pts) (a) Find stationary points and classify them for the system
find separatrices for saddle points.

=2t —1
y =y’ -1
(b) Sketch the phase picture
FE-8 (4+4 pts) (a) Find the periodic trajectory of the system
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y= r-y+ 3 y2( w2+ y? +z—y)

and determine the type of it.

(b) Sketch the phase picture. Pay attention to vicinity of singular point (0,0) in which
r.h.e. are not defined.

HinT Use polar coordinates



MAT 244S, Final Exam, May 5, 1999. Solutions.
FE-1 Picking z = 3’ we get linear equation 2’ + fﬁfl = 2(1+22)~2. Solving homogencous
equation

2zx dz 2xdx C
=) = = =— . =1 241 loeC = 2z =
+a:2-|-1 z 2 +1 08 % og(z” +1) + log * 2 +1

and plugging z = fg(jf)l into non-homogeneous equation we get C' = —T§+ - =
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dz dy dz dz

FE-2 Picking z = ¢’ and using 3" = &£ = 2% - o = Zgq. we get
dz 2 dy
z@:2zy:dz:2ydy:z:y +C’:y2+0=dac:
( 1 ) C_ 2
Earctana—l-Cl asC=a“>0 atan(az + b)
1
- _tanh_1g+cl as C = —a? <0 —> y= atanh(ax + b)
a a 1
1 —
——+C as C =0 z+b
\ Y
depending on initial data.
FE-3 (b) Plugging y2 = zy1, 2/ = v into homogeneous equation we get
d 2d
@ —1)+22 =0 = V@@ +1)+20=0 = Yo
v x(z? —1)
2dz 2dr d(L —1) 1
0g v /x<x2_1) /%2_ / R og( x2+)
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==—-1 = z2=———2 = Y= (2" +1)

where we picked up some constant arbitrarily.

(c¢) Equation for Wronskian is W’ = 32:§KV1 which imlpies log W = log(z2—1)+logC =
W = C(2? — 1). Calculations show that W (y;,y2) = 2% — 1.

(d) Applying variation of constants we get

y = Crx+ Co(z® + 1)



with
2
Clz + Cj(a? = 1) =0; o+l
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NOTE In this problem errors in (b) doomed (d) and half of (¢). Note that since coefficient
at ¢ is 22 — 1 we must divide by it system for C7,C%. Failure to do this caused 0.5 pt
reduction.

Wow! y = 1 is a solution to (d). One coueld guess it.

FE-4 (a) We find the homogeneous linear equation through third order Wronskian
W(y17y27y) =0:

yio Y2y r+1 Ty ( 2
x+1) 2(x +1) 2
vi v Y| = L =% Y| =gy~ 5y =0
TR 0 -Z g
. YT (z+1)2
and since dividing by —*—5— we get finally
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S - _y=0.
Y a:(:z:—l—l)y +x(aj—|—1)2y
(b) To solve
. 2 'y 2 1
Y x(m—l—l)y :Jc(:r;+1)2y_x
we apply the variation of constants
r+1
y=C1(x+1)+Cg( . )
leading to
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solves (b).

FE-5 Solving haracteristic equation A\? — 3\ +2 = 0 leads to A\; = 1, A2 = 2 and to the
general solution of homogeneous equation y* = Cje? 4 Cye?’.

To solve (a) we need to find special solutions with r.h.e. f; = e’ and fo = e~*. Since
1 is a simple characteristic root we look at y; = Ate’; substituting into equation we get
A = —1,y; = —te!. Since —1 is not characteristic root y» = Be™!; substituting into
equation we get B = %, Yo = %e_t. Finally

1
y = —te! + Ee_t + Cyet + Cye?t

solves (a).
To solve (b) we look at y = Cye! + Cae?t with variable Cy, Cy. Then

Clet + C'e** =0 . or

e , e
Bt = Co= 45— Cl=———
Cre' +204e* = e +1 e*+1
e?tdt 1 -
Ci=— [ —— ——log(e** +1) + C,
1 /€2t+1 /62t—|—1 20g(e +1)+Ch
_ _ t ~
Cy = / 2t+1 /62t—|—1 arctane’ + Cy —
1 _ _
y=-5e “log(e? + 1) 4 e*! arctan e’ + Cre’ + Cye?.
. ) . 12
FE-6 Solving the homogeneous system y’ = Ay with A = 1 1 first. Character-
. 1= 2 9 e 1 :
istic equation is 1 107 A*+1 =0 and A\ 2 = +7. Finding eigenvector for

)\1=i2

1—1 2 « . 2
(_1 _1_i>(6)—0:>a_2,/8_—1+z:bl_(_lJri)
(up to the factor) and taking y = (—12+i> (cost + isint) = y; + iys we get y1 =

2cost . 2sint So
—cost —sint ] > Y27 \ cost —sint | P

. 2cost 2sint
(&) y _Cl(—cost—sint>+c2 (cost—sint)

is the general solution of homogeneous system.



Looking for solution of our system in the form A with variable C7, Cy we get

, 2cost , 2sint B Cozgt
Cl(—cost—sint +Cs cost —sint | 0 -

c— cost —sint 1 sint _, cost+sint 1 sint
L™ cos3t  cos2t cosdt’ 2 cosdt  cos2t | cosdt
_ 1 _
Cp =tant — + Ch,0 =tant — ——— + (y =
! 2cos?t b2 2cos?t 2

1 2cost 1 2sint .
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is the solution.

FE-7 (a) Finding stationary points: 22—1 = 0,5%—1 = 0 gives us (1, 1), (1, 1), (—1,1), (=1, —1).
2z
0 2

A1 = A2 =1 (unstable nod) at (1,1), Ay =1, \s = —1 (saddle) at (1,—1), \y = =1, Ay =1
(saddle) at (—1,1), Ay = A2 = —1 (stable nod) at (—1,—1). Note, that z =1, x = —1,
y =1 and y = —1 are integral curves (actually collections of three integral curves each,
separated by stationary points). It gives us all the separatrices in question.

Finding Jacobi matrix J = and calculating eigenvalues at these points we get

(b) Now phase picture is easy:

REMARK Actual equation of integral curves is:

dx dy x—1 y—1 y—1 x—1
= — 1 logC =1 — =C
2—-1 421 ng+1+0g Ogy—l—l y+1 x+1
ar — 1 1—a?
Y= — = —qa
r—a r—a

with a = % (the family of hyperbols passing through (1,1) and (=1, —1); as a = £1 we
getx =1,z

=

—1,y=1and y = —1) and there is one more solution y = x as C = 1.



FE-8 Writing the system in the polar coord

pp' =za' +yy = —(2* + )+ (Va2 +y? + 2 —y) = —p° + (2+ cos ¢ — sin ¢)p,
p2¢/:xy/_yx/:(x2+y2):p2 —
/ .

pr=2—p+cos¢—sing
(*){¢’_1 = ¢=1t+Co,(p—2—cos¢) = —(p—2—cosg)
which means that the point rotates uniformly and counter-clockwise around (0,0) and
F=p—2—cos¢p = Ce ? tends to 0. So, there is just one periodic solution: p = 2 + cos ¢,
¢ =1t+ Cy and it is stable limit cycle.

(b) Since p 4 p’ =2+ cos ¢ — sin ¢ > 0 we conclude that p increases along trajectories
near origin; further, C' < 0 iff trajectory lies inside of the limit cycle. These trajectories
reach origin for a finite number of turns as ¢ decreases and one can call (0,0) an unstable
spiral point. On the other hand C > 0 iff trajectory lies outside of the limit cycle and it
tends to infinity as t — —oo.



