Quiz # 1.

Department of Mathematics, University of Toronto
MAT239Y MULTIVARIABLE CALCULUS

95/96 WINTER SESSION. QUIZZES,
TERM TESTS, FINAL EXAM

VICTOR IVRII

Oct 26/27. Problems.

1.1 (1 pt) Let u = e sinﬂ'(:c2 +y? + z2). Find
a) Jdu Ou Ou.

dr’ dy’ 8z
82u .
b) Brgy’
¢) Vu and directiona deri ati e Vu lcac ated at t e oint ( ) erelis
a nit ector ara e to 1+ +
1.2 (1 pt). Let u beani  icit nction ienb e ation
u ru’ yu oz =
Find artia deri ati es g_;v g—;, % and aa;gy'
1.3 (I pt)Let x =u cos ,y=wu sin . Find
a) acobi atri = Zy and acobi deter inant;
b) acobi atri o t ein erse a %
: 2] o o o :
1. (1 pt)Find 37, a—;, 570 a7 it w de ned b s ste
x? ru y2+u: ru+ Yy =
1.5 (1 pt) in cainr ee a ate g—u, g— ere = zyz(z? +y? + %)
r=wucos y=usin z=u. ont a es bstit tions
1.6 Bonus (I ¢ pt) roet at
sin & sin 2
r =
T
I T. ec t at et andri t ande ressionsaree a orso e . 1 er
entiate et andri t ande ressionsand ro et att eir e ressions aree a.
I T. ocac ate 1 its as ¢ etc seL o ita r e.
Quiz # 1. Solutions.
1.1 tis or mnior inder arden...
1.2 as ... or aeg—;: — e et
u u? B u? u u B
r ur oy (u oz y) y (v zu y)
u R
z (u  zu y)
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en
2
u u 9
- =— 4+ — — = ulu U u
Ty z (u zu y) " tYE w+ u x ( y) " u)t
(u zu y) u(uw® =z (v zu Y u’—(u  xzu y)
1.3 as ..Findin artia deri ati es e et
(z y) _ u? cos u cos? sin
(u ) N u sin w sin?  cos
and its deter inant = u cos® sin tso es (b). oso e(a)in ertt e
(u ) 9 . u sin? cos + u cos® sin
= u cos” sin ) 9 . 9
(:c y) w sin % cos® sin
and its deter inant wu cos? sin’ )
1. as ... 1 rentiatin it res ecttor e et
r U z)—+(u — =
(¢ W+ Dt 9
u
u + T + y— =

ecan nd ro t iss ste g—; and g—r. 1 iar ar ents reco er g—” and g—.

Y Y

1.5 er eas ...

1.6 ( rett eas ) First,d etoL o ita r e —— asz \ ® as (so
inte ras e ist). F rt er, bot e ressions anis as 1 erentiatin e et
at et and

T cose sin x sin &
x z = cosr x —+ r =
T
sin & sin 2
T =
ic 1sderi ati eo 11 t ande ression.
2
not er so tion c¢ an e ariabes x =y and di erentiate yy Y

Quiz # 2. Dec / . Problems. 2.1 (1 pt)Findt e ini a and ai a
a eso

(xy)=2 +y =y
int e dis = 2249
2.2 ( pt ) Find and cassi critica oints o t e nction

(z y) =xy’ +2%y  ay
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2.3(1 pt)Findte ai a a eo (xy=z)==zy’s nderconstrains z+y+

z= ,x Y z
19 t se La ran ian t1 1ers (no s bstit tions) bt o can notet at
asx= ory= orz= +t e nction and so o can

2. Bonus(l ¢ pt)Findt e ointsont eeisecr e

2
X
__|_y2:

ic aret e ostcosetoandt e ostdistant ro ().
I T o abot ara etriin t ee 1 se sntiteasier toconsidert es areo
t e distance t an t e distance itse

Quiz # 2. Solutions.
2.1 (a) Loo in or critica oints inside...

= y =
x
=y r =
Y
r=y= orr=y= orx=y=
o( ) = and( ) = and ( ) = (act a () and
( ) reside on t e bo ndar ).
(b) earc in bo ndar oints.. e ta e ara etri ation x =  cos , & =
sin . en (ry)= ()= cos +sin sin cos and
()= cos sin sin? cos? + (sin2 cos? = sin cos =
iedscos = orsin = and e eex=yorzx= yandso.. ( ) =
and ( ) = and ( ) = and( ) = .
o arin e et a = (at( ) and ( )) and in = (at () and

( )-

2.2 (a) Loo in or critica oints...

—=y'+ wy y=
= ¥y 2 oyt =@ )yt )=

— =24 Ty T =
Yy

eneit erx =yore+y= . r=yt en z? r= andx = orax=
o,( Jand( ). z4+y= ,tenz’+ z( =z) =z= , 224+ z= and
sox= orxz= and erecoer( )and( ).

. . cl. . 82 82
(b)a2n esti atin critica oints.. =7z =y, =g = v+ y and
t( ) = = = and 2 . adde

t( ) = = = and \ . ini



ti ariabe ac s,

t( ) = = = and 2 . adde
t( ) = = = and 2 . adde
23 tx = etc = ,s0 eare ooin or a ositi e im inside.
La ran ian nction is =zy’z (x+y+=z ).
T
= xyz =
y = y = xr z = xr = r = y — z =
- = ;ljy2z2 —
Yy
r+y+z=
2. o, =(z )*+y*and :ﬁ—l—y2
en, (x ) 5 r = Yy y = . en eit er
y= (and t en & = Jor = (and t en & = -,
y= —). istances are at( ), at( ) (t e ost
distant ) and 2 at (- —_) (t o nearest oints). ne

canc ec t at () ( 1ic so ebeie e tobet e nearest)
dei ers oca a1

Quiz # 3. an 25/26. Problems.
3.1 (1 pt) Flnd
a

b

rye™ = yo errectan ar =
z?ycos(zyz) = y z o er bo = T,

)
)
3.2 (1 pt). a) an et e order o inte ration Yy ;2 Y (x y) x ( rite it as
T (ry) y it e icit i itsorasas o s ¢ inte ras).
)

b
and Yy (r y) @ it e cit i its; isbo ndedb y=2>+ andy= .

ritet e o o in inte ra (x y) x yint e or x (x y) y

3.3(1 pt)Find ty x y ere isbo ndedb y=z?and z =y

3. (I pt)Findte o eo tesoidbo ndedb 2= y= z=zyz=
(it restriction ).

3.5 Bonus (1 t pt) Find rxry z it bo nded b 2z = 2% z =

Q#3 solutions.
3.1 (a) ea eas e et

2
2 2 2
Yy
T xyexy y = r—e%Y y = — = e r= —e % _g —
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(b) ea eas e et
2 2
. 4
T Y z?ycos(zyz) z = T zsin(zyz) | Yy =
2 2
: y
r  xsin(mz = — cos(mx r=— cos( mz) x =
(mey) y = — (mzy) , - (mz)
—x —sin( ) = —
iy w2 (7mz) s
3.2 (a) as .. etcin do ain (see ict re at t e end) e seet at x r ns
ro to bt eneedtos it it to and and t e ans er is
T 2 2z
x (ry) y+ 2 (zy) y
(b) as etc in do ain (see ict re at t e end) ndin intersection y =
24+ = zandx= andy = . 0 e ae
2 z y 2
= x (xy) y= Y (x y) z
2 2 -y
beca see ationo t ec r esarex =-yandx = vy
3.3 as .. etcin do ain (see ict reatt eend). o,
T _
y T
= ¢ wyy=- zf . r=
172
- @ o r= —x —z =
3. etc in  ro ection to x y (see ict re at t e end); t e c r eis an inter

section o z =

3.5
to y?

and z =xy. o, o eis

2 2 2 2 2
rT Y z= x Y z = x ry Y=
Ty
2 2
2 ¥y 2
r y —xy = - - = o0 -
Y x
etc in  ro ection to x y(see ict re at t e end); o er ZT ns 1o
leoer 9 ZT NS TO to 2 and t en
T y2 £
= T Y r z+ x Y r oz =
xr
x
2 T
x y'r y+ r r y= —ry T+ ry. . T=
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Q# March 7/ . Problems.

.1(1 1 pt)Find
a) eent ot earco ¢c coid ¢ = sin y =cos + .
b) eareao t es r ace obtained b rotationo t isc r earo nd x a is ( se

in b)and b) or a

orareao t es race obtained b rotation o atc r earo ndax b tc ec t at
t es raceis co ered on once)
.2(1 1 pt) Find
a) eent ot earco cardioid =cos + .
b) eareao t es r ace obtained b rotationo t isc r e aro nd x a is.

etota a eo rtobe s (ab), (a,b)isno oret an . ts.
3(1 pt)Findt eareao t es racez= 222 + 2y2 z Yy r+y
Bonus ( t pt)Findt eareao t e conics raceobtained b connectin
o t e oints o astroid .rg—l—y2 = z= it t eori inb strai t ine se ents.
Quiz # . solutions.
.1 etc in t earc (see ict re att eend); ( ic act a is not necessar
(bt o stc ec t atsing or 7))

2 . - .
= x4y = cos )? + sin? = cos = sin —

() == ( +cos )sin— ==« cos? — cos — =

2 T
™ COS — COS — = ——

.2 etcin t ecre(see ict reatt eend); ( ic act a is not neces

sar )

= 24 2 = ( 4cos )2+ sin® = + cos = cos—

as soon as cos 3 or mso e condider on an er a and e st
do beits ent b t ea et e area intact

COS — =

~—~
~—

=7 4+ cos )sin cos— = w cos? —  sin —cos — cos — =
() ( )

. T
=7 cos —sin— = ——
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3

.3 Findin g—; =3, g—; = y2 and so
Z 9 Z 9 -
= + — 4+ — rTy= +rt+yxry
r )
etc in  ro ection (see ict re at t e end) e seet at
- xr
= +rx+y x y= T ( —I—af+y)§y:
= — 2 ( + $)§ r = — _—|—
e ara etrice ationo astroidisx =cos u y =sin u z =
and so ara etrice ation o o rconic s raceis @ = cosS u y = sin u z
T and
1
S = cos? u sin u sin? u cos u U =
cos u sin
= cosusinu sinuli-+ cosu CcoS u sin u U
and
= S = COS U SIN U +cosZusin’u u
ro ided u 5. o,
2 . . 92 EI .92
= u COS U SIn U + cos?2usin” u = s u 4+ —smn® u
bstit tin =rcos u e et
= — 2 =- - 2 —arcsin — = - — arcsin —
MAT 239Y, Quiz # 5. April 11/12.
5.1 ( 1 pt) Find
(y =y
ere 1is co nter coc  ise oriented bo ndar o t edia ond * + y = b
(a) irect cac ations;
(b) sin  reen or a.
5.2(1 pt) a ate

(yrt+tzyte z)

ere 1st e trian e ( ) ( ) ( )

U
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arabooid z =22 +y?>c th t e

,nist ee terior nit nor a,

ane

ac s,
e} t se to es or a
53 (1pt) a ateb ass or a
F n
ere 1is an octa edron bo ndar = + y + 2z =
F =i y +x .
5. (1pt) a atedirect t es raceinte ra
Fn
ereF=xi+y +2 , 1ist e ieceo
z= xandn aesas ar an e it
55( t) ec co atibiit and ndui it e istss ¢ t at
u 2
— =22y
x
@
2
Yy
U
— =y’
x
O
2
—=vyty
Yy

Quiz #5 Solutions.

5.la etc in t e dia ond (see ict re at t e end)
= oot
= ( ) r+ v = -
= ( +2) rr = —;
= (= x4+ xx = -
= (x ) rr = —;
and (yr 2y =-+-+-+-=
5.1b etc in t e dia ond (see ict re at t e end)
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beca set e area o e as
5.2 etc in t etrian e (see ict re at t e end)

i
\Y (yi—l—z—l—x):g—rg—y% = 1 ;
y oz
(yot+zy+ez)= (i ) n

ere is atrian e jeceo aneandnist e nitnor a n= —( i )

d e tot e orientation o
ere ore = = area o ro ection o toxy ane = 3.

53 ac atn V F = e ett at = x y z= - beca set e
o e o octa edron is -.

5. isis ast ear robe . otet atnm ( i y 4+ )andn =( i
y + )z yand F n= 22 Yy +z2= 22 y?and

= (2 Py

ere ist e roectiono t iss raceandits bo ndedb acre z=2z%+1y>
or (in o ar coordinates) = cos . S

|
|

= = COS ==

ct a is a dis .

5.5 ec in co atibiit

(a) & 2?y=2 zy?. No, and t ere ore u doesn t e ist

By EXS
(b) g—y(my2 :(:):g—r(:c2y—|—y). Yes, ets ndu
ain ( )asstartin  oint and a in or a
T y
u= + (xy) z+ (x y) y
T y
e et
T y
u= 4+ (2)z+ (Py+y)y= -+ -2+ -y

ere 1is an arbitrar constant



MAT239Y Multivariable Calculus, 95/96

Term Test # 1. Dec 6, 1995, 2 hours.

0 T 1s test constit tes ote nma ar. o can ete tra
ts a robe as s b robe s, t eir a es constit te e a ortions o t e
a eo t e robe nesss eci ed. F rt er, notations are t e sa e.
e erect aers o dcontaint ecec o a t ecal so conditions.
ndt etan ent anetot es race at oint o so dce t att is
S T ace rea asses t ro t 1s oint.
T1.1(1 pt)Find —, —, — or =e"¥*. Find ——.
T Yy z Ty z

T1.2 (1 pt)(a)Findt e radient and directiona deri ati e — in direction

= 14+ + or t e nction = S — ac atet e at oint
.T2—|—y2—|—22

( )
(b) n at direction (at t is oint) t e nction decreases t e astest Find
t e deri ati e in t is direction.

T1.3 ( pt ) (a) Find # and £ z(x y)is de ned b ane ation
T z
z ro z Y=
bstit te (z y z) = ( ) and ( ).

2

(b) Find . bstit te (x y z) = ( ) and ( ).
Ty
T1. ( pt)Find—u — oru de nedb
T )
u2 +xu + 2 =
u + =y

bstit te (z y u ) =( ) and ( ).
T1.5( pt )Findt e ara etrice ationso t estrai t inetan enttot ec r e

ic is anintersectiono t es races z2 z? ¢y’ = and 2?2 y? 24 =
at oint ( ).

I T estral t inein estionist eintersection o t e anes, tan ent to eac
s T ace, isn t it

T1.6 ( pt ) Findt e a ore ansion it ter so de ree inc ded o u =
2 +y? at oint ().
T1.7 ( pt ) Find t e critica oints o

2
(xy)= 2y+ 2°+y
and deter inet eirt es.

T1. ( pt ) Findt estrai tcirc arc indero ai a o e it t es race
area 1t o t eride a to @ o t se La ran e t1 1ers.

T1.9( pt)Findt eabso te a i and ini ou==zxyint e a dis
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Term Test # 1. Solutions.
2
T1.1 er eas — = yzetV* S = ze"V* + py2?e™V? = (2 + xyz?)eV:,

oy o = U ety

T1.2 er eas . — = x alc2—|—y2—|—z2 2, : = (zity +2 ) 2?4 y? +
22 2 at oint ( ) = —1 — :tain nit ector = -i+— +-—
e et = ——. edirection o t e astest descentis (nor ai ed)
or = —i+ — and = —.

. z s z zo z =z z

T1.3 sin or ae — = S etc e et — = , — = . ofte,
x & T z =z Y z x

t at at ( ) deri ati ees dont e ist erect so tion s o d contain t is c ai

andt ecal t at oints ( ) and ( ) satis e ation.

F rt er,

T1. 1 erentiatin it res ecttox ory e ets ste s

F( Hur)— = w Cut )= tue)— =

+  tur)— = u— 4+ ==

=
=
N~

e deter inanto t iss ste is =( u+ x) 2 ( —|—u.1:)u2, and so

ortant = = at(zyu )= yand = at ( ) and

(w ) ai to be di erentiab e. erect so tions o dcontaint iscai andt e
ce tat(zyu )= ) and ( ) satis  t es ste

T1.5 ac atin V(22 22 ¢?) = =2 y + z = i + )

V(z? y* 224 )= zi y z = 1 and t en t e ector

rod cto t e is , = 1+ . ereoret estral t ineisx = + y =

z = + ( to ara etri ation). n e ationso t e anes are . ts

ess ort .
T1.6 o, u= 2>+y°

u - u _
L T R - R S
z Yy
2, B B
ere eans e a at( ).Frter, — = 22 4y? 2 2t 4y?
T

[V}
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[¥]
|

L — ay x2—|—y2 — _ $2_|_y2 3 yz :c2—|—y2 5
Ty . . )
andt ere ested a ore ansion is

u=t+-(@ J+-(y )+— ) —& v )+—b )+
(or so ere ainder ter instead o ). ait 1t ot or re ainder ter
18 ts ess.
T1.7 Findin critica oints y+ x 502—|—y2 = r+ y J:2+y2 = or
y = .I‘sz—l—yz () r = y:v2—|—y2 ( )

eneit erx =y = oraxy = . nt e atter case ti  in and di idin
e ations( ) ( ) e et =xy==2y 2?+y? 2 (t en 22 +y*> = ) and 2? = y?; so
2?=y>= b ton oints ( Jand ( )satis () ie( )

2 2
- =y e _ _ 2 2 _ _ 2 2 _
and ( ) ai. o —?—x+y_,_?_y-|-x_
2

;= y—l— ry= and = 2 (e tre s), ( ini s ),
o, ( Jand () are (non de enerate) ini s.

T1. Letzandybet e ei tandt eradi s. en = mey+ny’ = = ()
andt e o eis =mry?. o, =7 xy? zy+y? . Loo in or critica
oints

vy y= vy (z+y) =
andt en =-y, 2y ylr+y)= andz=y. o ,() ledsz=y= and

= .

T1.9 (i) Loo in or critica oints zy = 2> = andsoz = . tisa
se ent(cth or a dis) it u= ont isse ent.

(ii) Loo in or oints at t e arc 2 +y? = =z +y . en u = z’y
x? 4 y? and e ations are xy r= 2z y = andeit er x =
(andu= )or =y 2= yit en:(:2:—, y2:—andono rarc e et oints

( - =)and( - -) it u=——andu= —.

(ii) Loo in att ese entax+y= . enr= y,u=y and e ett e
on critica oint y= (and x= ).

(i) Loo in at ertices (— —=) and ( — —=) it u = = and
U= —-.

(i ) Fina co arison ——= — since — —. o, a1l a and ini a

a es are — and ——=. (see ict re att eend)
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Term Test # 2. March 6, 1996, 2 hours.

0 T is test constit tes ote nma ar . o can ete tra
ts
t 1 be rea se tos etc a do ains and ro ections o do ains.
o can dra soid, do it as e .
e e ber,t atin oar and ¢ indrica coordinates on andins erica
coordinates as e . tisa oodidea to ses etries
T2.1 (1 pt) Find 2?2y’ ry ere = x4y is a dia ond.
T2.2 (1 pt) Find t e area o ere = cos ist e in nit s bo
T2.3 (I pt) Find an area o t e astroid = ety
I'T aecaneo ariabesez=u y= and oto oar coordinates a ter.

T2. (1 pt)Findte o eo t esoid bo ndedb s races z=z%+ y* and

zZ = .

T2.5(1 pt)Findt e o eo t esoid ,bo ndedb s racesz=(z )*+
y? and z = (x+ )2 y? +

T2.6 ( pt ) Findt e o eo t esoid o  obtained b rotation o =

cos ro rob e aro nd x a 1is
o can s 1 t t cac ations 1t ot enat .
T2.7 (1 pt ) Find (:c2—|—y2—|—22) r y zo erocta edton = x4+ y + 2

T2. Bonus ( t pt)Findt eareao t edo ain  bo ndedb t e oo o
tecrex +y = ay.

I T se oar coordinates and a e s bstit tion v = tan 1n t e ordinar
inte ra o  et.

T2.9 Bonus (1 t pt)Findt e o eote or bo ndedb t es race

r cosz)? 4+ y?=sin= z 7).
Yy 2

I T an e ariabesz=cos Husing,y= sing,z=

Term Test # 2. Solutions.
T2.1 as (see ict reatt eend)

= ryt xy= rytxy=

( ere isa atero t e dia ond beca se

t einte randis e en it res ect to x and y))
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T2.2 ac atin t eareao t eri t a anddo bin (see ict reatt eend)

_ 2 _ , -
= = cos = —
. . x
T2.3 ac atin acobian Ty = u??
ere = w24+ 2 is st adis and sin
o ar coordinates w= cos , = sin )
2
= cos? sin’ =
2
=— sin? = -7
(see ict re at t e end).

T2. e intersection o t es racesis x> +y? = =z or (z )2 +y? = o,
xy ro ectionis a dis . eret e soid and ro ection are s etc ed (see ict re at
t e end)

ntrod cin c¢ indrica coordinates e ett at zr ns ro 2to  cos ie
on r ns ro to cos and ran es ro 7 to 7. O

- 2 2
= rTy z= z z =
— 2
2
z 2 ) z 9
= cos = —  cos - =
= =
= = 9 -
=— CcOS = — + cos = —
= z

T2.5 Findin intersection o s r aces (x )2 + 92 = (x4 )2 y? 4+ or

2+ y?>= . o,zy ro ection is a dis etc in soid and its ro ection

ntrod cin ¢ indrica coordinates e obtain z = 2 cos (o er id)



ariab e

ti ac s,
and z = 2 cos + ( er id).
2 2
2
2 2

T2.6 ntrod cin s erica coordinates

coordinates t e bo ndin s r aceis

it z directed aon (or er) .

nt

1S

to — and ro

= COS it I nnin ro
— tomand ran in ro to m. (see ict re at t e end) e consider er
art (o er art ast esa e o e). o,
- 2 2
= 2 sin = sin 2 =
T
=— sin  cos
otin t at cos? = 3 + cos , COS = 3 cos + 3 COs  cos =
3 COS + - cos + - cos = - CoS + - cos and sin  cos = —sin  cos +
—sin cos = -sin —sin 4+ -sin — sin ( ea or ae orsin sin
sin cos and cos cos ) e ett e na ans er.
T2.7. etc in and its xy ro ection (see ict re at t e end). e tos
etries it res ect to a coordinate anes
2 2
= (z° 4+ y —|—z% Ty z
ere = r+y+z T Y z andd etos etries it rtes ect
to er tations x and y and z
T z y
_ 2 _ 2 _
= T r oy z= x° Y z =
2 2
= P e=—
T2. nt e oar coordinates e ation is cos +sin = Zcos sin or
=cos sin cos +sin ) and one can see easi t atint e bo nded art
I ns ro to 7. o,
_ _ 2 9 . 9 ) 2
= = — CcOS sin CcOS 4+ sin =
)
2 2
=— tan + tan CcOS

(do o re e bersecond int )

|

2 2
tan

+ tan 2 tan

+ tan 2

+ tan

+ tan
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Ty z . .
Y = SlIl2 7 ca r xr COS 1S st a

sit(o edoesntc an e)andz xsing-,y ysiny-isas rin in aon =z

T2.9 ac atin acobian

2

and y. nu orsoidis stac inder w4+ 2= T . o,
2
= ry z= sin? — u =7 sin? —

(area o t e mnit dis is 7 ) and na = 72
Final E amination, April 29 1996,.

0 T 1s e a 1nation constit tes ot e na ar. e tota s
o oints is (= . )and o can ete tra . ts

oald a o ed o boo sa o ed ac atorsa o ed b t ereis no need to
set e . tte ta estions

t 1 berea se tos etc a do ains and ro ections o do ains.

o can dra soid, do it as e .

e e bertoc ec t at 1 en oints satis 1 icit nctions e ations.

e e ber,t atin oar and ¢ indrica coordinates on andins erica
coordinates on as e . tisa oodideato ses etries

. a u _ .

FE.1 (I pt). Find Saygs OT U= sin(zyz).

FE.2( pt). Find g—; g—; and afgy at ( ) ori icit nction z = z(x y)
de ned b
2 + zx+ y= 2( )=

FE.3( pt). Find g—;ﬁ g—r oru ieni icit b

v+ 4+ u + r=
u? + 2 cu +y=

ou 9 _ _ _ —
ac ate g~ g-asr = y= u = =

FE. ( pt). Find a i and ini o z==z?yint e dis = 22442

FE.5( pt ). Find t e stationar (critica) oints and deter ine t eir t es or
u=r +vy ry.

FE.6( pt). Find a i and ini o u = z%*y nder constrain z? + zy +
y? =
FE.7( pt). Find 2’y x y ere isbo ndedb y=z?andy==zx .

FE. ( pt). Findt eareao  bo ndedb a ea o er de nedint e oar

coordinates b = cos?

FE.9( pt). Find zxyz ere isasoidbo ndedb y= z= y=
rz= z=2z*and z=y.

FE.1 ( pt). Find zxyz ere isbo ndedb a cone z? = 2% + y?

and a s ereafz—l—y2—|—z2: and e no t atz in
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FE.11( 1 pt). Find
(a)t eent ot ecrex= cos +cos y= sin +sin T T
(b) e area 0 t e s r ace obtained en erotatet isc r earo nd a is @
(re e bert e or aandnotet att ec r eis s etric it res ect to bot
rand y c ec t at rod ces (z y) (z y) and T rod ces
(zy) ( zy)).
FE.12( pt ). Find an areao t e iece o s race z=  xy ocated o er trian e
y x
I T otaeaninte ra re e bert e or a(—l—)2:2—|— + 2,

FE.13( pt). sin reens or acec t att eareao t e anedo ain is

ienb
=- (ry yeo
ere is ( ro er oriented) bo ndar o . sin t is or a ndt eareao
bo ndedb = cos +cos y= sin +sin T 7 (see robe ).
FE.1 ( 1 pt). Findt e oyl = +z t 1o t e bo ndar o
t e er a ba = 2249?4272 z sin

(a) irect cac ations;
(b) a ss or a.

FE.15 ( pt). ac ate F r ereF(ryz)=2yi+-2 +zy,r=

ri+y +2z and ist e intersection o t e sadde z = x? + y2 and a ¢ inder

@? +y* = ;t econto r is seen as co nter coc ise oriented o  abo e (i

z a is is directed ). o t se toes or a.

FE.16 Bonus ( t pt)Findt e ini a distancebet eenc r esy= "~
andy= "z~ + ( ini a distance bet eenc r es eanst e ini a distance

bet een  oints, r nnin  rst and second ¢ r es).

FE.17 Bonus ( ¢t pt) a ate

arctan(nx) arctan(x)

x
x
I T
arctan(nz) arctan(z) Y
x N + z2y?
FE.1 ( pt;re oed). ec co atibiit conditions and ndi ossibe nc

tionuws ¢ t at

:.ryzzz—l—:c Y+ z
:x2y22—|— r y-+z

::c2y2z—|— r+ y+z;

N‘§ Q‘§ &‘§

ere constants s o dbe o nd ro co atibiit condition.
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Final E am, Solutions.

FE.1 g—; = yz cos(xyz), %a”y = zcos(zyz) xyz’sin(ryz), #;az = cos(zyz)
ryz sin(ryz) zyzsin(zyz)  2?y?z? cos(zyz) = cos(zyz) ryz sin(xyz)
z?y?2? cos(zyz)
FE.2 bstit tin ( Jinto (zyz)=z + ze+ y e et
o bl
a_
_c - b= _ z =
x %—Z z +x
a_
F_ Oy _ —
Y %—Z z t+z

and di erentiatin second ine it res ecttoxr e et

= —(z +=2) —(z +2) -

xy x z x

= (z +x) 2y 22(z + ) 2 z(z + )

(re e ber,zde endson z)itise a to
FE3 ecmn rsttate= y= u = = satis e ations.
1 erentiatin it res ect to x

2 u 2 o _
(v + ) x—l— ( “+u) x—l—
(u x)—u—l—( Tu)— u =
x x
and so In t e inear s ste e et

u
xr

FE. (i) Loo in inside

z
— = xy=
x
z
—_— :x2:
)
2?4y’ =
ic ledsz= andt enz =
(ii) Loo in on t e bo ndar
z
x
z
—:x2 Yy =
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ere z = z (1:2 + y2) and ist e La ran e ti ier. First e ation ie ds
:y(nessx:)andteanZyztenm2: y>? = and erecoer or
oints ( ) and ( ) it z( )= and z( )=

o arin e ett at a1 is and ini 1S
FE.5 Loo in or stationar oints

z
— = Yy =
x
z
— = y2 r =
)
2 :
andt eny= —x and —x = =zandt enx = =zxandeit erx= y=
orx= y= .
_ 8%u _ _ 8% _ 8%u . _ 2
JC( ) - or2 T  9dxdy and o8y T o
p t
_ 8%u _ _ 8w _ 8%u . _ 2 .
t( ) == =gwag = ad =g p= g = :
so, 1t i1s ¢ and since

FE.6 La ran e nctionis u = z°y (22 4+ y*+zy). en

u
—= = wy= (z+ty) ()
T
u
Yy
2+ Yy ey = ()
and e ¢ din e et to ()()tateit erxz= or yly+ez)=z(z+y)
ic ise iaentto z? =2y y?’= . o in t is adratice ation e et
and x = gy = -yxr= ( re indt at e adt iso tion).  bstit tin in
() e et
y2 — = e y: — r = — U = — p
Y= = y= 2= -—u= —

andt e a1 aand ini a a esare —.
FE.7 etc in t edo ain (see ict re at t e end)

2

x2yxy: x Yy y=— - r ) r=—
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FE. etc in t e do ain (see ict re at t e end)
2 29 2
r Yy = = = — CcOS e
2 m
=— + cos )2 = —

FE.9 etcin t exy roectiono (see ict reatt eend) and zr ns ro

to y in and ro tox?in o andse aration iney=2%2isd etoz =y z = 22
y z?
= ry z z+ ry zZ 2z =
2
z2 T
2
= z —y oyt T —r Y=
1’2
_ = 2
=— r T+ — z( x a°)x=
- 4 =
FE.1 etc in t e cross section (see ict re at t e end) n ¢ indrica coordi
nates
2 2 2 2
= T zz=m ( %) =

ns erica coordinates
= cos sin =
= T sin  cos = 7 sin = T

esa eans er (s r rise s r rise)

FE.11 etcin t ecre (t e ict re act a as 1en in t e state ent o
t e robe ;see ict reatt eend) ct a tecrex= cos +cos ,y=
sin 4+ sin is obtained b 10 in o t ecirce o radi s aon t e circe o
t eradi s o tside and it as ( ) s iesdirectedin ard iet ecr e
x= cos +cos ,y= sin sin isobtainedb ro in o t ecirceo radi s
aon t ecirceo t eradi s + insideandit as( + )s i esdirectedo t ard.
(a) ac atin £ = (sin +sin ) 2= (cos +cos )and
L 2—|— Yz2_ (sin +sin )24 (cos +cos )?=

= + (sin sin 4 cos cos )= 4+ cos = cos
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S7
and t ere ore
z
cos
ere ist e artero t ecr e, residin in x Y
(b) F rt er,
5 . .
T Yy T ( sin +sin )cos
5 . . .
T ( sin +sin +sin ) T
FE.12 c¢t a ,t es raceist e cone, b tit is not i  ortant. etc in t e
trian e (see ict re at t e end)
z y z T
r x Yy Yy
z 9 z 9 x
=t 2. X Tyt
€ ) Yy € Yy
M x
oy, @
€ Yy
re e bert e int nd
v © oy -
— -+ - T y=-— x -+ - y=— T r=—
€ ) € Yy
FE.13 e 100 O t e or a
(xy ye
iseas ( =wzand = y,so%—x %—y Jandont ec r ein  estion
vty yaw= (cos +cos ) cos + cos )+ ( sin +sin )( sin + sin )
( +cos )
and
2
( +cos ) = =
FE.1 Findt e oyl = +z t ro t e bo ndar ot e er a ba
x2—|—y2—|—z2 z sin

(a) irect cac ations
er e 1s ere

n:§(£i+y +z )7

o ndar comnsists o t o arts
2 2 2
Yy + 2=

soFF n= 52'2 and

z it t e mnit o ter nor a

(«* +9° +27)
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ere e sedt atd etos etr
22 = g = 2
Lo erdis 5= 22449 z = it t e nito ternor a n= and
F n=2= andt e corres ondin inte ra anis es;
o,t eans eris —.
(b) a ss or a =y = 2z =zandV F= andt einte ra e as
— = —7T
a ain
FE.15 e set e ieceo t esadde (z y 2z)=z+22 y> = c tb c inder as
asrtace int e to es or a. en = 21 y + andana ro riate nit
nor a isn= — xi y + (re e bert e orientation ). F rt er
a2y
i
el el a .
F= 3 ERT =xl y
2y -x  xy
and ( F) n= 2wt 2t oy
1:2 y2
2 2
T
F Ir = —I_ y =
2+ y*+
2
(4 y*) 2 y= 2=
ere esedtatﬁiiy2 = ., = zuy.
FE.16 Let (¢ y) and (v« ) be oints on rst and secondc r es y= "~
and = "wu 4+ orx=—(y+ ) and u = —( ) andt es areo t e

distance is
= '=( w4+ V=-@+) ( )

0, 00in or ini o tis nctiono y . ritica oints
—=(@ )+ @+t) ( ) W+ )=
—= @ ) w+t) ) )=

en (y+ )2:( )2andeit ery+ = (andt enz =wand = )or
y+ = ( Jandt en = yand e etane ation (y)= y+ (y+ ) =



ti ariabe ac s,

ne can  ess y = and since is onotone nction o y t ere is no ot er
so tion. o,y= , = ande=-—and = —and = +-=—. is

1s ess t an

o, = — anditisac ie ed bet een oints (—  )and ( — ) (see ict re
at t e end).
e ar necan ro et at in, (y ) tendsto as . is obser a

tion is not re ired or tsso tion (b tt erea i oro sso tions o d contain
it)
FE.17 ec In rst int

y  arctan(ey) v  arctan(nz) arctan(z)
+ x2y? - x y x
en
arctan(me) arctan(x) Yy
xr = T _— =
T + z2y?
T arctan(zy)
+ x°y Y z
T o
= —=—o
Yy
FE.1 o,
:xyzzz—l—x Y+ z :xzyzz—l— r y+=z :xzyzz—l— r+ y+z;
t en
— = ryz = = .ryz2—|—:[:
Yy T
1 =
— = wy2z—|— =— = :t:y22—|—
z
i = and
— = x2y22 + =—= wy2z +
z
1 = ; = = = pt t t t
z y z
u(e y z) = + (z ) o+ (ry )y+ (v yz)z=
z y z

=+ zet+ (2 yyt+ @yrtetytz) =

2,2 2

= + - Ty —y2—|——xyz —I—:CZ—I—yz—I——Z2



